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Some integral bounds are obtained which provide refinements and extensions
of the Giilss type inequalities. We also get an alternative formulation of the
Griss inequality.
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1. INTRODUCTION

Let f(x) andg(x) be real and integrable functions @n ], and

b b b
()= [ F@g@dr— 2 [f@dn o [g@de @)

a

Let the functionsf(z) and g(z) both be either increasing or decreasing. Then
Cebysev’s inequality says that [1]

D(f,g) > 0. (1.2)
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If one function is increasing and the other is decreasihgf, g) < 0. Further,
if my < f(x) < My andmgy < g(x) < My, then the complementary Gss
inequality asserts that [2]

D (f,9)] <+ (My—myg) (Mg —my). (1.3)

=

For more details, generalizations and further related developments see [3-8].
The inequalities (1.2) and (1.3), their further refinements and extensions can be
investigated in more generality, respectively as the special cases of the following
inequalities [9]:

g 20 (1.4)
and
lral < 5 Oy = 1) (M, = my), (L5)
where
Hig = Hpg — Mk (1.6)
b
o= [ £ @)@ 0 (@) ds (L.7)

and ¢ (z) is a probability density function. For the special case whefr) =
7a, We putuy, = D'(f,g) and in this casgi;, = D (f,g). We note that
fipp = fp2y = Hoypo and/,afzf = fipp2 = fpzy = Hygss but in the general case
Hgg G Hpay-

The Giiss inequality provides the bounds for the differefrgf, g) . An anal-
ogous result for the ratio

b
[ f(z)g(x)dw
R(f.9) =+ ; : (1.8)
ff(x)dxfg(x)dm

a

in the special case when= 0 andb = 1 was obtained by Karamata [10]. This
states that ifn y andm, are positive then [9]

1

ﬁgR(fahC])SKQ (1.9
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where

K = YTy MMy (1.10)
VmgMg + \/mgM;
Some other related inequalities
:u/221

M3y > ,U«ff > Hyaifyr > /~Lf31 . f>0, (1.11)
f1

follow from the Cauchy inequality,

Hp21Hy g2 > /"szg‘ (1.12)

The complementary inequality says thatif: andm, are positive then [11]

1o (mymy + wang)2 '2
< .
Hrtie? = g mgM M, 179

(1.13)

Our main results give the refinements of thai& type inequality (1.5) (The-
orem 2.1- 2.2 and Corollary 2.1-2.2, below). The analogous bounds for the ratio
are proved (Theorem 2.3 and Corollary 2.3, below) and as a special case we get the
Karamata inequality for the general case wheraries over arbitrary positive real
interval (Corollary 2.4, below). We also obtain the complementary lower bounds
(Corollary 2.5, below). We show that the further generalizations give some more
refinements of the Giss inequality (Theorem 3.1-3.2 and Corollary 3.1-3.5, be-
low). The inequalities (1.11) give lower bounds io;rgl, we prove a lower bound

for ;/f41 (Theorem 3.3, below). We remark that the special cases of these inequal-
ities give inequalities between the moments of probability distributions and also
provide refinements of the inequalities (1.11) (See Remarks, below).

2. MAIN RESULTS

Theorem2.1— Let f and g be integrable functions ofa, b}, my < f (z) < My
andm, < g (x) < M,. Then

prg < (Mg = i) (g —my) (2.1)

Ppg < (Mg - ullg) (//fl - mf) ; (2.2)
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fifg > (mf - u}l) (uig - mg) (2.3)
and
ire = (i = My) (M, = 1y (2.4)

PROOF: For f () < My andg (z) > mg, we have

(My — f () (g (x) —mg) = 0. (2.5)

The inequality (2.5) gives

fx)g(x) < g(x) My + f(x) mg —mgMy. (2.6)

Multiplying both sides of (2.6) by (x) and integrating between the limits
x = a andx = b we get, on using the properties of the definite integrals, the
following inequality:

