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It is well known that smooth periodic functions can be expanded into Fourier

series and can be approximated by trigonometric polynomials. The purpose
of this paper is to do Fourier analysis for smooth functions on planar do-

mains. A planar domain can often be divided into some trapezoids with

curved sides, so first we do the Fourier analysis for smooth functions on

trapezoids with curved sides. We will show that any smooth function on a

trapezoid with curved sides can be expanded into Fourier sine series with
simple polynomial factors, and so it can be well approximated by a combi-

nation of sine polynomials and simple polynomials. Then we consider the

Fourier analysis on the global domain. Finally, we extend these results to the
three-dimensional case.
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1. INTRODUCTION

It is well known that a smooth periodic function can be well expanded into Fourier
series, and so it can be well approximated by trigonometric polynomials [4, 7, 9,
10, 15]. However, for a smooth functighon a general domaif, it is difficult to

do Fourier analysis, one often smoothly extefidsom D to the globalR¢ using

the known extension method [1, 6, 8], and then one chooses a box that cdntains

and approximates it by splines [5]. In this paper, we will study how to do Fourier
analysis for a smooth function on a bounded domain with arbitrary shape.

We first consider domain decomposition, this is also a difficult problem. One
hundred ago, Schwarz discussed it. Here we do not try to go deep this problem.
We only assume thdd can be decomposed into some trapezoids with curved sides
and we choose a patrtition such that the number of trapezoids is small as possible.
Any trapezoid with a curved side can become a typical dorfiaimder an affine
transformation:

where

0<g(z)<l (0<z<1).

Suppose thaf is a smooth function of2. We do Fourier analysis as follows:

Stepl : We extendf to a smooth functiod on aj0, 1]> and F(z,1) = 0 (0 <
x < 1). Here we present a new extension method to satisfy the above condition
and the extension functiof possesses very simple representativédoh|? \ 2.

Step2 : We decomposé’ into F' = ¢1 + ¢2 + ¢3 on [0, 1]2, whereg; is a
3
bivariate polynomial of degree 25 is a sum of the forn)  ¢; h;, in which each);
1
is a univariate smooth periodic odd function and efagis a univariate polynomial

of degree 1, ang is a bivariate smooth periodic odd function.

Step3 : We expand eactt; and¢s into Fourier sine series. Finally, we get the
Fourier sine expansion gfon (2, with simple polynomial factors.
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From Step 1 and Step 2, we see that a smooth fungtion a trapezoid with
a curved side can be expressed into a combination of periodic odd functions and
polynomials of degreec 2. Since a periodic odd function can be well approxi-
mated by sine polynomials, a smooth functipon a trapezoid with a curved side
can be well approximated by a combination of polynomials of degréeand sine
polynomials. Moreover, we give the precise approximation order. For trapezoids
with two curved sides, we have also similar results.

For a smooth functiorf on a bounded domaif, we assume that
M
D=|JD; (adisjointunion,
j=1

where eachD; is a trapezoid with curved sides. Denote the restrictiofi of D

by f;. Then the approximation gf on D is reduced to the approximation ¢f on

D; by a combination of polynomials of degree 2 and sine polynomials of degree
2N (j = 1,...,M). In our approximation process, the numtérof subdomains
{D;} is determined by the shape of the domairand is independent a¥ .

In contrast to our approximation, for spline approximation, the approximation
error tends to zero only if the number of subdomain tends infinite.

This paper is organized as follows. For a smooth function on a trapezoid with
a curved side, in Sections 3 and 4, we give smooth extension theorem and decom-
position theorem. In Sections 5, 6, and 7, we discuss Fourier expansion and the
corresponding approximation theorem on trapezoids with curved sides. In Section
8, we discuss the global approximation of functions on a general domain. Finally,
in Section 9, we extend these results to the three-dimensional case.

2. PRELIMINARIES

Let D be a simply connected domain&f. We sayf € H*(D) (0 < a < 1) if
there exists a constafit< M < oo such that for any, ¢’ € D,

[f(t) = fAN < M ||t =t ||
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where|| - || is the norm of the spade?. We sayf € W"H<(Q) if its derivatives

ai1+"’+idf
WGHOC(D) for 03t1++td§7‘
ot

We say f is a A—periodic function onR? if f(t + n)\) = f(t) for t €
R? n € Z. We sayf is an odd function orR¢ if f(ertr,eata, -+ eqty) =
(—1)srteattea f(¢y ¢y -+ ty), where eachy = 1 or —1.

By T'¢. denote the set of all—variate sine polynomials of the form
N
Z Cnima,...ng SiD(mnaty) sin(mngts) - - - sin(mngty),
nl,...,nd:—N

where each coefficient,, .. ., is a constant.

Proposition2.1 [10] — Let f be a2—periodic (odd) function, and for somec
Zyand0 < o < 1, g%f € H*(R%) (i = 1,...,d). Then the best approximation of
finT¢ is estimated as follows. Far< p < oo,

Ex(f)y = nin 11~ 0 1h=0 (5055 )

r4+o
qel N

1
where|| b [[,= ( fi_y o [R(E)PdE ).

