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In this paper, we consider the existence and multiplicity of positive solutions
to some class of boundary value problem for fractional differential equation
of high order. Our analysis relies on the Krasnoselskii’s fixed point theorem

in a cone.
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1. INTRODUCTION

The existence of solutions for multi point boundary value problems for fractional

differential equations of the form
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“Dgult) = £(t,u), re0.),
W' (0) — byu(nm) = d; 051 u(s)ds, (1)
w' (1) + bou(ne) = da [;° u(s)ds,

where CDS‘+ is the Caputo fractional derivative of order 1 < « < 2, by, dq, b, do

are real numbers and 0 < &1, &, M1, 12 < 1.

By C' = C([0, 1], R) denote the Banach space of all continuous mapping w :
[0,1] — R with norm ||u|| := sup{|u(t)| : t € [0, 1]}.

For convenience, we make the following assumptions:

(HO) f :[0,1] x [0,400) — [0,400) is a continuous function;

(HO*) f(t,x) is a nonnegative on [0,1] x [0,400), f(t,-) is a continuous
function defined on [0,1], f(-,x) is a lower semi-continuous function defined
on [0,+00), i.e. I C [0,4+0); Va, € I, &, — x9 (n — ©0), one has
f(t,xo) < lim, . f(t,z,). Moreover, f(-,x) has only a finite number of dis-
continuity points in each compact subinterval of [0, +00).

(HD) A := (by +d1&1) (1 +batpp — 2E3) + (ba — doa) (1 — by — $-62) > 0;

(H2) dy > 0,dy < 0,1 — by — L&2 > 0, 14 bomp — €2 > 0 and
(1+ba(n2 — 1) + 262 - &) > 0.

Fractional differential equations have been of great interest recently. This is
because of both the intensive development of the theory of fractional calculus it-
self and the applications of such constructions in various scientific fields such as
physics, mechanics, chemistry, engineering, etc. For details, see [1, 2, 3] and the

references therein.

The existence of solutions of initial value problems for fractional order differ-
ential equations have been studied in the literature [4-9] and the references therein.

Zhao et al. [10] considered the following boundary value problem
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“Dgu(t) + f(t,u(t)) =0, te (0,1),
u'(0) — Bu(§) =0, /(1) +~u(n) =0,
where o is areal number with 1 < a < 2,0 < ¢ <np<1land0 < 3,y < 1. They

applied fixed-point theorems and successive iteration method to establish some

2

results on the existence, multiplicity and uniqueness of positive solutions (2).

In [11], Bashir Ahmada and Ntouyasb investigated the existence of positive

solutions to the following boundary value problem,

‘Diya(t) = f(t,x(t), te(0,1), m—1<g<m,
2(0) = o [ x(s)ds, 2/(0) =0,2"(0) =0,....2"2D(0) =0,  (3)
x(1) :ﬁfg’a:(s)ds, 0<¢&n<,

where f : [0,1] x X — X (X is a Banach space.) is a continuous and o, § € R.

Jia and Liu [12] studied the multiple nonnegative solutions for the following
boundary value problem

(Do w(t) + f(t.2(t)) = 0, te(0,1),

2(0) = [y go(s)z(s)ds,

(1) = [ gol(s)z(s)ds,

2®(0) = [} gr(s)x(s)ds, k=2,3,...,[a],

“)

by applying the Leggett-Williams fixed point theorem.

Motivated by results in [10, 11], our purpose in this paper is to show the exis-
tence and multiplicity of positive solutions to the problem (1) by using the Kras-

noselskii’s fixed point theorem.

The rest of the article is organized as follows: in Section 2, we present some
preliminaries that will be used in Sections 3 and 4. In Section 3, we give the
existence of one positive solution for the problem (1) by using Krasnoselakii’s fixed

point theorem. In Section 4, we give the existence of multiple positive solutions
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for the problem (1). Finally, in Section 5, two examples are given to demonstrate
the application of our main results.