Ppg = Hpibng < Myppyg +mgpipy —mgMyp — pip iy, (2.7)

Combining (1.6) and (2.7) we immediately get (2.1), on simplification. On
using similar arguments, the inequalities (2.2), (2.3) and (2.4) follow respectively
from the inequalities:

(f (@) —my) (Mg —g(x)) 20, (2.8)

(f (x) —myg) (g (x) —mg) >0 (2.9)
and

(f (x) — My) (g (x) — My) > 0. (2.10)

Theorem2.2—Formy < f (z) < My andmy < g (x) < M,, we have

M, —m l ’
gl < F—F2 (Mf —p 1) (# 1 mf) (2.11)
9= My —my VAN
and v
f— mf / ’
gl < M, —m, (Mg - M1g> (:U’lg - mg) : (2.12)
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PrROOF: Let
Mg—mg ’ mng—meg

/ < .
Combining (2.1) and (2.13) we easily get (2.11) fof,. If the inequality
(2.13) occurs in reverse order then (2.2) implies (2.11). On using similar arguments
we find that (2.3) and (2.4) give (2.11) f¢r/r4). The inequality (2.12) can be
obtained similarly by interchanginfjandg.

Corollary 2.1 — The inequality (2.11) provides a refinement of thé&s3rtype
inequality (1.5), that is

M, —m ’ ’ 1
’ <Mf - Mfl) (Mfl - mf) < 1 (My —my) (Mg —myg).

gyl < =2—F2
T My —my
(2.14)

The inequality (2.12) also provides the refinement of thésSitype inequality
(1.5).

PrROOF: On using Arithmetic-Geometric mean inequality, we find that
! / 1
(My = i) (s = my) < 7 (M —mp)?. (2.15)

Combining (2.11) and (2.15) we get (2.14).

Corollary 2.2 — A refinement of the @Giss inequality (1.3) is

Do)l < et (=D ) (0 () = mg) . @16)

My —

PrROOF: The inequality (2.16) is a special case of the inequality (244}, =
a

Theorem2.3—For 0 < my < f(z) < Myand0 < my < g (z) < Mgy, we
have

7 A 3 .
Fpitg — (y/mypMy + \/mgMy)

PrROOF: We note that the inequality (2.11) is valid when

’ M, —m ’ mqMs —m M,
> T i’ B e 2.18
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Therefore, from (2.11) and (2.18), we get that

g _ (Mg —my) (Mf - ﬂfl) (Mfl - mf)

Blo_ < _ , (2.19)
Heikig gy <(Mg —mg) gy +mgMy — meg>

Let

L (M;q) _ I(Mg — myg) (Mf - Hlfl) (:U’,fl - mf) ‘ (2.20)

My ((Mg —myg) M/fl +mgMy — meg)

The derivative

(Mg My —mpmyg) ' —2mgMy (My —mg) pyy +mpMy (myMg —mgMy)

2
leQ1 (:“flMg — HypMmg + mgMy — meg>

(2.21)
vanishes at
o mygMy (Mg —myg) + (My —my) \/mypmgMsM,
= = say . (2.22
11 MM, —mymy ai (say). (2.22)
and

; meMyp (Mg —mg) — (My —myg) \/mpmgMsM,
= = say. (2.23
i MM, —my oz (2. (2.23)

Now a; > ao if and only if

(Mf - mf) \/mfmngMg > 0. (224)

This is true. Thereforeg; > a9 and we find that the functioh (u'f1> has

maximum atw. On substituting the value (pffl from (2.22) in (2.19), we get the
inequality (2.17).

Corollary 2.3 — For0 < my < f (z) < My and0 < my < g(x) < My, we

have
’ 2
Pty < < VMg + /My M, ) (2.25)

lu’/flrullg VmgMg + \/mgM;
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PROOF: This is immediate, adding one to both sides of (2.17) and simplifying
the resulting expressions, we get the inequality (2.25).