Let f be a2—periodic odd function ofR? and f € Lo([—1,1]%). Thenf can
be expanded into the Fourier sine series [9]:

[e.e]

fltr, o t)) = D anyngsin(mngty) --osin(mngts) (L),

ni,ng=1

where the coefficientay, .., = fH 1 f(ty, - ,tq) sin(mnyty) -
sin(ﬂnd td) dtl cee dtd.
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3. SMOOTH EXTENSION OFFUNCTIONS ONTRAPEZOIDS WITH A CURVED
SIDE

Without loss of generality, we assume that a trapezoid with a curved side is
Q={(z,y): 0<z<1, 0<y<yg@)}, (3.1)
whereg € W HA([0,1]) and0 < g(z) < 1 (0 < x < 1). Clearly,Q c [0, 1]2.

Let f € W2 H%(Q) andI be the curved side dd. Now we smoothly extend
ffromQto[0,1]%. Denote! = {(x,y): 0 <z <1, g(x) <y <1}. Then

ol o' =001 and Q' ={(z,9): y=g(z),0<z <1} =T.
(3.2)

Denote

flz,g(x)) a(z) + 5L (z, g(x))
1—g(x)’ 1—g(@)?

For0 <z <1, y € R, we define a function

a(x) = b(x) =

P(z,y) = a(z)(1 —y) + b(z)(1 — y)*(y — g()). (3.4)

Lemma3.1 — P(z, y) has the following properties:
(i) P € Wt H7([0,1] x R), wherey = min{a, 3}, and

(iforo <z <1, P(z,g(x)) = f(z,g(x)), P(z,1) =0,

e o) = ag@), o) = gt

PrROOF: We first prove that
a(z) € WHHP([0,1]),  b(z) e WHH([0,1]). (3.5)

Note that

d

2 (@, 9(@)) = fulz,9(2)) + fy(z, 9(x)) g'(2), (3.6)
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wheref, = gL andf, = §L. sincef € W2 H*(02) andg € W' H?([0, 1)), the
functionsf,(x, g(x)) and f,(z, g(x)) are continuous ofv, 1] and
falw,g(2)), fy(z,9(x)) € H'([0,1]). (3.7)
Again, sincey’ € H”([0, 1]), we have
|fy(@1,9(21)) g'(21) — fy(x2,9(22)) g (22)|
< fy(z1, g(z1) g’ (21) = g’ (@2)| + |g'(z2)] | fy (21, 9(21)) = fy(z2, 9(22))]
< Kilzg — 22]7 + Ko|w1 — 29| < Ks|z1 — a2|°, 0<z, 22< 1L
Hereafter, K;’s are different constants. From this and (3.6)-(3.7), we get

ddz(f(x g(x))) € HP([0,1]). Again, by the first formula in (3.3) antl< g(z) <

1, we haved/(x) € HP([0,1]), so we getu(z) € W' HP([0,1]).

Note that
CZE <gjyc( 9@ >)> = fay(2,9(2)) + fip (2, 9(2)) ¢ (2), (3.8)

wheref,, = m andf,. = 227{. Sincef € W2 H*(Q) andg € W' H5(Q), we
get

foys fp € HY(Q) and  ge H'([0,1]), ¢ € H’([0,1]).

So we have
| fay(T1,9(21)) = fay(z2,9(22))| < Ki(lz1 — 22| + |g(z1) — g(22)[)*

< Ksplzy — z2]® (0 <@, 29 <1,

fay(2, 9(x)) € H*([0,1]). (3.9)
Similarly, we havef,:(z, g(x)) € H*([0,1]). So we have
|fy2(z1,9(21)) g'(x1) —  fy2(22,9(22)) g (22)]
< |fy(a1,9(z1))l g/ (21) — ' (22)]
[

+1g' (@2)[ | f2(x1, 9(21)) = fy2(22, 9(x2))]|

Kslxy — 2|7, 21, 22 <1,

IN
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wherey = min{a, 8}. So f,2(z, g(x)) ¢'(x) € H([0,1]). From this and (3.8)-
(3.9), we get
& (S@atan ) e o,

Sogl(z, g(x)) € W H([0,1]). Again, sincen(x), g € W' H([0,1]) and
0 < g(x) < 1, by (3.3), we geb(z) € W HY([0,1]).

From (3.5) andy € W' H?([0,1]), andy = min{c, 3}, it follows by (3.4)
that (i) holds.

We easily check that four equalities in (ii) hold, for example,

gi;(x, g(x)) = d(z)(1—g(x)) = bx)(1 - g(x))* ¢'(x)
= Y g0 <<
Lemma 3.1 is proved. d

Remark3.2 : InP € W' H7(]0,1] x R), the hidden constant depends on the
equationg(x) of the curved side of2.