2. PRELIMINARIES

In this section, we present some notations and preliminary lemmas that will be

used in the proofs of the main results.
We work in C'1([0, 1]) with respect to the norm ||u|| = maxg<¢<1 u(t).

Definition 1 — Let X be a real Banach space. A non-empty closed set P C X

is called a cone of X if it satisfies the following conditions:
(1) z € P, > 0 implies px € P,
(2)x € P,—x € P implies x = 0.

Definition 2 — The Riemann-Liouville fractional integral operator of order
a > 0, of function f € L'(R™) is defined as

L t —5)* Lf(s)ds
e | = s

where I'(+) is the Euler gamma function.

I(()l+ f(t) =

Definition 3 — The Riemann-Liouville fractional derivative of order o > 0,
n—1<a<n,n € Nisdefined as

D) = s () [ = o sty

where the function f(¢) have absolutely continuous derivatives up to order (n —1).

Lemma 1 ([13]) — The equality D, I, f(t) = f(t), v > 0 holds for f €
LY(0,1).

Definition 4 ([5, 13]) — The fractional derivative of f in the Caputo sense is
defined as
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‘D f(t) = ! ] /Ot(t — )" W (g)ds, n—1<a<n,

I'n—a
where n = [a] + 1.
Lemma 2 ([13-15]) — Let a > 0. Then the differential equation

“Dgiu(t) =0
has a unique solution u(t) = ¢y +cit + -+ cp1t" L €R, i =1,...,n,
wheren — 1 < o < n.

Lemma 3 ([13-15]) — Assume that b € C(0,1) N L*(0, 1) with a derivative of
order a > 0 that belongs to C'(0,1) N L(0, 1). Then

195D, h(t) = h(t) + co+ 1t + -+ + cpgt" L,

forsomec; e R,i=1,...,n—1,wheren — 1 < o < n.

In the following, we present the Green function of fractional differential equa-
tion boundary value problem.
Lemma 4 —Let h(t) € C([0,1]) be a given function. Then the boundary value

problem

CD3+u(t) = h(t)7 te (07 1)a
u/'(0) — byu(m) = di [ u(s)ds, %)
' (1) + bau(nz) = do 052 u(s)ds,

has a unique solution

u(t) = Ala(t,s)h(s)dwgl(t)/oﬁ(/Oswh(k)dk)ds

+92(t) /0 ¢ ( /O ’ @;("yh(k)dk)ds, (6)
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where
d
A = (b1 +di&)(1+ bam — 525%) + (b2 — da2&2)
d
(I —=0bym — 515%) #0,
d d
a(t) = T+ bae = &) — (b2 — da)i],
—d d
ga(t) = A= bim = &) + (b + &),
and
( (t—s)—1
T TX3 X1 X2 s<n,s <1,
X3+ x1+ Xz, s<m,t < s,
(t—s)— 1
- + + ) S S S 78 S t;
G(t, s) = NE) X1 T X2 m "2
X1+ X2, m<s<m,t<s,
—s a—1
_(tr()a) +X1a 772§535§t7
X1, 2 S 37t S S,
where

. [1— by — DEF + (by + dym )] (1 — )2
1 = )

ATl (e —1)
o[l — by — B A+ (by + dym)t] (2 — 5)° !
b1+ bom — BE3 — (by — damp)t](m — 5)*
o= AT() '

PROOF : According to Lemma 3, we can obtain that

1

t
w(t) = IS (1) + 1 + eot = _/ (t — ) h(s)ds + c1 + cot.
0

[(a)

(7

®)

)
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On the other hand, by relations D, I, u(t) = u(t) and I}, IJ} u(t) = Igfmu(t),
form,n > 0,u € L'(0,1), we have

1

o (t) = _F(a—l)/o (t — ) 2h(s)ds + cs.