Corollary 2.4 — For0 < my < f(x) < My and0 < my < g (z) < My, we
have

2
1 Mpmg + /Mg M,
R(fvg)fbfa (\/meng\/mng) , (2.26)

whereR (f, g) is given by (1.8).

PrROOF: The inequality (2.26) is a special case of the inequality (225}, =
1
b—a"

Corollary 2.5 — For0 < my < f (z) < My and0 < my < g(x) < My, we
have

19 ’ ’ 1 Mf mf 2 9
Hig Z Hpribage = 7 m, ) Mo (2.27)

PROOF: For0 < my < f(z) < My and0 < my < g (z) < M, , we have

(1@~ T @) (1@~ 22g@) <o (2.28)

As in proof of Theorem 2.1, inequality (2.28) gives

’ ’ 9 ’ mf / Mf ’ /
My b = ffg < (“fg T M, ”192> <mg“192 - “fg> : (2.29)

From (2.29) we get, on using Arithmetic-Geometric mean inequality, inequal-
ity (2.27).

3. SOME FURTHER GENERALIZATIONS

We obtain generalizations of the @&s type inequality (1.5) involving higher pow-
ers of f andg. This also provides some further refinements of the inequalities (1.3)
and (1.5).
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Theorem3.1— Let f (z) and g (x) be real and integrable functions dua, b]
such thatm; < f (x) < My. Then

/ / 2
{Mf'“lg - '“fg}
My — lel

ulfgg < Mf/illgz - (31)

and

’ / 2
{mfulg - “fg}

7 (3.2
B —my

,LLJCQQ > mf,ulgz +

PROOF: For f (x) < My, the inequality
(9 (z) =)’ (f (x) = My) <0 (33)
holds good for every real numbet therefore

f (@) g* () = Mpg? (2) + 0 f (2) — o®My = 2af (x) g (2) + 20Myg () (S 0-)
3.4

On multiplying both sides of (3.4) with» (x) and integrating over the corre-
sponding limits, we get on simplification

(Mf — ,u/fl) a?—2 (Mf,ullg - ,u/fg) o+ (Mf/,éllgz — /,L;cgz) > 0. (3.5)

The quadratic inequality (3.5) holds for all real valuesnotherefore its dis-
criminant must be non-positive,

! ’ 2 7 ! !
(Mf,ulg - Mfg) - (Mf - Mfl) (Mfulgz - ufgz) <0. (3.6)

This immediately gives the inequality (3.1). On using the similar arguments
we find that the inequality

(9 (z) = B)* (f (x) —my) >0 (3.7)

holds for all real values of and

/ / 2 !’ / ’
(mfmg - ufg) - (uf1 - mf) (Mfgz - mfulgz) <0. (3.8)
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From (3.8) we easily get (3.2).
Corollary 3.1 — Formy < g (x) < M, we have

! i 2
[Mgﬂfl - /“‘fg}

; (3.9)
My — Hig

/‘Lf2g < MngZI -

and

/ ;12
’ |:mg'uf1 _’U/fg]

Hyzg 2 Mgltpey + (3.10)
g

PROOF: On interchangingf (z) andg (z) and using the analysis similar to
that in the proof of Theorem 3.1, we easily get the inequalities (3.9) and (3.10).

Theorem3.2— Let f (z) and g (x) be real and integrable functions da, b]
such thatny < f (xz) < My, then

! / 2
fpg2 + Hpifag2 + \/(ufgz - uﬂmgz) + 445 g2

My > (3.11)
f 2/JJlg2
and
/ / 2 2
Ppg2 + Hpitag2 — (Mfgz - uﬂmgz) + 4 g
my < (3.12)
2#192
wherey ¢, is given by (1.6) and
Hpge = Hyge = 2finglisy + Highy- (3.13)

PrROOF: From (3.1), we have

(Mng B 'u129> MJ% N (“ng — 2fiyghtyg + :“flﬂlg2> My — (Mng - Nflufgz) > 0.
(3.14)

