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Some integral bounds are obtained which provide refinements and extensions
of the Gr̈uss type inequalities. We also get an alternative formulation of the
Grüss inequality.
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1. INTRODUCTION

Let f(x) andg(x) be real and integrable functions on[a, b], and

D (f, g) =
1

b− a

b∫

a

f (x) g (x) dx− 1
b− a

b∫

a

f (x) dx
1

b− a

b∫

a

g (x) dx. (1.1)

Let the functionsf(x) and g(x) both be either increasing or decreasing. Then
Čeby̌sev’s inequality says that [1]

D (f, g) ≥ 0. (1.2)
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If one function is increasing and the other is decreasing,D (f, g) ≤ 0. Further,
if mf ≤ f (x) ≤ Mf andmg ≤ g (x) ≤ Mg, then the complementary Grüss
inequality asserts that [2]

|D (f, g)| ≤ 1
4

(Mf −mf ) (Mg −mg) . (1.3)

For more details, generalizations and further related developments see [3-8].
The inequalities (1.2) and (1.3), their further refinements and extensions can be
investigated in more generality, respectively as the special cases of the following
inequalities [9]:

µfg ≥ 0 (1.4)

and

|µfg| ≤ 1
4

(Mf −mf ) (Mg −mg) , (1.5)

where
µfg = µ

′
fg − µ

′
f1µ

′
1g , (1.6)

µ
′
fg =

b∫

a

f (x) g (x) φ (x) dx (1.7)

and φ (x) is a probability density function. For the special case whenφ (x) =
1

b−a , we putµ
′
fg = D

′
(f, g) and in this caseµfg = D (f, g). We note that

µ
′
ff = µ

′
f21 = µ

′
1f2 andµ

′
f2f = µ

′
ff2 = µ

′
f31 = µ

′
1f3 , but in the general case

µff 6= µf21.

The Gr̈uss inequality provides the bounds for the differenceD (f, g) . An anal-
ogous result for the ratio

R (f, g) =

b∫
a

f (x) g (x) dx

b∫
a

f (x) dx
b∫
a

g (x) dx

, (1.8)

in the special case whena = 0 andb = 1 was obtained by Karamata [10]. This
states that ifmf andmg are positive then [9]

1
K2

≤ R (f, g) ≤ K2 (1.9)
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where

K =
√

mfmg +
√

MfMg√
mfMg +

√
mgMf

. (1.10)

Some other related inequalities

µ
′
f31 ≥

µ
′2
f21

µ
′
f1

≥ µ
′
f21µ

′
f1 ≥ µ

′3
f1 , f > 0, (1.11)

follow from the Cauchy inequality,

µ
′
f21µ

′
1g2 ≥ µ

′2
fg. (1.12)

The complementary inequality says that ifmf andmg are positive then [11]

µ
′
f21µ

′
1g2 ≤ (mfmg + MfMg)

2

4mfmgMfMg
µ
′2
fg. (1.13)

Our main results give the refinements of the Grüss type inequality (1.5) (The-
orem 2.1- 2.2 and Corollary 2.1-2.2, below). The analogous bounds for the ratio
are proved (Theorem 2.3 and Corollary 2.3, below) and as a special case we get the
Karamata inequality for the general case whenx varies over arbitrary positive real
interval (Corollary 2.4, below). We also obtain the complementary lower bounds
(Corollary 2.5, below). We show that the further generalizations give some more
refinements of the Grüss inequality (Theorem 3.1-3.2 and Corollary 3.1-3.5, be-
low). The inequalities (1.11) give lower bounds forµ

′
f31, we prove a lower bound

for µ
′
f41 (Theorem 3.3, below). We remark that the special cases of these inequal-

ities give inequalities between the moments of probability distributions and also
provide refinements of the inequalities (1.11) (See Remarks, below).