By the boundary conditions of (5), we have

(
(b1 + diér)er + (bim — 1+ D€ )ex = biIg h(m) + da
s (s—k)*—1
Jo! (fo () h(k)dk) ds,
(ba — da&a)er + (1 + bamy — BE3)ea = IS (L) + boI S h(n) — da [

s (s—k)*—1
(s CF—n(k)dk ) ds.

7, N

So, by the Cramer’s rule, one can get

bug hm) + di J5* ( fi ST h(k)ak ) ds
— % . b — 1 t %15%8 o
127 (1) + bo IS, h(np) — da [ (fo Gl h(k)dk> ds
1+ bomy — 262
1

d d _
= {0+ bam = ZE) g hm) + (1 = bam — T A(Y)

2

( /0 ) (S;(Ig_lh(k)dk) ds

—da(1 — b1 — %5?) /0§2 </OS @algylh(k)dk> dS}

di 2\ T da 2 &
+b2(1 —biny — &) 15 h(n2) + di(1 + bana — 252)/
0
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and

by +di&r biI§ h(m)+di 5

( Ji i h(k)dk) ds

Co =

B =

by — da&a  I57h(1) + bod§ h(n2) — da 052

( Jy R h(k)dk) ds

— %{(bl + d1§1)]5*;1h(1) + ba(by + d1€1)18‘+h(772)

—b1(ba — d2&2) I5 h(m)

—da(by + d1&1) /O ¢ ( /0 S (s;(l;))a_lh(k)dk>

ds — dy (by — dao) /0§1 </Os Wh(k)dk) ds},

where A is given by (7). Substituting the values of ¢ and ¢ in (9), we obtain the

solution given by (6). |

Let

M= bl(1+b2772—%255)4-(0!—1)(1—51?71—%§%+b1+d1§1)+b2(1—b1m—%€%+bl+d1§1)
= AT(a)

Lemma 5 —1If (o — 1)(1 — bymy — d—;f%) > A hold, then the function G(¢, s)
defined by (8) satisfies the following conditions

()G € C([0,1] x [0,1)) and 0 < G(t,s) < M(1 — 8)* 2, fort,s € (0,1);

(2) There exists a positive number

(a—1)(1—bim — A2+ 1b)—A
b1 (1+b2772—%255)-&-(04—1)(1—1)1771—%§%+b1+d151)+b2(1—b1n1—%§%+b1+d1§1)

Q:
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such that
min G(t,s) > oM (1 —5)*72, 0<s<1.
1<y
PROOF : The proof is similar to [10], Lemma 2.5] and is omitted. [ |

Furthermore, for convenience, we set

Az = min{ min_gi(t), min go(t),1},  As = max{1, lga]l ||g2/]}.
1< 1<i<

W

I’ = min{p, t}

Lemma 6 — Let (HO), (H1) and (H2) hold. Then the solution u of the problem
(1) satisfies

(i) u(t) > 0, fort € [0, 1],
and

(ii) min <t<3 u(t) > T|]ull.

NI

PROOF : (i) By (H1), (H2), Lemma 5 and (6)-(8) it is obvious that we have
G(t,5) > 0 /€1 (/ Mf(k u(k))dk)ds >0
T o () ’ B

&2 s (g — Jya—1
/O (/O (F(lz)f(k,u(k))dk)ds >0,

so, we get u(t) > 0.

(ii) For any ¢ € [i, %], by Lemma 35, it follows that
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1 &1
u(t) = /O G(t, 5)f (s, u(s))ds + g1(t) /0

(/O (s ;(gj_lf(k:,u(k))dk)ds + g2(t) /062

(/0 - }(]2;1 f(k, u(k))dk ) ds

1
< /0 M(1—5)2"2f(s,u(s))ds + Az

[/051 </05 (S ;(k)a—lf(k’u(k))dk>ds

o)
+/D£2 (/0( ;(gf_lf(k,u(k))dk)ds},

and thus

1
| < /0 M(1— 5)°2f(s,u(s))ds + A

[/051 (/O - ;(k)a_lf(k,u(k))dk>ds

a)
+/052 </O( ;(]2;_1f(k,u(k))dk)ds].