Define

(3.10)

) flmy), (wy) €9
F@”‘{wajmwemy

whereP(zx,y) is defined in (3.4). Then we have the following extension theorem.

Theorem3.3— Suppose thaf € W?2 H%(Q), where( is a trapezoid with a
curved side which is stated in (3.1) apet W' H5([0,1]) and0 < g(z) <1 (0 <
x < 1). If the extensior¥ is stated as in (3.10), theR' satisfies the condition
FeWw!'H([0,1)?)andF(z,1) =0 (0 < x < 1), wherey = min{«, 5}.

PROOF: Note thatf € W2 H*(Q), P € W' H?(Q'), andQ Q! =T =
{(z,y): y=g(x), 0 <z <1}. By Lemma 3.1 (ii), we have
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0 0 0
Play) = few.  Gen=Fen. G
= %(xay)7 (l’,y)EF.

From this, by (3.10 %—f and%—g are continuous of0, 1]2. Take two points;
andz; on [0, 1]2. Whenzy, z; € Q, by 9 € H'(Q), we have

:‘31‘

oF oF
e ey~ U ()

e (21) — %(22)

<Kz — 2.

Whenz, z, € Q, we have

oF oF
%(21) - %(22)

oP oP
—| Goten - G|

By Lemma 3.1 ()2 € HY(Q!), so we get

OF oF

5(21) - %(22) <Kpflzr—2|.

Let z; € Q andz; € Q. Denote the intersection of the curved sidevith
straight line through; andz; by z*. By Lemma 3.1 (ii),‘g—f(z*) = %(2*). From
this and (3.10), we get

0,
G(=) = GE(=) = |18(=) - F(=)

< K1 || Z1 — k9 ||’y

So9E e HY([0,1]%). Similarly, we have$t € H7([0,1]?). This implies
F € WYH"([0,1]?). Finally, by Lemma 3.1 (ii) and (3.10), we gét(z,1) =
P(z,1) =0 (0 <z <1). Theorem 3.3 is proved. O



FOURIER ANALYSIS ON TRAPEZOIDS WITH CURVED SIDES 503

4. DECOMPOSITION OFSMOOTH FUNCTIONS ON|0, 1]2

In the preceding section, we have smoothly extenfled W2 H(€) from the
trapezoid with a curved side to the smooth functidion the squar, 1)2, which
is stated in (3.10). By Theorem 3.2, we know that the extension funétigeatisfies
that " € W' H7([0,1]?) (y = min{a, 3}), and F(z,1) =0 (0 <z < 1).

In this section, we will express the smooth extensioas a combination of
smooth periodic functions and polynomials of degtee.

First, we give the following decomposition &f on [0, 1]?

F(J:’y) :¢1($,y)+¢2($,y)+¢3($,y) ((.’L’,y) € [07 1]2)7 (41)
where

¢1(z,y) = F(0,0)(1 —2)(1 —y) + F(1,0)z(1 —y), (4.2)

p2(x,y) = (1 — 2)d21(y) + x22(y) + (1 — y)Pas(z), (4.3)

here ¢21(t) = F(O,t)—¢1(0,t), ¢22(t) = F(lﬂt)_d)l(lvt)’ ¢23(t) = F(t70)_
¢1(¢,0), and

¢3(x,y) = F(z,y) — ¢1(x,y) — ¢2(z, y)- (4.4)
Lemma4.1 — LetF be decomposed as in (4.1)-(4.4). Then
(i) ¢1(z,y) = F(z,y) on the four vertexes df, 1]2, and
(i) ¢3(x,y) = 0 on the boundary([0, 1]2).

PROOF: By (4.2), we havep;(0,0) = F(0,0), ¢1(1,0) = F(1,0), and
#1(0,1) = ¢1(1,1) = 0. Again , by Theorem 3.3, we gét(0,1) = F'(1,1) = 0,
and soF'(0,1) = ¢1(0,1) andF'(1,1) = ¢1(1,1). (i) follows.

By (4.3) and (i), we get

¢2(x,0) = (1—x)(F(0,0) = ¢1(0,0)) + z(F(1,0)

— 61(1,0)) + (F(,0) = ¢1(2,0)) = F(2,0) — ¢1(2,0) (0<z<1).
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Again, by (4.4)¢3(x,0) =0 (0 <z < 1). By (4.3) and (i), we get
G2(x,1) = (1-2)(F(0,1)=61(0, 1) +2(F(1,1)~¢1(1,1)) =0 (0 <z <1).

By Theorem 3.2 and (4.2), we gét(z,1) = ¢1(x,1) =0 (0 <z < 1) and
by (4.4),¢3(z,1) =0 (0 <z < 1).

Similarly, we get¢s(0,y) = ¢3(l,y) = 0(0 < y < 1). So we get (ii).
Lemma 4.1 is proved. g

First, we extend eaciy; in (4.3) to a 2-periodic odd functiog, as follows:

N $2i(1), 0<t<1,
Pi(t) =
—¢2i(—t), —1<t<0,
$3:(t+2nm) = doy(t), —1<t<1, neZ (i=1,2,3).