2. MAIN RESULTS

Theorem2.1— Let f andg be integrable functions on[a, b], mf ≤ f (x) ≤ Mf

andmg ≤ g (x) ≤ Mg. Then

µfg ≤
(
Mf − µ

′
f1

)(
µ
′
1g −mg

)
, (2.1)

µfg ≤
(
Mg − µ

′
1g

) (
µ
′
f1 −mf

)
, (2.2)
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µfg ≥
(
mf − µ

′
f1

) (
µ
′
1g −mg

)
(2.3)

and
µfg ≥

(
µ
′
f1 −Mf

)(
Mg − µ

′
1g

)
. (2.4)

PROOF : Forf (x) ≤ Mf andg (x) ≥ mg, we have

(Mf − f (x)) (g (x)−mg) ≥ 0. (2.5)

The inequality (2.5) gives

f (x) g (x) ≤ g (x) Mf + f (x) mg −mgMf . (2.6)

Multiplying both sides of (2.6) byφ (x) and integrating between the limits
x = a andx = b we get, on using the properties of the definite integrals, the
following inequality:

µ
′
fg − µ

′
f1µ

′
1g ≤ Mfµ

′
1g + mgµ

′
f1 −mgMf − µ

′
f1µ

′
1g. (2.7)

Combining (1.6) and (2.7) we immediately get (2.1), on simplification. On
using similar arguments, the inequalities (2.2), (2.3) and (2.4) follow respectively
from the inequalities:

(f (x)−mf ) (Mg − g (x)) ≥ 0, (2.8)

(f (x)−mf ) (g (x)−mg) ≥ 0 (2.9)

and
(f (x)−Mf ) (g (x)−Mg) ≥ 0. (2.10)

Theorem2.2— For mf ≤ f (x) ≤ Mf andmg ≤ g (x) ≤ Mg, we have

|µfg| ≤ Mg −mg

Mf −mf

(
Mf − µ

′
f1

)(
µ
′
f1 −mf

)
(2.11)

and

|µfg| ≤
Mf −mf

Mg −mg

(
Mg − µ

′
1g

)(
µ
′
1g −mg

)
. (2.12)
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PROOF : Let

µ
′
1g ≤

Mg −mg

Mf −mf
µ
′
f1 +

mgMf −mfMg

Mf −mf
. (2.13)

Combining (2.1) and (2.13) we easily get (2.11) forµfg. If the inequality
(2.13) occurs in reverse order then (2.2) implies (2.11). On using similar arguments
we find that (2.3) and (2.4) give (2.11) for(−µfg). The inequality (2.12) can be
obtained similarly by interchangingf andg.

Corollary 2.1 — The inequality (2.11) provides a refinement of the Grüss type
inequality (1.5), that is

|µfg| ≤ Mg −mg

Mf −mf

(
Mf − µ

′
f1

)(
µ
′
f1 −mf

)
≤ 1

4
(Mf −mf ) (Mg −mg) .

(2.14)

The inequality (2.12) also provides the refinement of the Grüss type inequality
(1.5).

PROOF : On using Arithmetic-Geometric mean inequality, we find that
(
Mf − µ

′
f1

)(
µ
′
f1 −mf

)
≤ 1

4
(Mf −mf )2 . (2.15)

Combining (2.11) and (2.15) we get (2.14).

Corollary 2.2 — A refinement of the Grüss inequality (1.3) is

|D (f, g)| ≤ Mg −mg

Mf −mf

(
Mf −D

′
(f, 1)

)(
D
′
(f, 1)−mf

)
. (2.16)

PROOF: The inequality (2.16) is a special case of the inequality (2.14),φ (x) =
1

b−a .

Theorem2.3— For 0 < mf ≤ f (x) ≤ Mf and0 < mg ≤ g (x) ≤ Mg, we
have

µfg

µ
′
f1µ

′
1g

≤ (Mf −mf ) (Mg −mg)(√
mfMg +

√
mgMf

)2 . (2.17)

PROOF : We note that the inequality (2.11) is valid when

µ
′
1g ≥

Mg −mg

Mf −mf
µ
′
f1 +

mgMf −mfMg

Mf −mf
. (2.18)
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Therefore, from (2.11) and (2.18), we get that

µfg

µ
′
f1µ

′
1g

≤
(Mg −mg)

(
Mf − µ

′
f1

)(
µ
′
f1 −mf

)

µ
′
f1

(
(Mg −mg) µ

′
f1 + mgMf −mfMg

) . (2.19)

Let

h
(
µ
′
f1

)
=

(Mg −mg)
(
Mf − µ

′
f1

)(
µ
′
f1 −mf

)

µ
′
f1

(
(Mg −mg) µ

′
f1 + mgMf −mfMg

) . (2.20)

The derivative
∂h

∂µ
′
f1

= (mg −Mg)

(MfMg −mfmg) µ
′2
f1 − 2mfMf (Mg −mg) µ′f1 + mfMf (mfMg −mgMf )

