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It is well known that smooth periodic functions can be expanded into Fourier

series and can be approximated by trigonometric polynomials. The purpose

of this paper is to do Fourier analysis for smooth functions on planar do-

mains. A planar domain can often be divided into some trapezoids with

curved sides, so first we do the Fourier analysis for smooth functions on

trapezoids with curved sides. We will show that any smooth function on a

trapezoid with curved sides can be expanded into Fourier sine series with

simple polynomial factors, and so it can be well approximated by a combi-

nation of sine polynomials and simple polynomials. Then we consider the

Fourier analysis on the global domain. Finally, we extend these results to the

three-dimensional case.
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1. INTRODUCTION

It is well known that a smooth periodic function can be well expanded into Fourier

series, and so it can be well approximated by trigonometric polynomials [4, 7, 9,

10, 15]. However, for a smooth functionf on a general domainD, it is difficult to

do Fourier analysis, one often smoothly extendsf from D to the globalRd using

the known extension method [1, 6, 8], and then one chooses a box that containsD

and approximates it by splines [5]. In this paper, we will study how to do Fourier

analysis for a smooth function on a bounded domain with arbitrary shape.

We first consider domain decomposition, this is also a difficult problem. One

hundred ago, Schwarz discussed it. Here we do not try to go deep this problem.

We only assume thatD can be decomposed into some trapezoids with curved sides

and we choose a partition such that the number of trapezoids is small as possible.

Any trapezoid with a curved side can become a typical domainΩ under an affine

transformation:

Ω = {(x, y); 0 ≤ x ≤ 1, 0 ≤ y ≤ g(x)},
where

0 < g(x) < 1 (0 ≤ x ≤ 1).

Suppose thatf is a smooth function onΩ. We do Fourier analysis as follows:

Step1 : We extendf to a smooth functionF on a[0, 1]2 andF (x, 1) = 0 (0 ≤
x ≤ 1). Here we present a new extension method to satisfy the above condition

and the extension functionF possesses very simple representative on[0, 1]2 \ Ω.

Step2 : We decomposeF into F = φ1 + φ2 + φ3 on [0, 1]2, whereφ1 is a

bivariate polynomial of degree 2,φ2 is a sum of the form
3∑
1

ψi hi, in which eachψi

is a univariate smooth periodic odd function and eachhi is a univariate polynomial

of degree 1, andφ3 is a bivariate smooth periodic odd function.

Step3 : We expand eachψi andφ3 into Fourier sine series. Finally, we get the

Fourier sine expansion off onΩ, with simple polynomial factors.
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From Step 1 and Step 2, we see that a smooth functionf on a trapezoid with

a curved side can be expressed into a combination of periodic odd functions and

polynomials of degree≤ 2. Since a periodic odd function can be well approxi-

mated by sine polynomials, a smooth functionf on a trapezoid with a curved side

can be well approximated by a combination of polynomials of degree≤ 2 and sine

polynomials. Moreover, we give the precise approximation order. For trapezoids

with two curved sides, we have also similar results.

For a smooth functionf on a bounded domainD, we assume that

D =
M⋃

j=1

Dj (a disjoint union),

where eachDj is a trapezoid with curved sides. Denote the restriction off onDj

by fj . Then the approximation off onD is reduced to the approximation offj on

Dj by a combination of polynomials of degree 2 and sine polynomials of degree

2N (j = 1, ..., M). In our approximation process, the numberM of subdomains

{Dj} is determined by the shape of the domainD and is independent ofN .

In contrast to our approximation, for spline approximation, the approximation

error tends to zero only if the number of subdomain tends infinite.

This paper is organized as follows. For a smooth function on a trapezoid with

a curved side, in Sections 3 and 4, we give smooth extension theorem and decom-

position theorem. In Sections 5, 6, and 7, we discuss Fourier expansion and the

corresponding approximation theorem on trapezoids with curved sides. In Section

8, we discuss the global approximation of functions on a general domain. Finally,

in Section 9, we extend these results to the three-dimensional case.

2. PRELIMINARIES

Let D be a simply connected domain ofRd. We sayf ∈ Hα(D) (0 < α ≤ 1) if

there exists a constant0 < M < ∞ such that for anyt, t′ ∈ D,

|f(t)− f(t′)| ≤ M ‖ t− t′ ‖α,
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where‖ · ‖ is the norm of the spaceRd. We sayf ∈ W rHα(Ω) if its derivatives

∂i1+···+idf

∂ti11 · · · ∂tidd
∈ Hα(D) for 0 ≤ t1 + · · ·+ td ≤ r.