By Lemma 4.1 (i), we havey;(0) = ¢9;(1) = 0. Therefore, the aboveés, is
well-defined.

Next, we extends to a 2-periodic odd function ojr-1, 1] by

( ¢3($,y), (x,y) € [O’ 1]27

_ —¢3(—x,y), (m,y) € [_170] X [07 1]7

¢3(w,y) = (4.5)
¢3(*5L‘7 *y)’ (:c,y) € [*170]2’

—¢3<l’, _y)v (m,y) € [07 1] X [_170]
and
¢3(x 4+ 2n, y+2m) = 53(9:, Y) (z,y) € [-1,1]*, n, m€Z). (4.6)

By Lemma 4.1 (ii), we havess(z,y) = 0 ((z,y) € 9([0,1]?)). Therefore,
(4.5) and (4.6) are well-defined and

¢5(z,y) =0 for x€Z or yeZ. (4.7)
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Lemmad.2 — Letgs,, ¢35, @53, ande; be stated as above. Then

(i) ¢3; is a 2-periodic odd function ang, € W! HY(R) (i = 1,2,3);

(ii) ¢3isa2-periodic odd function ang € W' H?(R?), wherey = min{«, 3}.
PROOF: Since the proof of (i) is easier than that of (ii), we only prove (ii).

Consider two neighboring squarés = [0,1]> andD_; = [-1,0] x [0, 1].
Since F € W! H7(D) and¢; is a polynomial, by (4.3) and (4.4), we see that
$3 € W1 HY(D). By (4.5) and (4.6), we deduce that

¢y e WLHY(D), ¢ e W HY(D_y). (4.8)

LetJ = D(\D_1. ThenJ = {(z,y) : x =0, 0 <y < 1}. By (4.7),
¢5(z,y) = 0onJ. By (4.8),¢5 € C(D|JD-1). Sinceg} is odd, we have
O5(—z,y) = —d5(z,y) and%(—x,y) = %(aﬁ,y). This implies that

lim 095 095

x—0,2<0 Ox z—0,2>0 ox

From this and (4.8), we obtain that forg, o) € J,

(z,y) = (z,9).

a¢* *
lim 3(z,9) = lim 3 (z,y).
(@) —(o.v0) OT (@y)€@gwe) OT
(z,y)eD (z,y)€D-1

On the other hand, sineg(x, y) = 0 onJ, we obtain that fo(xg, yo) € J,
03 _ O0¢3

1 ) = 22300, y0) = 0,
o (2,9) 8y( Yo)
(z,y)eD
: 093 ¢35
1 y) = 0,70) = 0.
(zyy)il(rwlo,yw oy (:C y> dy ( Z/O)
(mvy)eD—l
Again, by (4.8), we have
o¢*  O¢*
D D_q). 4.
9 ayGC( ol JD-1) (4.9)
Since%-, 9 € HY(Do) and5%-, 5~ € HY(D_,), by (4.9), we have

o5 € WHHY([-1,1] x [0,1]). (4.10)
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Since¢; is a 2-periodic function, by (4.10), we have
o5 € WHHY(]0,2] x [0,1]). (4.11)

Combining (4.10) with (4.11), we get; € W' H7([-1,2] x [0,1]). Since
#% is an odd function, we have; € W! H7([-1,2] x [-1,0]). An argument
similar to (4.10) deduces that, € W' H7([-1,2] x [-1,1]). By periodicity,
#5 € W HY([-1,2]?). Continuing this procedure, by periodicity, we hawg e
W1 HY(R?). Lemma 4.2 is proved. O

From this, we obtain the following decomposition theorem.

Theorem4.3— Let F be stated as aboveF' € W! H"(]0,1]?) and F(z, 1)
=0(0<z<1).Then

F(z,y) = ¢i(z,9) + ¢5(z,9) + ¢3(z, ) ((x,9) € [0,1]%),
where (i) ¢7 is a polynomial of degree 2 and
¢1(z,y) = F(0,0)(1 —2)(1 —y) + F(1,0)z(1 — y);

(i) ¢3(z,y) = (1 —2)83,(y) + 2955(y) + (1 — y)p35(2),

here eachys; are 2-periodic odd function ang;, € W' H7(R), and ¢35, (y)

= F(0,y) — F(0,0)(1 —y), ¢5(y) = F(L,y) — F(1,0)(1 —y) (0 <y <1),
and ¢35(z) = F(2,0) — F(0,0)(1 —z) — F(1,0)z (0 <z <1);

(i) ¢%(z,y) is a 2-periodic odd function angi; € W' H7(R?) and

¢§<l’,y) = F(.%',y) - Qﬁ(%,y) - (ﬁ;({t,y) ((IE,y) € [07 1]2)

5. FOURIER EXPANSION WITH SIMPLE POLYNOMIAL FACTORS

Based on the smooth extension in Section 3 and the decomposition in Section 4,
for the smooth functiorf on the trapezoid with a curved side, we will give its
Fourier sine expansion with simple polynomial factors.
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Let f € W2 HY(Q)) and(2 be stated as in (3.1). Again, let

f(z,y), (x,y) €9,
F(z,y) = (5.1)
P(z,y), (z,y) e

as in (3.10), wheré’(z, y) is stated in (3.4).