From (3.14) we find that eithev/; > 3, or M < 35, where

! 7 2
Ppg2 + Hpitiag2 + \/(ufgz - uflung) + A g
B =

(3.15)
2#192
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and
! ! 2 2

Pfg2 T Mgy Hig2 — (ufg2 - uflulgz) + A g g2

B2 = (3.16)
2”192
But, if Mf < B
! ! 2 2
) (ufg2 - uf1u192> - (ufgz - uflmgQ) + A 1 g2

My — gy < . (3.17)

2,&192
This is not possible as right hand side expression in (3.17) is negative while
left hand side expression is positive. Herdde > 3, and we conclude that (3.11)

must hold good. Similarly from (3.2), we have

(ulgz - uﬁ;) mj — (ufgz — 2iyghgy + uf1u192) my — (ufg - uflufgz) > 0.

(3.18)
The inequality (3.18) implies that eithet; > ~v; ormy < v, where
’ ! 2 2
Pfg2 & Mgy pigz + (ufgz - uflulgz) + A g g2
M= (3.19)
2/.ng2
and
/ / 2 2
Pfg2 & Mg Hig2 — (u fg2 — I f1u1g2) + A pi g2
Ny = (3.20)
2#192
But, if my >~ then
’ / 2 2
, (ufgz - uflulgz) + (um - Mf1u192> + 44y 1 g2
myp =y 2 (3.21)

2/.1,192

This is not possible as right hand side expression in (3.21) is positive while left
hand side expression is negative. Hence< v, and the inequality (3.12) follows
immediately.
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Corollary 3.2 — Let f (z) andg () be real and integrable functions an b
such thatn, < g (z) < M,. Then

! 7 2
Bf2g + Highty21 + \/(Mﬂg - M1g#f21) +4dpG g

M, > 3.22
9= 2/1/f21 ( )
and
’ !/ 2 2
Pf2g T Baghypzr — (Mng - M1gﬂf21> Apg g
my < (3.23)
2Mf21
where
fprg = fpag = 2fbpifipg + Mg, (3.24)

andp, is given by (1.6).

PrROOF: The inequalities (3.22) and (3.23) follow easily on applying the simi-
lar arguments as in the proof of Theorem 3.2.

Corollary 3.3 — Forms < f (z) < My andmg, < g (x) < M,, we have

2 2 2
Fyg 1 (Mf92 / ) (My —my)
H1g2 4 H1g2 " 4
and ) ) )
1 / M, —
Ly o (‘% —mg> < Moyl (3.26)
/Lf21 4 /,Lf21 4

PrROOF: On combining the inequalities (3.11) and (3.12), we get the inequal-
ity (3.25). Similarly, on combining the inequalities (3.22) and (3.23), we get the
inequality (3.26).

Corollary 3.4 — Under the above conditions:

2 2 — )2
D (f,0) + 5 (W ~D'(J. 1>> D (1) < M p 1)
(3.27)
and
2 2 )2
D2 (f’g)—}—i <m Y (1,g)> D(f21) < (Mg49)D (2,1)
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where
D(f.¢*) =D'(f.¢°) +D*(1,9) D' (f,1) —2D' (1,9) D' (f.9)  (3.29)
and

D(f*g) =D (f*g) +D*(f,1) D' (L,9) = 2D'(f,1) D' (f.9) ~ (3.30)
The inequalities (3.27) and (3.28) provide the refinements of tiiss3nequal-
ity (1.3).

PROOF: On substitutingp () = ﬁ in (3.25) and (3.26), we easily get the
inequalities (3.27) and (3.28), respectively.