µ′2f1

(
µ
′
f1Mg − µ

′
f1mg + mgMf −mfMg

)2

(2.21)
vanishes at

µ
′
f1 =

mfMf (Mg −mg) + (Mf −mf )
√

mfmgMfMg

MfMg −mfmg
= α1 (say) . (2.22)

and

µ
′
f1 =

mfMf (Mg −mg)− (Mf −mf )
√

mfmgMfMg

MfMg −mf
= α2 (say) . (2.23)

Now α1 ≥ α2 if and only if

(Mf −mf )
√

mfmgMfMg ≥ 0. (2.24)

This is true. Therefore,α1 ≥ α2 and we find that the functionh
(
µ
′
f1

)
has

maximum atα1. On substituting the value ofµ
′
f1 from (2.22) in (2.19), we get the

inequality (2.17).

Corollary 2.3 — For0 < mf ≤ f (x) ≤ Mf and0 < mg ≤ g (x) ≤ Mg, we
have

µ
′
fg

µ
′
f1µ

′
1g

≤
(√

mfmg +
√

MfMg√
mfMg +

√
mgMf

)2

. (2.25)
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PROOF : This is immediate, adding one to both sides of (2.17) and simplifying
the resulting expressions, we get the inequality (2.25).

Corollary 2.4 — For0 < mf ≤ f (x) ≤ Mf and0 < mg ≤ g (x) ≤ Mg, we
have

R (f, g) ≤ 1
b− a

(√
mfmg +

√
MfMg√

mfMg +
√

mgMf

)2

, (2.26)

whereR (f, g) is given by (1.8).

PROOF: The inequality (2.26) is a special case of the inequality (2.25),φ (x) =
1

b−a .

Corollary 2.5 — For0 < mf ≤ f (x) ≤ Mf and0 < mg ≤ g (x) ≤ Mg, we
have

µ
′2
fg ≥ µ

′
f21µ

′
1g2 − 1

4

(
Mf

mg
− mf

Mg

)2

µ
′2
1g2 . (2.27)

PROOF : For0 < mf ≤ f (x) ≤ Mf and0 < mg ≤ g (x) ≤ Mg , we have

(
f (x)− mf

Mg
g (x)

)(
f (x)− Mf

mg
g (x)

)
≤ 0. (2.28)

As in proof of Theorem 2.1, inequality (2.28) gives

µ
′
f21µ

′
1g2 − µ

′2
fg ≤

(
µ
′
fg −

mf

Mg
µ
′
1g2

)(
Mf

mg
µ
′
1g2 − µ

′
fg

)
. (2.29)

From (2.29) we get, on using Arithmetic-Geometric mean inequality, inequal-
ity (2.27).

3. SOME FURTHER GENERALIZATIONS

We obtain generalizations of the Grüss type inequality (1.5) involving higher pow-
ers off andg. This also provides some further refinements of the inequalities (1.3)
and (1.5).
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Theorem3.1 — Let f (x) andg (x) be real and integrable functions on[a, b]
such thatmf ≤ f (x) ≤ Mf . Then

µ
′
fg2 ≤ Mfµ

′
1g2 −

[
Mfµ

′
1g − µ

′
fg

]2

Mf − µ
′
f1

(3.1)

and

µ
′
fg2 ≥ mfµ

′
1g2 +

[
mfµ

′
1g − µ

′
fg

]2

µ
′
f1 −mf

. (3.2)

PROOF : Forf (x) ≤ Mf , the inequality

(g (x)− α)2 (f (x)−Mf ) ≤ 0 (3.3)

holds good for every real numberα, therefore

f (x) g2 (x)−Mfg2 (x) + α2f (x)− α2Mf − 2αf (x) g (x) + 2αMfg (x) ≤ 0.
(3.4)

On multiplying both sides of (3.4) withφ (x) and integrating over the corre-
sponding limits, we get on simplification

(
Mf − µ

′
f1

)
α2 − 2

(
Mfµ

′
1g − µ

′
fg

)
α +

(
Mfµ

′
1g2 − µ

′
fg2

)
≥ 0. (3.5)

The quadratic inequality (3.5) holds for all real values ofα therefore its dis-
criminant must be non-positive,

(
Mfµ

′
1g − µ

′
fg

)2
−

(
Mf − µ

′
f1

)(
Mfµ

′
1g2 − µ

′
fg2

)
≤ 0. (3.6)

This immediately gives the inequality (3.1). On using the similar arguments
we find that the inequality

(g (x)− β)2 (f (x)−mf ) ≥ 0 (3.7)

holds for all real values ofβ and

(
mfµ

′
1g − µ

′
fg

)2
−

(
µ
′
f1 −mf

)(
µ
′
fg2 −mfµ

′
1g2

)
≤ 0. (3.8)
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From (3.8) we easily get (3.2).