Stepl : We expand the smooth extensiéhon [0, 1]? into the Fourier sine
series with polynomial factors. We decompdseas in Theorem 4.3:

F(z,y) = ¢i(z,y) + d5(x,y) + d5(x,y)  ((z,y) € [0,1]%), (5.2)
where¢], ¢35, andgj; are stated as in Theorem 4.3 (i)-(iii).

First we expands(z,y) into the Fourier sine series with polynomial factors
of degree 1. In Theorem 4.3 (ii), eaglj, is a 2-periodic odd function angl, <
WY H7(R) (i = 1,2,3), we can expand them into the Fourier sine series

$5:(t) =Y ami sin(rnt) (i =1,2,3), (5.3)
n=1

1
wherea,, ; = 2 [ ¢3,(t) sin(mnt) dt.
0

Sincegs; € W HY(R?) is a 2-periodic odd function, by Theorem 4.3 (iii), we
can expand it into Fourier sine series

¢a(x,y) = Z Z Cning Sin(mnix) sin(mnay), (5.5)
ni=1 ngo=1
where the Fourier coefficients
s =4 [ (Plevy) = 61(2.9) = 63(.) sin(na) sin(rnay) di dy,

0,1]2
(5.6)



508 ZHIHUA ZHANG

From this and Theorem 4.3, we obtain that fory) € [0, 1]%,

F(z,y) = F(0,0)(1 —2)(1—y)+ F(1,0)z(1 —y) + (1 —y)
nil apg sin(mnz) + (1 —2) nil ap sin(mny) + x§1 apg sin(mny)

o0 oo
+ > > cnyny sin(mnix) sin(mwnay),
ni=1 ns=1
(5.7)
where the Fourier coefficients,;, a2, ayns which are stated in (5.4) angl, ., is

stated in (5.6).

Step2 : We expand on the trapezoifl with a curved side into the Fourier sine
series with simple polynomial factors. By (5.1), we hde:, y) = f(z,y) ((z,y) €
) and

£(0,1), 0<t<g(0), f(1,t), 0<t<g(1),
F(0,t) = F(1,t) =
P(0,1), ¢(0)<t<1, P(Lt), g(1) <t<1
From this, we can rewrite representations of the Fourier coefficigntsa,,
a3, andey,p, in (5.7). Considering the restriction dn of Formula (5.7), we
obtain the Fourier sine expansion of the functifi:, y) on a trapezoid? with a
curved side.

Theorem5.1— Let f € W2 H*(Q)andQ = {(z,y) : 0 <2 < 1,0 <
y < g(x)}, whereg € W' HB([0,1]) and0 < g(z) < 1(0 < = < 1). Then the
Fourier sine expansion gf with simple polynomial factors is

flzy) = £(0,0)(1 = 2)(1 —y)+ f(1,0)z(1 —y)

18

o0
+ (I—y) > apgsin(mnz) + (1 —z) > ap sin(rny)
n=1

n=1

o0

o0 oo
+ z ) apzsin(mny)+ >, D Cuyn, sin(mniz) sin(mnay),

n=1 ni=1 ng=1

(z,y) € Q,
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where
9(0) 1 )
S / £(0,8) sin(rnt) di-+-2 / P(0,1) sin(mnt) di—— £(0,0),
T
0 g9(0)
g(1) 1
apa =2 / f(1,t) sin(mnt) dt+2 / P(1,t) sin(mnt) dt——f(l 0),
0 g(1)
/ 2 2(—1)"
n3 —Q/f sin(mnt) dt—— f(0,0)+ (=1) f£(1,0),
nm nw
0
Coing = 4 [ f(z,y) sin(rniz) sin(rney) dedy +4 [ P(z,y)
Q 01

sin(mnyz) sin(mney) dx dy

+ % (71)n1 f(lao)ff(ovo) _ 2 (anll _ (—1)”1an22 + %ny3 ) ,

ning ™ ni n1 n2

here P(x,y) is stated in (3.4) an®@! = {(z,y): 0<x <1, g(x) <y <1}

Remark5.2 : By (3.3) and (3.4)P(0,t¢) and P(1,t) are both polynomials of
degree 3. Therefore, the integrals

1
/P (0,t) sin(7nt)dt and /P (1,¢t) sin(7nt) dt

9(0) g(1)
are computed easily. By (3.3)-(3.4), the integral
/P(m,y) sin(mnyz) sin(mnay) dx dy
0l

can be computed by the valuespﬁnd% on the curved side df and the values
of g(x).
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6. APPROXIMATION OF FUNCTIONS ONTRAPEZOIDS WITH A CURVED SIDE