On the other hand, from Lemma 8, for ¢ € [%, %], we have

min u(t) = min [/01 G(t,s)f(s,u(s))ds + gi(t) /51

1 3 1 3
1<i<y 1<y 0

(/0 (s ;(’2;_1 J (k, u(h))dk ) ds

+ga(1) /052 (/0 (s ;(’2;_1f(k,u(k))dk)ds}
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! a—2 Ay
Q/O M(1-s) f(s,u(s))ds—i—A—B-Ag

[/0& (/0 ('S;(’;))a_lf(k,u(k))dk)ds

+/052 (/0 (s ;(]2;_1f(k,u(k))dk>ds]

r[/l M1 = )2 f(s, u(s))ds + A3[/5l

0 0
s

(/O (S;kj)alf(k,u(k:))dk)ds

(«

4 /052 (/O S”F(’“ij_lf(k,um))dk) ds]

> Ifful].

Y

v

Define an operator 1" by

1 &1
(Tu)(t) = /0 G(t, 5)f (s, u(s))ds + g1 (1) /0

(/0 (S;(Z);_lf(k,u(k))dk)ds

+2(t) /052 (/()S(s;(lglf(k,u(k))d@ds. (10)

It is clear that the existence of a positive solution for the system (1) is equivalent

to the existence of nontrivial fixed point of 7" in K.

Lemma 7 — Suppose that the conditions (HO), (H1) and (H2) hold, then T'(K') C

Kand T : K — K is completely continuous.
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PROOF : For any u € K, by (10), we obtain (T'w)(t) > 0 and, for ¢ € [0, 1],

1 &1
(Tu)(t) = /0 G(t, 5) (5, u(s))ds + g1(t) /O

(/0 - ;(]2; —s (k. u(k))dk ) ds

+0a(t) /052 (/0 (s }(]2;_1f(k7u(k))dk>ds

< /01 M(1—5)272f(s,u(s))ds + A3
[ /0& ( /0 - }(’2; _1f(kf>U(k))dk:) s
)

+/0€2 (/0 (s ;(ka;_lf(k,u(k))dk)ds]

Thus,

]| < / M1 = 8)*2f(s,u(s))ds + As

))dk)ds

52 dk) ds}

On the other hand, for ¢ € [i, %], we have
&1

win (Tu)(t) = min | / Gt ) (s, uls)ds + a1 (8 /

1 3 1 3
1St=g 1sts3 -Jo 0

(/0 (s ;(]2;_1f(k,u(k))dk>ds

+ga(1) /0 © ( /0 " (s ;(’2;_1 f(k,u(k;))dk)ds}
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> g/ol M(1—5)*"2f(s,u(s))ds + ﬁj . AS[/O&
([ st
' /062 (/0 (s}(]glf (k. u(k))dk ) ds]
> T
[/01 M(1— )2 f(s,u(s))ds + AS[/;l
</08 (8}{2)&11" (k, u(k))dk ) ds
+/0£2 (/OS (‘g;(lzgllf(k,u(k))dk;)ds]}
> T||Tul|.

Therefore, we get TK C K

By conventional arguments and Ascoli-Arzela theorem, one can prove 7' :

K — K is completely continuous, so we omit it here. |

Our approach is based on the following Guo-Krasnoselskii fixed point theorem
of cone expansion-compression type [16].

Theorem 1 — Let E be a Banach space and K S E a cone in E. Assume Qy
and Qo are open subsets of E with 0 € Q1 and Q1 C Qo. Let T : K ((Q22\Q1) —
K be a completely continuous operator. In addition suppose either
(A) |[Tu|| < ||lu|l, Vu € K N0 and ||Tu|| > ||ul, Yu € K NI or
(B) [|[Tu|| > ||u|l, Vu € K N0 and ||Tul|| < ||ul|, Yu € K NI
holds. Then T has a fixed point in K N (Q2\Q1).