Corollary 3.1 — Formg ≤ g (x) ≤ Mg, we have

µ
′
f2g ≤ Mgµ

′
f21 −

[
Mgµ

′
f1 − µ

′
fg

]2

Mg − µ
′
1g

(3.9)

and

µ
′
f2g ≥ mgµ

′
f21 +

[
mgµ

′
f1 − µ

′
fg

]2

µ
′
1g −mg

. (3.10)

PROOF : On interchangingf (x) andg (x) and using the analysis similar to
that in the proof of Theorem 3.1, we easily get the inequalities (3.9) and (3.10).

Theorem3.2 — Let f (x) andg (x) be real and integrable functions on[a, b]
such thatmf ≤ f (x) ≤ Mf , then

Mf ≥
µfg2 + µ

′
f1µ1g2 +

√(
µfg2 − µ

′
f1µ1g2

)2
+ 4µ2

fgµ1g2

2µ1g2

(3.11)

and

mf ≤
µfg2 + µ

′
f1µ1g2 −

√(
µfg2 − µ

′
f1µ1g2

)2
+ 4µ2

fgµ1g2

2µ1g2

. (3.12)

whereµfg is given by (1.6) and

µfg2 = µ
′
fg2 − 2µ

′
1gµ

′
fg + µ

′2
1gµ

′
f1. (3.13)

PROOF : From (3.1), we have
(
µ
′
1g2 − µ

′2
1g

)
M2

f −
(
µ
′
fg2 − 2µ

′
1gµ

′
fg + µ

′
f1µ

′
1g2

)
Mf −

(
µ
′2
fg − µ

′
f1µ

′
fg2

)
≥ 0.

(3.14)

From (3.14) we find that eitherMf ≥ β1 or Mf ≤ β2, where

β1 =
µfg2 + µ

′
f1µ1g2 +

√(
µfg2 − µ

′
f1µ1g2

)2
+ 4µ2

fgµ1g2

2µ1g2

(3.15)
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and

β2 =
µfg2 + µ

′
f1µ1g2 −

√(
µfg2 − µ

′
f1µ1g2

)2
+ 4µ2

fgµ1g2

2µ1g2

. (3.16)

But, if Mf ≤ β2

Mf − µ
′
f1 ≤

(
µfg2 − µ

′
f1µ1g2

)
−

√(
µfg2 − µ

′
f1µ1g2

)2
+ 4µ2

fgµ1g2

2µ1g2

. (3.17)

This is not possible as right hand side expression in (3.17) is negative while
left hand side expression is positive. HenceMf ≥ β1 and we conclude that (3.11)
must hold good. Similarly from (3.2), we have
(
µ
′
1g2 − µ

′2
1g

)
m2

f −
(
µ
′
fg2 − 2µ

′
1gµ

′
fg + µ

′
f1µ

′
1g2

)
mf −

(
µ
′2
fg − µ

′
f1µ

′
fg2

)
≥ 0.

(3.18)

The inequality (3.18) implies that eithermf ≥ γ1 or mf ≤ γ2, where

γ1 =
µfg2 + µ

′
f1µ1g2 +

√(
µfg2 − µ

′
f1µ1g2

)2
+ 4µ2

fgµ1g2

2µ1g2

(3.19)

and

γ2 =
µfg2 + µ

′
f1µ1g2 −

√(
µfg2 − µ

′
f1µ1g2

)2
+ 4µ2

fgµ1g2

2µ1g2

. (3.20)

But, if mf ≥ γ1 then

mf − µ
′
f1 ≥

(
µfg2 − µ

′
f1µ1g2

)
+

√(
µfg2 − µ

′
f1µ1g2

)2
+ 4µ2

fgµ1g2

2µ1g2

. (3.21)

This is not possible as right hand side expression in (3.21) is positive while left
hand side expression is negative. Hencemf ≤ γ2 and the inequality (3.12) follows
immediately.
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Corollary 3.2 — Letf (x) andg (x) be real and integrable functions on[a, b]
such thatmg ≤ g (x) ≤ Mg. Then

