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The aim of this note is to lift singular curves of a certain type to characteristic
zero. The liftings are obtained as suitable pushouts and the corresponding
relative jacobians are identified as rigidifed Picard functors.
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1. INTRODUCTION

It is well known that a smooth projective curve over a field £ lifts to any com-
plete discrete valuation ring with residue field . This result extends to the case of
singular curves which are local complete intersections; one verifies that the corre-
sponding obstruction in the cotangent complex vanishes ([4], Cor. 8.5.32). In this
note we construct liftings of certain singular curves which are in general not local
complete intersections. Our method is a straightforward application of the result
in ([1] or [3]) which extends the method of ([8], Ch. IV, Sect. 1.3) to construct

pushouts of schemes.
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We will follow the standard notation :

k is an algebraically closed field of characteristic p > 0.

R is a complete discrete valuation ring with residue field k.
S = Spec(R).

For an S-scheme Z, Picz/g denotes the Picard scheme.

We consider singular curves of special type, namely curves which arise as

pushouts
m - X
l L
H Spec(k) — X
i
where

e X' is a projective smooth curve,

!
e m is an effective divisor on X', m = Z Z ng-z)qj’i : ny) > 1,
=1 qj,i—pi

T = {p1,...,m}, the set of singular points of X,

o M= H H Spec((’)xx,qj‘i/m?,‘; 1) is the closed subscheme of X’

i Q5P
corresponding to m,

o m — H Spec(k) is the obvious map
i

n;@®
H Spec(Ox,q;./m;; +1) — Spec(k) .

4j,i"—=DPi
Recall that ([8], Chapter IV, Section 2.1)

Oxp; =k =+ cp,
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where ¢, is the conductor (the stalk of the conductor sheaf in Ox), i.e.,

¢p; = annihilator((m.Ox)p, /Ox p;) and (m:Ox1)p; = ﬂ Ox7.4;.-

q5,i—=Pi

We define n,, = Z nji -

q35,i—Pi

Lemma 1 —If X is a local complete intersection at p;, then n;,, = 2.

In particular, if n,,, > 2 for some 4, then there exists no lifting X’ L S, where

X is a regular scheme and ¢ is smooth outside 7.

PROOF : It is well-known that if X is a local complete intersection at p;, then

npi = 26177, =2 dZm((ﬂ-*OX/)pz/OXypz)

Since X is a pushout, we have ([8], p.70)
61’2‘ = dim((ﬂ-*oX’)pi/k + Cpi) =np, — 1,
and we find n), = 2.

The second statement follows from the fact that if a lifting ¢ : X — S of X

as desired exists, then X’ (and hence X)) is a local complete intersection at each p;
([2], SGA VII, Exp. XVI). O

Remark 2 : Since X is in general not a local complete intersection, the result
([4], Corollary 8.5.3.2) for the existence of a lifting does not apply.

We let X’ be a lifting of X over S. Since S = Spec(R) is strictly henselian,

the specialization map

X'(S) — X' (k)

is surjective. Thus each ¢;; € X'(k) lifts to a section s,,; € X’(S). We take the
()

(n;” + 1)-st infinitesimal neighbourhood of s; and consider the pushout
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M-I =

| !
Y:HSZ' — X

O
where s; = .S and M — Y is the natural map H 55}" ) — 8.
Lemma 3 — The pushout X exists and is flat and projective over S.

PROOF : The existence of the pushout follows from ([3], Thm. 7.1]). It is clear
that X" is integral with generic point lying over the generic point 77 € S; hence X

is flat over S.

H?(X,0) = 0, therefore any ample line bundle on X supported on X — m
lifts to an ample line bundle on X'. Since X is proper over S, it follows that it is in
fact projective over S.

The theory of generalized jacobians carries over to this relative case. For the
definition of a rigidifier for the Picard scheme Picy,g of a flat, proper S-scheme
of finite type and for the properties of the rigidified Picard functor we refer to ([7],
29-40).

One has the following basic facts.
Lemma 4 — (a) Picy g is representable by a smooth group scheme.
(b) m defines a rigidifier for Picyr/g.
(c) The functor Picy g is isomorphic to the rigidified Picard functor P(X”, m).
(d) The map X’ — X induces an extension of group schemes
0 — G — Picy;s — Picyryg — 0
where G is a smooth affine S-group scheme of relative dimension ) | n,,, — 1.
PROOF : Since H%(X,0) = 0,

(a) follows from ([5], Proposition 9.5.19).
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(b) Since k = H(X!,0) — H°(ms, O), we conclude by ([7],Corollary
2.2.2).

(c) We compare Picy /g and P(X ’’m) by using the explicit description of
P(X',m) given in ([7], p.30).

(d) We apply ([7], Prop. 2.1.2) for the first statement and ([7], Prop. 2.4.3(b)

for the second statement.

Remark 5 : Letting T (respectively 1),) denote the maximal torus of the fiber

of G over s (respectively 7), in general we have
dim(T;)) > dim(T5).

This observation leads to the construction of interesting examples of smooth group
schemes over discrete valuation rings. We give a concrete example by using hy-

perelliptic curves in characteristic 2.

Example : Let X' be a hyperelliptic curve of genus g > 2 in characteristic 2,
with exactly one Weierstrass point p and take the pushout curve X corresponding

tom=mnp,n>2. Let X bea hyperelliptic lifting of X’.

(Such liftings X’ exist :

e Since the order o(c) = 2 is not divisible by the square of the characteristic,
the pair (X', o) lifts to a pair (X’,5) , where 6 € Autg(X').

e 0(G) = 2, because 02 = id and Autg(X") is unramified over S.

Then it follows from ([6], Thm.5.5(iii)) that X’ is hyperelliptic over S.)

After a base extension, if necessary, we may assume that all Weierstrass points
of X, are k(n)-rational. Thus we get 2g + 2 Weierstrass sections s1, ... 52442
which all specialize to p. Therefore, for 1 < n < 2g + 2, we may take the disjoint
union of n distinct Weierstrass sections for m to construct a lifting of X'. Then G,

has a maximal torus of dimension n — 1, whereas G5 = (G)" 1.
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