3. MAIN RESULT

In this section, we discuss the existence of a positive solution of problem (1). We

give the following assumptions:
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t
fr= maX{ max ftu) € [O,r]},
t€[0,1] r
t
f =liminf min ,u)7
—Q U—o te[i’% Uu
r . tau) —+
fo = limsup max ,  (a@=0",0or 4+ 00),

u—a  t€[0,1] u

1 1 a—2 A3 a+1 a+1
wM/O(l_S) d5+m(1 +&7),

3

1 4 Ao
— =M 1— a—2 2 rratl a+1 )
T Q/l( 5) ds+r\(a+2)(1 +£2 )

4

We always assume that (HO), (HO*), (H1) and (H2) hold in the following theo-

rems.

Theorem 2 — Suppose that there exist constants v, R > 0 with r < I'R for
r < R( LR < wr for R <), such that the following two conditions

(H3) fr <w,
and

(H4) fr,r = L,
hold. Then, the problem (1) has at least one positive solution u € K such that
O<r<|lul/|<R (or 0<R<|u||<r).
PROOF Case 1 : We shall prove that the result holds when (HO), (H1) and (H2)
is satisfied. Without loss of generality, we suppose that r < I'R for r < R.

Let 2, :={u € K : |Ju|| < r}; then 9Q, :={u € K : |lu]| =r}. By
(H3), (10) and Lemma 8, for t € [0, 1] and u € 02, , we have
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1 &1
T = [ G fsu)ds + o) [
0 0
S (S _ k)a—l
( 7f(k,u(k))dk> ds
0

I'(a)

+ga(t) /052 (/0 Wf(k,u(k))dk)ds
< rwM /01(1 — 5)*2ds + rwgy (t) /051 </Os =k ;(]2;1 dk) ds

+rwgsa(t) /062 (/Os %dk) ds

1 ) a+1 g—i—l
< M 1—8)%2%d A 1 A
S T /0( §)%"ds +rw Ta+2) M (at2)

! A
_ rw{M/O (1_S)a_2d8+r(ai2)( i)z+1_’_£2a+1)}

= 7= |ul].

This implies that ||Tu|| < ||u|| for u € 9%,..

443

Let Qp := {u e K : ||[u]|] < R}; then Qg := {u € K : ||u|]| = R}. For
u € O0p, itfollows that TR < u < R, 1 <t < %. By (H4), (10) and Lemma 8,

for u € O , we have
1 &1
(Tu)(t) = /0 G(t, 5)f (s, u(s))ds + g1 (1) /0

(/0 (S;(@;_lf(k,u(k))d@ ds

+ga(t) /052 (/0 (‘Sg(k;y))oé_lf(kju(k))d@ ds
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> /1i G(t,s)f(S,u(s))ds+A2/O§1

( /0 Wf(k,u(k))dk)ds

(@)
Ay /052 (/0 (S;(Z);_lf(k,u(k))d@ ds
> LRMQ/;(l —s)o“2ds+A2LR/0§1 (/0 de)ds

coens [ ([ O

3
§ A
> LR{Mgﬁu — §)0 25 4 2
1

RCESILI +eh)}

= R={[ull.

This implies that ||T'u|| > ||u|| for u € Qp.

Therefore, by Theorem 1, it follows that 7" has a fixed-point v in KN (Qg\ ).
This means that the problem (1) has at least one positive solution © € K such that
0<r<l|ul| <R.

Case 2 : When (H1%*) holds, by applying the linear approaching method on the
domain of discontinuous points of f(-, ) we can establish sequence { f; (-, )}3%;

satisfying the following two conditions
() fi(-,xz) € C[0,00) and 0 < f; < fj41 0on [0, 00),
and

(i) limj f;(,2) = f(-,x), j = 1,2,..., is pointwisely convergent on
[0, 00).