We sayf is a λ−periodic function onRd if f(t + nλ) = f(t) for t ∈
Rd, n ∈ Z. We sayf is an odd function onRd if f(ε1t1, ε2t2, · · · , εdtd) =
(−1)ε1+ε2+···+εd f(t1, t2, · · · , td), where eachεk = 1 or−1.

By T d
N denote the set of alld−variate sine polynomials of the form

N∑

n1,...,nd=−N

cn1,n2,...,nd
sin(πn1t1) sin(πn2t2) · · · sin(πndtd),

where each coefficientcn1,...,nd
is a constant.

Proposition2.1 [10] — Letf be a2−periodic (odd) function, and for somer ∈
Z+ and0 < α ≤ 1, ∂rf

∂xr
i
∈ Hα(Rd) (i = 1, ..., d). Then the best approximation of

f in T d
N is estimated as follows. For1 ≤ p ≤ ∞,

EN (f)p : = min
q∈T d

N

‖ f − q ‖p= O

(
1

N r+α

)
,

where‖ h ‖p= (
∫
[−1,1]d |h(t)|p dt )

1
p .

Let f be a2−periodic odd function onRd andf ∈ L2([−1, 1]d). Thenf can

be expanded into the Fourier sine series [9]:

f(t1, · · · , td) =
∞∑

n1,··· ,nd=1

αn1,··· ,nd
sin(πn1 t1) · · · sin(πnd td) (L2),

where the coefficient αn1,··· ,nd
=

∫
[−1,1]d f(t1, · · · , td) sin(πn1 t1) · · ·

sin(πnd td) dt1 · · · dtd.
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3. SMOOTH EXTENSION OFFUNCTIONS ONTRAPEZOIDS WITH A CURVED

SIDE

Without loss of generality, we assume that a trapezoid with a curved side is

Ω = {(x, y) : 0 ≤ x ≤ 1, 0 ≤ y ≤ g(x)}, (3.1)

whereg ∈ W 1 Hβ([0, 1]) and0 < g(x) < 1 (0 ≤ x ≤ 1). Clearly,Ω ⊂ [0, 1]2.

Let f ∈ W 2 Hα(Ω) andΓ be the curved side ofΩ. Now we smoothly extend

f from Ω to [0, 1]2. DenoteΩ1 = {(x, y) : 0 ≤ x ≤ 1, g(x) ≤ y ≤ 1}. Then

Ω
⋃

Ω1 = [0, 1]2 and Ω
⋂

Ω1 = {(x, y) : y = g(x), 0 ≤ x ≤ 1} = Γ.

(3.2)

Denote

a(x) =
f(x, g(x))
1− g(x)

, b(x) =
a(x) + ∂f

∂y (x, g(x))

(1− g(x))2
, 0 ≤ x ≤ 1. (3.3)

For0 ≤ x ≤ 1, y ∈ R, we define a function

P (x, y) = a(x)(1− y) + b(x)(1− y)2(y − g(x)). (3.4)

Lemma3.1 —P (x, y) has the following properties:

(i) P ∈ W 1 Hγ([0, 1]× R), whereγ = min{α, β}, and

(ii) for 0 ≤ x ≤ 1, P (x, g(x)) = f(x, g(x)), P (x, 1) = 0,

∂P

∂x
(x, g(x)) =

∂f

∂x
(x, g(x)),

∂P

∂y
(x, g(x)) =

∂f

∂y
(x, g(x)).

PROOF : We first prove that

a(x) ∈ W 1 Hβ([0, 1]), b(x) ∈ W 1 Hγ([0, 1]). (3.5)

Note that

d

dx
(f(x, g(x))) = fx(x, g(x)) + fy(x, g(x)) g′(x), (3.6)
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wherefx = ∂f
∂x andfy = ∂f

∂y . Sincef ∈ W 2 Hα(Ω) andg ∈ W 1 Hβ([0, 1]), the

functionsfx(x, g(x)) andfy(x, g(x)) are continuous on[0, 1] and

fx(x, g(x)), fy(x, g(x)) ∈ H1([0, 1]). (3.7)

Again, sinceg′ ∈ Hβ([0, 1]), we have

|fy(x1, g(x1)) g′(x1)− fy(x2, g(x2)) g′(x2)|
≤ |fy(x1, g(x1))| |g′(x1)− g′(x2)|+ |g′(x2)| |fy(x1, g(x1))− fy(x2, g(x2))|
≤ K1|x1 − x2|β + K2|x1 − x2| ≤ K3|x1 − x2|β, 0 ≤ x1, x2 ≤ 1.