Mg ≥
µf2g + µ

′
1gµf21 +

√(
µf2g − µ

′
1gµf21

)2
+ 4µ2

fgµf21

2µf21
(3.22)

and

mg ≤
µf2g + µ

′
1gµf21 −

√(
µf2g − µ

′
1gµf21

)2
+ 4µ2

fgµf21

2µf21
. (3.23)

where
µf2g = µ

′
f2g − 2µ

′
f1µ

′
fg + µ

′2
f1µ

′
1g, (3.24)

andµfg is given by (1.6).

PROOF : The inequalities (3.22) and (3.23) follow easily on applying the simi-
lar arguments as in the proof of Theorem 3.2.

Corollary 3.3 — Formf ≤ f (x) ≤ Mf andmg ≤ g (x) ≤ Mg, we have

µ2
fg

µ1g2

+
1
4

(
µfg2

µ1g2

− µ
′
f1

)2

≤ (Mf −mf )2

4
(3.25)

and
µ2

fg

µf21
+

1
4

(
µf2g

µf21
− µ

′
1g

)2

≤ (Mg −mg)
2

4
. (3.26)

PROOF : On combining the inequalities (3.11) and (3.12), we get the inequal-
ity (3.25). Similarly, on combining the inequalities (3.22) and (3.23), we get the
inequality (3.26).

Corollary 3.4 — Under the above conditions:

D2 (f, g) +
1
4

(
D

(
f, g2

)

D (1, g2)
−D′ (f, 1)

)2

D
(
1, g2

) ≤ (Mf −mf )2

4
D

(
1, g2

)

(3.27)
and

D2 (f, g) +
1
4

(
D

(
f2, g

)

D (f2, 1)
−D

′
(1, g)

)2

D
(
f2, 1

) ≤ (Mg −mg)
2

4
D

(
f2, 1

)

(3.28)
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where

D
(
f, g2

)
= D′ (f, g2

)
+ D′2 (1, g) D′ (f, 1)− 2D′ (1, g) D′ (f, g) (3.29)

and

D
(
f2, g

)
= D′ (f2, g

)
+ D′2 (f, 1)D′ (1, g)− 2D′ (f, 1)D′ (f, g) (3.30)

The inequalities (3.27) and (3.28) provide the refinements of the Grüss inequal-
ity (1.3).

PROOF : On substitutingφ (x) = 1
b−a in (3.25) and (3.26), we easily get the

inequalities (3.27) and (3.28), respectively.

Corollary 3.5 — Let f (x) be real and integrable function on[a, b] andmf

≤ f (x) ≤ Mf . Then

µff +
(

M3 (f)
2µff

)2

≤ (Mf −mf )2

4
(3.31)

where
M3 (f) = µ

′
f2f − 3µ

′
f1µ

′
ff + 2µ

′3
f1. (3.32)

The inequality (3.31) provides refinement of the following Grüss type inequal-
ity:

µff ≤
(Mf −mf )2

4
.

PROOF : The inequality (3.31) follows easily from (3.25), on substituting
g (x) = f (x) .

Theorem3.3— Let f (x) andg (x) be real and integrable functions on[a, b].
Then,

µ
′
f41 ≥

(
µ
′
f2g − µ

′
1gµ

′
f21

)2

µ
′
1g2 − µ

′2
1g

+ µ
′2
f21, µ

′
1g2 6= µ

′2
1g (3.33)

and

µ
′
1g4 ≥

(
µ
′
fg2 − µ

′
f1µ

′
1g2

)2

µ
′
f21

− µ
′2
f1

+ µ
′2
1g2 , µ

′
f21 6= µ

′2
f1. (3.34)
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PROOF : The inequality,

(
f2 (x)− αg (x) + β

)2 ≥ 0, (3.35)

holds good for all real numbersα andβ. Therefore,

f4 (x) + α2g2 (x) + 2βf2 (x)− 2αf2 (x) g (x)− 2αβg (x) + β2 ≥ 0. (3.36)

On multiplying both sides of (3.36) byφ (x) and integrating, we get fora ≤
x ≤ b, the following inequality:

µ
′
f41 ≥ 2αµ

′
f2g − 2βµ

′
f21 − α2µ

′
1g2 + 2αβµ

′
1g − β2. (3.37)