Let the trapezoi@ with a curved side be stated as (3.1). Againflet W2 H (),
and F(z, y) be the smooth extension gffrom © to [0, 1]> which is stated as in
(5.1). By Theorem 4.3 and (5.1), we know that

f(z,y) = £(0,0)(1=2)(1-y)+f(1,0)z(1-y)

+(1 = 2)931(y) + 222 (y) + (1 —y)da3(x) + ¢3(2,y),  (v,9) €9, (6.1)

where eachy;; is a 2-periodic odd function, angh, € W! H?(R) (v = min{«, 8}),
andgs(x, y) is a bivariate 2-periodic odd function asd(z,y) € W' HY(R?).

ForaN € Z,, let Ty (¢3;) be the best approximation sine polynomial/gf
in the spacely;, and 7y (¢3) be the best approximation sine polynomial ¢f
in the spacel’s. Define a combination of polynomials of degree2 and sine
polynomials of degreel 2V

gn(z,y) = f(0,0)(1 —2)(1 —y) + f(1,0)2(1 —y)
+ (L= 2)7n(951)(y) + 27N (05:) (y) (6:2)
+ (1= y)7n(d53) (@) + 7 (93) (2, y)-

From this, we have

Theorem6.1— Letf € W2 H*(Q) andQ = {(z,y): 0<2 <1, 0<y<
g(x)}, whereg € W' HB([0,1]) and0 < g(z) < 1 (0 <2 < 1). Then

1
| f—an HL,,(Q): O (]\71+'Y> )

whereqyy is stated in (6.2) and = min{«, 3}.
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PrRoOOF: By (6.1) and (6.2), we obtain the deviation

flx,y) —an(z,y) = (1—2)(¢51(y) — 75 (951)) + 2(d52(y)
—7n (952)(y))
+ (1= y)(¢53(x) — v (d33)(2)) + ¢3(, y)

—7n (93) (2, y).
This implies that for anyt < p < oo,
3
I f=an oo < 2 165 — v (8%) [lL, 0.1
= (6.3)
+ 1 5 — 78 (93) I, 0,152) -

Since eachy;; is a 2-periodic odd function ang;, € W' H7(R), and¢3 is a
2-periodic odd function and} € W' HY(R?), by Proposition 2.1, we have
| #5; — ™5 (93:) |2,(0,1)= O NIty (i=1,2,3),

* % 1
165 =7 (69 o= O ( 717 )

Finally, by (6.3), we get the desired result. O

By Remark 3.2, we know that in th@ ( ;= ), the hidden constant depends
ong(x).

7. TRAPEZOIDS WITHTwO CURVED SIDES

In this section we discuss Fourier analysis of smooth functions on trapezoids with
two curved sides. We only give the corresponding results. Their arguments are
similar to the case of trapezoids with a curved side. We omit the detail here.
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Let Q be a trapezoid with two curved sidés : = {(z,y 0
1, 7(x) <y < g(x)}, where 0 < 7(x) < g(x) < 1(0 <z < 1) and
g€ WHHP([0,1]), 7 € W HF([0,1]).

~—

Consider a smooth functioh € W2 H%(2) on{). Denote

ThenQ!JQU Q2% =0, 1]
For0 <z <1, y € R, we defineP(x,y) as in (3.4). We again define

flz,7(x))y <(’3f f(%T(fC))) yQ(y—T(fC))'

Plan=""0 oo™y @)

Then we have the following extension theoremydfom € to [0, 1]2.
Theorem7.1— Let

Pz,y), (z,y) €,

F(z,y) =19 f(z,y), (z,9)€Q,

P*(z,y), (x,y) € Q2

Then F € WYH7([0,1]) (y = min{a,3,3*}) and F(x,0) = F(z,1)
=0(0<z<1).

Furthermore, we have the following decomposition theoret of [0, 1]2.
Theorem7.2— For (z,y) € [0, 1]?, we have
F(z,y) = (1 —2)F(0,y) + 2F(1,y) + ¢(z,y), (7.1)

where F'(0,y) and F'(1,y) can be extended to periodic odd univariate functions
F*(0,y) and F*(1,y), which belong tdV! H?(R) and ¢(z,y) can be extended
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to a bivariate periodic odd function* (x, 3y) which belongs tda¥! H"(R?), where
v =min{a, 3, 5"}.

We expandF’(0,y), F(1,y), and¢*(z, y) into the Fourier sine series. We get
the Fourier sine expansion with simple polynomial factofobn [0, 1]2. Consid-
ering the restriction of this expansion theoremS{anwe will get the Fourier sine
series off with simple polynomial factors of?.