By virtue of proof of Case 1, we know that when f = f;, the problem (1) has

a positive solution u;(t) where
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1
ui(t) = /0 G(t, 5)£;(s5, u;(5))ds + on (¢)

&1 S (s — k:)a_l
/0 (/0 ij(k,w(k))dk)ds

+92(t) /0& (/0 @F(’;))‘“_lfj(k, u;(K))dk ) ds,

forallt € [0,1] and r < ||u;|| < R, 7, R are independent of j.

By uniform continuity of G(t,s) on [0, 1] x [0, 1], g1(¢) and g2(¢) on [0, 1],
for any € > 0 (adequate small), there exists ¥ > 0 such that for ¢1,t2 € [0,1]
and [t; — to] < ¥, one has |G(t1,s) — G(t2,s)| < €, |g1(t1) — g1(t2)| < € and
lg2(t1) — g2(t2)| < e. Thus, for ¢, € [0,1] and |t; — t2| < 9, one has

1
uj(t1) —u;(t2)] < /0 G(t1,5) — G(t1, 9)[fj (s, u;(s))ds
&1 s (5 _ k:)o‘_l | |
+lg1(t1) _91(t2)|/0 (/0 Wf](k,u](k))dk)ds

62 s a—
Haatn) — i)l [ ([T EE 0y s

< max f;(t,u;)-€+e- max f;(t, uj)-
B H'L"JHSR f]( ’ ]) H'U'JHSR f]( ) ])
te[0,1] t€00,1]

/0& (/0 de)ds

e max fit,ug) - /062 (/Os (S;(Ijj;_ld@ds.

t€[0,1]

So, we get that {u;}22, are equicontinuous on [0, 1]. Thus, by the Arzela-Asoli
theorem, we know that there exists a convergent subsequence of {wu;}32;. For
convenience, we denote this convergent subsequence with {u; };";1 Without loss
of generality, we suppose lim;j_o u;(t) = u(t), V¢t € [0,1], and r < [[u|| < R.
By Fatou’s Lemma and Lebesgue dominated convergence theorem, we have
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1
lim w(t) > / G(t,s) lim f;(s,u;(s))ds
j—o00 0 j—o00

+o1(t) /O o ( /0 ’ (S;(’;);_l lim fj(k,uj(k))dk)ds

J—00

Fon(t) /0 . ( /0 ) “;(’2; i (ks s ()) dk ) d,

J—00

1.€.

1 &1
a(t) > /O G(t, 5) [ (s, u(s))ds + g1 (1) /0

(/0 - ;(Z))a — 10 u(k))dk ) ds

+ga(t) /052 (/Os (s ;(Izjlf(k,u(k))dk)ds. (11)

On the other hand, by the conditions (i) and (ii), we have

1 &1
wt) < /O Gt ) F (5, 15(5))ds + g1 () /0

([ = ptusoar)as

+g2(t) /052 (/O (SF(’Z;X_lf(k, uj(k))dk:) ds.

By the lower semi-continuity of f, taking limits in above inequality as j — oo,

we have

1 &1
u(t) < /0 Gt 5)f (s, u(s))ds + g1(¢) /0

</0 : ;(]2;_1  (k, u(k))dk ) ds

+92(t) /052 (/Os (s ;(]2;_1f(k,u(k))dk)ds. (12)
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By (11) and (12), we have

1 &1
u(t) = /O Gt5) (s, u()ds + gn(t) [

0

</08 (S}(Z);lf (k, u(k))dk ) ds

+g2(t) /052 (/OS(‘S;(];);If(k,u(k))dk)ds.

Therefore u(t) is a positive solution of the problem (1). This completes the
proof of Theorem 2. |

Similarly, we can obtain the following conclusion.