Let
h (α, β) = 2αµ

′
f2g − 2βµ

′
f21 − α2µ

′
1g2 + 2αβµ

′
1g − β2. (3.38)

The derivatives are,

dh

dα
= 2µ

′
f2g − 2αµ

′
1g2 + 2βµ

′
1g, (3.39)

dh

dβ
= −2µ

′
f21 + 2αµ

′
1g − 2β, (3.40)

s =
d2h

dβdα
= 2µ

′
1g, (3.41)

r =
d2h

dα2
= −2µ

′
1g2 (3.42)

and

t =
d2h

dβ2
= −2. (3.43)

We find thatrt− s2 > 0 and the functionh (α, β) achieves its maximum at

α =
µ
′
f2g − µ

′
1gµ

′
f21

µ
′
1g2 − µ

′2
1g

(3.44)

and

β =
µ
′
1gµ

′
f2g − µ

′
f21µ

′
1g2

µ
′
1g2 − µ

′2
1g

, (3.45)
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where the derivativesdh
dα and dh

dβ vanish simultaneously. The inequality (3.37)

therefore gives the greatest lower bound forµ
′
f41 whenα andβ are respectively

given by (3.44) and (3.45), and on substituting these values ofα andβ in (3.37); the
inequality (3.33) follows immediately. On interchangingf andg and proceeding
as above, we easily get the inequality (3.34).

4. REMARKS

The special cases of the above results also provide the inequalities for the moments
of a random variable whose probability density function is defined over a finite real
interval[a, b]. We mention a few examples:

(1) Forf = g = x, the inequality (3.33) gives

µ
′
4 ≥

(
µ
′
3 − µ

′
1µ

′
2

)2

µ
′
2 − µ

′2
1

+ µ
′2
2 , (4.1)

whereµ
′
r =

b∫
a

xrφ (x) dx, r = 1, 2, 3, 4. The bounds for fourth central moment

and kurtosis can be deduced from the inequality (4.1), also see [12].

(2) For f = g the inequality (3.2) can be written in the following equivalent
forms:

µ
′
f2f ≥ m3

f +

(
µ
′
ff −mfµ

′
f1

)(
µ
′
ff −m2

f

)
+ m2

f

(
µ
′
f1 −mf

)2

µ
′
f1 −mf

, (4.2)

µ
′
f2f ≥

µ
′2
ff

µ
′
f1

+
mf

(
µ
′
ff − µ

′2
f1

)(
µ
′
ff −mfµ

′
f1

)

µ
′
f1

(
µ
′
f1 −mf

) , (4.3)

µ
′
f2f ≥ µ

′
ffµ

′
f1 +

(
µ
′
ff −m2

f

)(
µ
′
ff − µ

′2
f1

)

µ
′
f1 −mf

(4.4)

and

µ
′
f2f ≥ µ

′3
f1 +

(
µ
′
ff − µ

′2
f1

)(
µ
′
ff −mfµ

′
f1 + µ

′2
f1 −m2

f

)

µ
′
f1 −mf

. (4.5)
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The inequalities (4.3), (4.4) and (4.5) provide refinements of the corresponding
inequalities in (1.11),µ

′
f2f = µ

′
f31. The bounds for the third order moments in

terms of the first and second order moments follow from (3.1) and (3.2) when
f = g = x.

(3) An upper bound for the variance of a random variablem ≤ x ≤ M ,

S2 +
(

M3

2S2

)2

≤ (M −m)2

4
(4.6)

provides the refinement of the Popoviciu inequality and follows as a special case
of the inequality (3.31) forf (x) = x, see [13, 14].
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fg et

∫
f

∫
g, Acad. Serbe Sci. Publ. Inst. Math., 2 (1948), 131-145.

11. W. Greub and W. Rheinboldt, On a generalization of an inequality of L. V. Kan-
torovich,Proc. Amer. Math. Soc., 10 (1959), 407-415.

12. J. E. JR. Wilkins, A note on skewness and kurtosis,The Annals of Mathematical
Statistics, 15(3) (1944), 333-335.

13. R. Sharma, M. Gupta and G. Kapoor Some better bounds on the variance with
applications,J. Math. Inequal., 4(3) (2010), 355-363.

14. R. Bhatia and C. Davis, A better bound on the variance,Amer. Math. Month.,
353-57, (2000).