Let 7y (F*(0,y)) andTy (F*(1,y)) be the best approximation sine polynomi-
als of F*(0,y) and F* (1, y) in the spacéy;, respectively, andy (¢*) be the best
approximation sine polynomial ef* in the spacé€’s. In (7.1), replacing? (0, y),
F(1,y),andg(z,y) by T (F*(0,9)), 7w (F*(1,y)), andry (¢*), respectively, we
get a combination of polynomial of degree 1 and sine polynomials of d@gvee

qn(z,y) = (1 = 2)7n (F7(0,9)) + 27n (F*(1,y)) + 75 (7). (7.2)
Finally, we get the following approximation theorem:

Theorem7.3— Letgy(x,y) be stated in (7.2). Then

- 1
I f—an llz,@=0 (NHV > ,

wherey = min{a, 31, 52}

8. APPROXIMATION OF FUNCTIONS ONGENERAL PLANAR DOMAINS

Suppose thab, is a bounded planar domain whose boundary possesses the smooth-
nessiW! H® and which can be decomposed as follows:

Dy=[]JQ;  (adisjoint uniop,

where eaclf}; is a trapezoid with curved sides and e&thcan become

Q={(z,y), 0<z<1, 7) <y<gi()} (0<7@) <gilz) <1)
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under an affine transformatiaoh;, i.e., L;Q; = Q;. Since the boundary curves
belong toW! H*, we haver; € W! H* andg; € W' H?.

Let f € W2 H(D,) and f; is its restriction orQ2;. Denotef; = f; o L.
Thenfj e W? H“(ﬁj). By Sections 6 and 7, we know that for aiNye Z, there
exists a combinatio@%) (x,y) similar to (7.2) such that

~ , 1
” fj - (3{1\]7) HL;,(QJ-): ) <N1+0‘> .
Settingq?) = 3\’ o L;, we have

. 1 )
1= o= 0 (i ) G= 1w )

whereq%) (z,y) is a combination of polynomials of degree2 and sine polyno-

M
mials of degre@N. From this andD = > Q; (whereM is independent oiV ),
j=1

we deduce that

M
i 1
| f— ZQ%)XQJ- HLP(D): 0 <]\71+0‘> .
j=1

Herexq; is the characteristic function ét;. This is a global approximation
with M elements. In this approximation process, the original dorairs divided
M trapezoids with curved sides, where the numhedepends only on the shape
of the domainD- and is independent dY.

In spline approximation, for a smooth function on a bounded domain, based on
known smooth extension theorems [1,6,8] and partitor- {C'} of the domain
[5, Section 6.2], one constructs piecewise polynomial as its approximation tool. In
approximation error, the fundamental infinitesimal is the partition diameter

diamA = max diamC.
CeA

From this, we see that the approximation error tends zero only if the cardinality
of the collectionA := {C'} tends infinite. Therefore, in this point, the approxima-
tion proposed by this paper is quite different from spline approximation.
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9. FOURIER ANALYSIS OF FUNCTIONS ON THETHREE-DIMENSIONAL
DOMAINS

Now we extend the results given in Sections 3-8 from the two-dimensional case to
the three-dimensional case. Since the methods of arguments are similar, here we
omit their proofs.

It is well-known that a three-dimensional domain with arbitrary shape can be
divided into some prisms with curved surfaces.

9.1. Prisms with a curved top
Let 2 be a prism with a curved top and
Q={(z,y,2): 0<z,y<1, 0<z<q(z,y)} (9-1)
whereq(z,y) € W HP(]0,1]?) and0 < ¢(z,y) < 1 ((z,y) € [0,1]?).
Let f € W2 HY(Q). Denote

Q={(z,9,2): 0<a,y<1, q(z,y) <z <1} (9.2)

We first smoothly extengt from €2 to [0, 1]3. For (z,y, 2) € Q, define

Ple,y.2) = f(”f’y’q(x’?J))(lZu(M of

T q(e.y) gy az(""”y’“x’y”>

(z — q(z,y)(1 — 2)?
(1 - Q(xvy))Q

(9.3)
and
fley,2), (2,y,2) €,
(I)(.%', Y, Z) =

P(mﬂ y? Z)? (x’ y’ Z) 6 Q'

Then®(z,y, z) € W HY([0,1]?) (v = min{a, 8}) and®(z,y,1) = 0 ((z,y) €
[0,1]?), wherey = min{a, 3}.
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Vi(z,y,2), (z,y,2) €0,1]*, where

Vi(z,y,z) = @(0,0,0)(1 —z)(1 —y)(1 —2)+ P(0,1,0)(1 — z)y(1 — 2)

+ @(1,0,0)z(1 —y)(1 —2) + P(1,1,0)zy(1l — 2)
is a polynomial of degree 3; The second term is

Vo(z,y,2) = @1(x,0,0)(1 —y)(1 — 2) + P1(z,1,0)y(1 — 2)
+ 1(0,9,0)(1 —z)(1 — 2z) + ®1(1,y,0)x(1 — 2)
+ ©1(0,0,2)(1 —z)(1 —y) + P1(0,1,2)(1 — 2)y