Corollary 3.5 — Let f (x) be real and integrable function da, b] andm
< f(z) < My. Then

M3 (f)\* _ (My—my)?
P L < -2  J7 )
prs + ( ) < y (3.31)
where
Ms (f) :Mf2f—3ﬂf1uff+2ﬂf31- (3.32)

The inequality (3.31) provides refinement of the followingi€s type inequal-
ity:
My —my)?
ppy < M . 1)

PrROOF : The inequality (3.31) follows easily from (3.25), on substituting

g(x)=f(z).

Theorem3.3— Let f (z) andg (z) be real and integrable functions da, b].
Then,

’ o 2
/ ('u’f2g _'u’lg'u’f21> / / /
Ppag = 7 5 + Mf221, Hig2 # ,U12g (3.33)

and
< / ’ / 2
, Hpg2 — Hp 2>
> fg f ,2151
Hrpzy = My

+ qu?v Iip2y 7 Mf21‘ (3.34)
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PrROOF: The inequality,

(/2 (z) —ag (z) +8)° = 0, (3.35)

holds good for all real numbersandg. Therefore,

@)+ o’g? () + 287 () — 20f% (2) g () — 2089 (x) + > > 0. (3.36)

On multiplying both sides of (3.36) by (x) and integrating, we get far <
x < b, the following inequality:

fpay = 204ip, — 2By — &Py o + 2y, — B (3.37)

Let
h(a, B) = QOZM/fzg - 25#}21 - 042//192 + 2046//19 — % (3.38)

The derivatives are,

dh / / /
do - 2 g2, — 2000y g2 + 204y, (3.39)
dh / /
—= = 2y + 2001, — 20, (3.40)
dp
d?h /
= =9 3.41
d?h /
r= Joz = —2M192 (3.42)
and 2
= —=-2. 4
t e (3.43)

We find that't — s > 0 and the functiorh («, 3) achieves its maximum at

[rs) — High
a=Lg TS (3.44)
Hyg2 = Hig

and ! ! ! !

_ Highpzg — HyaqHq g2

- ! /9
/~L192 — Hig

B , (3.45)
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where the derivativeg and % vanish simultaneously. The inequality (3.37)

therefore gives the greatest lower bound ;ﬁégl whena and § are respectively
given by (3.44) and (3.45), and on substituting these valuasoids in (3.37); the
inequality (3.33) follows immediately. On interchangifigandg and proceeding
as above, we easily get the inequality (3.34).

4. REMARKS

The special cases of the above results also provide the inequalities for the moments
of arandom variable whose probability density function is defined over a finite real
interval [a, b]. We mention a few examples:

(1) For f = g = xz, the inequality (3.33) gives

! ’ ! 2
, (/L:s - M1M2) 9
My 2 =5 — T g, (4.1)
Ho — K1

b
where,. = [2"¢ (x)dx, r = 1,2,3,4. The bounds for fourth central moment

and kurtosisacan be deduced from the inequality (4.1), also see [12].

(2) For f = ¢ the inequality (3.2) can be written in the following equivalent
forms:

! ! i i 2
('“ff - mf“fl) (l“ff - m?‘) +mj ('“fl - mf)

fpap > mG+ i . (4.2

,2 m ! o /2 ! - m I

/ H f (“ff '“fl) (“ff f“fl)
Mf2f > ff + , , ) (43)
i Hp (“fl_mf>
! 2 I l2

/ b (“ff - mf) (“ff B “fl)

Ppap = Hpphyp + — (4.4)
Hg — MMy
and
: : </‘ff - “f21> (“ff — Myt Hf - m?)

Hpap = phjy + 7 . (4.5)

Hpp —mf
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The inequalities (4.3), (4.4) and (4.5) provide refinements of the corresponding
inequalities in (1.11);/f2f = /‘}31- The bounds for the third order moments in
terms of the first and second order moments follow from (3.1) and (3.2) when

f=g9==

(3) An upper bound for the variance of a random variablel = < M ,

Ms\? (M —m)?
5%+ (252> R (4.6)

provides the refinement of the Popoviciu inequality and follows as a special case
of the inequality (3.31) forf (z) = =, see [13, 14].
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