Theorem 3 — Suppose that there exist constants v, R > 0 with r < I'R for

r < R( LR < wr for R < r), such that the following two conditions

(H3%) f, < w, and

(H4*) fr,r > L, hold. Then, the problem (1) has at least one positive solution
u € K such that

O<r<|ul|<R (or 0<R<|ul|<r).
Theorem 4 — In each of the following cases:
(H5) fo < w, f. =z L and

(H6) io > %, ?OO < w, the problem (1) has at least one positive solu-
tion.

PROOF : All we need to do is to prove that the results of Theorem 4 hold when
we have the condition (HO). And by the similar proof process of Theorem 2 we

can prove the results of Theorem 4 when we have the condition (HO*).
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We show that (H5) implies (H3) and (H4). Suppose that (H4) holds, then there
exist r and R with 0 < r < I'R, such that

¢
Fw o 0<i<1 0<u<r
u
and
flt,u) L 1 3
> — - <t< - >T
w ST p1Stsp uzlR

Hence, we obtain

ft,u) <wu<wr, 0<t<1, O<u<r

and

Thus, (H3) and (H4) holds.
Therefore, by Theorem 2, the problem (1) has at least one positive solution.

Now suppose that (H6) holds, then there exist 0 < » < R with Lr < wR such
that

fltu) L 1 3
> — —<t< = < 1
P 47t74,0<u?7“ (13)
and
/
) o 0<i<1 us k. (14)
u

By (13), it follows that
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So, the condition (H4) holds for r.
For (14), we consider two cases.

(i) If f(¢,u) is bounded, there exists a constant D > 0 such that f(¢,u) < D,
for0 <t < land 0 < u < oo. By (14), there exists a constant A > R with
Lr < wR < Jw satisfying A > max{R, 2} such that f(t,u) < D < w for

0 <t <1landO < wu < A This means that the condition (H3) holds for A.

(ii) If f(¢,u) is unbounded, there exist ¢y € [0,1] and A\; > R with Lr <
wR < Mw such that f(¢t,u) < f(to,\1) for0 < ¢t < 1land 0 < u < A;. This
yields f(t,u) < f(to, A1) < Mqwfor0 < ¢ < 1and0 < u < \;. Thus, condition
(H3) holds for A;.

Therefore, by Theorem 2, the problem (1) has at least one positive solution.

Theorem 4 is proved. |

Corollary 1 — Assume (HO) or (HO*), (H1) and (H2) hold. Then in each of

the following cases:
(1) 70 =0, ioo = +00 (superlinear case),
i) f, o = 100 foo = 0 (sublinear case), the problem (1) has a positive solu-

tion.

4. THE EXISTENCE OF MULTIPLE POSITIVE SOLUTIONS

In this section, we give some conclusions about the existence of multiple positive
solutions. We always suppose that (HO*), (H1) and (H2) hold in the following

theorems.

Theorem 5 — Assume that one of the following two conditions
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(H3*) f. < w, and

(H7) io > %, ioo > % are satisfied. Then, the problem (1) has at least

two positive solutions such that

0 < [Jurl] < r < ||ug||

PROOF : By the proof of Theorem 4, we can take 0 < r; < r < I'ry such that
f(t,u) >rL for% <t < %andyrl <wu<ryand f(t,u) > rgLfori <t < %
and I'ro < u < ro. Therefore, by Theorems 2 and 3, it follows that problem (1)

has at least two positive solutions such that 0 < ||u1|| < r < [|ug]|. |
Theorem 6 — Assume that one of the following two conditions
(H4*) fr.r > L, and

(HS8) ?0 < w, ?Oo < w, are satisfied. Then, the problem (1) has at least

two positive solutions such that

0 <]l < R <luzl].

Theorem 7 — Assume (HS5) (or (H6)) holds, and there exist constants r1,ry >
0 with 1L < row (or r1 < I'rg) such that (H3*) holds for r = ro (orr = 11)
and (H4%*) holds for R = r1 (or R = r2). Then, the problem (1) has at least three

positive solutions such that

0< ||u1|| <r < HUQH <rg < ||u3||.

The proofs of Theorems 6 and 7 are similar to that of Theorem 5, so we omit it

here.