+ @1(1,0,2)z(1 —y) + @1(1,1,2)zy (P21 =P V),

here the first factor of each term can be extended to a 2-periodic odd function
in W1 HY(R). Therefore, it can be expanded into univariate Fourier sine series.
Furthermore, it can bé ,-approximated with approximation ord@(ﬁ) by
univariate sine polynomials of degree N. From this, we deduce th&k(x, y, 2)

can beL,—approximated with approximation ordér(ﬁ) by a combination

of bivariate polynomials of degre€ 2 and univariate sine polynomials of degree

< N; The third term is

Va(z,y,z) = P2(0,y,2)(1 —x) + P2(1,y, 2)z + Po(x,0,2)(1 — y)

+ Doz, 1,2)y + Pa(z,9,0)(1 —2) (P =Py —Va),

here the first factor of each term can be extended to 2-periodic odd function in
W' H7(R?) and can be expanded into bivariate Fourier sine series. Furthermore,
it can beL,-approximated with approximation ordér(ﬁ) by bivariate sine
polynomials of degreec 2N. From this, we deduce thadg(z,y, z) can beL,-
approximated with approximation ord@f(ﬁ) by a combination of univariate

polynomials of degree 1 and bivariate sine polynomials of degree3 N Finally,
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the fourth termis
V;l(xvyaz) = q)Z(a:vva) - ‘/3(‘/1:’?/7 Z)7

hereV,(z,y, z) can be extended to a 2-periodic odd function in the spéEtel” (R?)
and can be expanded into three-variate Fourier sine series, and can be approximated
by three-variate sine polynomials with approximation or@égﬁ).

From this, for the smooth functiofion (2, we can obtain its Fourier sine expan-
sion with simple polynomial factors. Moreover, we can obtainithe approximation
of f with approximation orde@(ﬁ) by a combination of three-variate polyno-
mials of degree 3 and three-variate sine polynomials of detjkee

Prisms with two curved surfaces
Let 2 be a prism with two curved surfaces

Q={(z,y,2): 0<z,y<1l, q"(z,y)<z<q(z,y)},

whereg(z,y) € W H?([0,1]?) andg*(z,y) € W H ([0,1]?), 0 < q(z,y) <
q*(z,y) <1, (z,y) €[0,1]2

Let f € W2 H%(2). Now we smoothly extend from €2 to [0, 1]3. DefineQ
asin (9.2). Defing)* as follows:

Q" ={(z,y): 0<z,y<1l, 0<z<q"(z,y)}
ThenQ QU Q* = [0,1)3.

For0 <z,y <1, z € R, we defineP(z,y, z) as in (9.3). We again define

Plon) = LELLED2 (U () - L0 L))
2~ ' @.)
(q*(2,9))?
Let

P(z,y,2), (z,y,2)€Q,
O(z,y,2) =< flx,y,2), (z,9,2) €,
P*(z,y,2), (v,y,2) € Q"
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Then®(x,y,2) € W H7([0,1]3), wherey = min{a, 3, 3*}.
We decomposé on [0, 1]3 as
O(z,y,2) = Wilz,y,2) + Walz,y,2) + Wa(z,9,2),  (2,9,2) € [0,1]%,

where the first term is

Wi(z,y,z) = @(0,0,2)(1 —z)(1—y)+ ®(0,1,2)(1 —z)y + (1,0, 2)

z(1—y)+®(1,1,2)zy,
(9.4)
here the first factor of each term can be extended to a 2-periodic odd function in
W' HY(R). The second term is

Wa(z,y,2) = 9(0,y,2)(1—2)+¥(1,y,2) 2+ ¥(z,0,2) (1—y)+¥(x,1,2)y,

(9.5)
where¥ = & — W71, here the first factor of each term can be extended to 2-periodic
odd function inW! H7(R?). The third term is

Ws(x,y,2) = V(z,y,2) — Wa(z,y, 2), (9.6)

hereWs(z,y, z) can be extended to 2-periodic odd functioriint H7(R3). Ex-
panding the periodic functions in (9.4)-(9.6) into Fourier sine series, we get the
Fourier sine expansion gf with simple polynomial factors. Replacing each pe-
riodic function by the corresponding best approximation sine polynomial, we get
the corresponding approximation theorem.

Approximation of functions on three-dimensional domains

Suppose thabs is a bounded three-dimensional domain whose boundary surfaces
belong tolW! H. We decompos®; as follows:

M
Dy = Qf’) (a disjoint union,
j=1

where eaclﬂg.?’) is a prism with curved surfaces.
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Let f € W2 H%(D3) and its restriction o2, by f;. Similar to the argument
in Section 8, based on subsections 9.1 and 9.2, we easily find the combination
E\J,') (x,y, z) of polynomials of degree 3 and sine polynomials of degree 3N
such that

M
() _ 1
I f —;Qﬁ Xo® llzr(py)= O <N1+a> :

WhereXQ(3> is the characteristic function ﬂf’) and M is independent olV.
J
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