Theorem 8 — Let n = 2k + 1, k € N. Assume (H5) (or (H6)) holds. If

there exist constants r1,12,...,rn—1 > 0 with ro; < I'rg;qq, for1 <1 < k—1
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and ro; 1L < ro;w for 1 < @ < k (or with ro;—1 < I'rg;, for 1 < i < k and
roil < rojqw for 1 < i < k — 1) such that (H4*) (or (H3*)) holds for ro;_1,
1 <4 < kand (H3%*) (or (H4*)) holds for ro;, 1 < @ < k. Then, the problem (1)

has at least n positive solutions uy, . . . , u, such that
0 <|jur]| <ri <||ue|| <ra <+ < ||up—1l|| < rn—1 < |lunll.

Theorem 9 — Let n = 2k, k € N. Assume (H7) (or (H8)) holds. If there
exist constants r1,12,...,mp—1 > 0 with ro;_1 < I'ro; and ro; L < r9;1 1w, for
1 << k—1(orwithry < Urgipq and ro;1L < rojw, forl < i < k—1)
such that (H3*) (or (H4%*)) holds for ro;—1, 1 < i < k and (H4%) (or (H3%)) holds

forro;, 1 < @ < k — 1. Then, the problem (1) has at least n positive solutions

UL, - - ., Uy Such that

0 <||ur]| <r1 <||ue|| <ro <+ < ||up—1|| < rn—1 < |unll.

5. APPLICATION

Example 1 : Consider the following boundary value problem

‘DZ u(t) = f(t,u(t)), t € (0,1),
1
W (0) — tu(}) =% [ uls)ds, (15)
1
u'(1) = tu(3) = — i u(s)ds,
where o = %
ue 0<u<l,
ftu) =< (k+1)e ™, k<u<k+1, k=1,2,...,10,
eﬁ, u > 11.
‘We note that
1 1 1 1
P — = — = - = = = - — —1
by ba 5 &1 5 ) 3 dy 5 da ;
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1 41T
m=g M=% = 276/
138 dy 5. 239 -
N S — by — B2y =220
115 1495
fo=oo Ma=qgge e = 5o

46 { 1375 n 1196 }*1
= -, w = ,
299 138y/m  5175\/57

I_ {516.4335 N 184
138/ 5175v5m

-1
} 0= 0.51989683.

Thus, f, < w and f.> L. So, the condition (HS) holds. Obviously, (HO*),
(H1) and (H2) hold. Therefore, by Theorem 4, the problem (15) has at least one

positive solution.

Example 2 : Consider the following boundary value problem

“Dgu(t) = f(tu(t)), t€(0,1),
1
w/(0) — tu(}) = L Ji u(s)ds, (16)
1
W(1) = bu(d) = - i uls)ds,
where o = %
0.02e7", 0<u<l,
fitu) =< (k+1)e ™, k<u<k+1, k=1,2,...,10,
e\/a, u > 11.
We note that

1

1 1 1
1 2=, &1 3 &2 o hi=g ;
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I S € -1
771_57 772_57 _276\/77'7

138 di . 239
A=—2 —1)(1— R 2 i —
625° (Ot )( b1771 9 51) 500 i(] +00,
115 1495
= o0 A = — A = —
foo =400 Ao=am M= oo

r { 1375 n 1196 }*1
= Saa’ w = 9
299 138y/m 517557

16.4 184 -1
L:{563%+- 8 }, 0 = 0.51989683.
1387 5175v/5n
Thus, io > %,ioo > % We choose 7 = % then
¢
f;:nmx{nmxf(”” :ueﬁhﬂ}=004<uw:01ﬂm&%7
te[0,1] r

So, the conditions (H3*) and (H7) hold. Obviously, (HO*), (H1) and (H2) hold.

Therefore, by Theorem 5, the problem (16) has at least two positive solutions such

that

1
0 < lwa]] < 5 <llu2ll.
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