Hereafter,Ki’s are different constants. From this and (3.6)-(3.7), we get
d
dx(f(x, g(x))) ∈ Hβ([0, 1]). Again, by the first formula in (3.3) and0 < g(x) <

1, we havea′(x) ∈ Hβ([0, 1]), so we geta(x) ∈ W 1 Hβ([0, 1]).

Note that
d

dx

(
∂f

∂y
(x, g(x))

)
= fxy(x, g(x)) + fy2(x, g(x)) g′(x), (3.8)

wherefxy = ∂2f
∂x∂y andfy2 = ∂2f

∂y2 . Sincef ∈ W 2 Hα(Ω) andg ∈ W 1 Hβ(Ω), we

get

fxy, fy2 ∈ Hα(Ω) and g ∈ H1([0, 1]), g′ ∈ Hβ([0, 1]).

So we have

|fxy(x1, g(x1))− fxy(x2, g(x2))| ≤ K1(|x1 − x2|+ |g(x1)− g(x2)|)α

≤ K2|x1 − x2|α (0 ≤ x1, x2 ≤ 1),

i.e.,

fxy(x, g(x)) ∈ Hα([0, 1]). (3.9)

Similarly, we havefy2(x, g(x)) ∈ Hα([0, 1]). So we have

|fy2(x1, g(x1)) g′(x1) − fy2(x2, g(x2)) g′(x2)|
≤ |fy2(x1, g(x1))| |g′(x1)− g′(x2)|

+|g′(x2)| |fy2(x1, g(x1))− fy2(x2, g(x2))|
≤ K3|x1 − x2|γ , x1, x2 ≤ 1,



FOURIER ANALYSIS ON TRAPEZOIDS WITH CURVED SIDES 501

whereγ = min{α, β}. Sofy2(x, g(x)) g′(x) ∈ Hγ([0, 1]). From this and (3.8)-

(3.9), we get

d

dx

(
∂f

∂y
(x, g(x))

)
∈ Hγ([0, 1]).

So ∂f
∂y (x, g(x)) ∈ W 1 Hγ([0, 1]). Again, sincea(x), g ∈ W 1 Hβ([0, 1]) and

0 < g(x) < 1, by (3.3), we getb(x) ∈ W 1 Hγ([0, 1]).

From (3.5) andg ∈ W 1 Hβ([0, 1]), andγ = min{α, β}, it follows by (3.4)

that (i) holds.

We easily check that four equalities in (ii) hold, for example,

∂P

∂x
(x, g(x)) = a′(x)(1− g(x))− b(x)(1− g(x))2 g′(x)

=
∂f

∂x
(x, g(x))(0 ≤ x ≤ 1).

Lemma 3.1 is proved. ¤

Remark3.2 : InP ∈ W 1 Hγ([0, 1] × R), the hidden constant depends on the

equationg(x) of the curved side ofΩ.

Define

F (x, y) =

{
f(x, y), (x, y) ∈ Ω,

P (x, y), (x, y) ∈ Ω1,
(3.10)

whereP (x, y) is defined in (3.4). Then we have the following extension theorem.

Theorem3.3— Suppose thatf ∈ W 2 Hα(Ω), whereΩ is a trapezoid with a

curved side which is stated in (3.1) andg ∈ W 1 Hβ([0, 1]) and0 < g(x) < 1 (0 ≤
x ≤ 1). If the extensionF is stated as in (3.10), thenF satisfies the condition

F ∈ W 1 Hγ([0, 1]2) andF (x, 1) = 0 (0 ≤ x ≤ 1), whereγ = min{α, β}.

PROOF : Note thatf ∈ W 2 Hα(Ω), P ∈ W 1 Hγ(Ω1), andΩ
⋂

Ω1 = Γ =
{(x, y) : y = g(x), 0 ≤ x ≤ 1}. By Lemma 3.1 (ii), we have
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P (x, y) = f(x, y),
∂P

∂x
(x, y) =

∂f

∂x
(x, y),

∂P

∂y
(x, y)

=
∂f

∂y
(x, y), (x, y) ∈ Γ.

From this, by (3.10),∂F
∂x and ∂F

∂y are continuous on[0, 1]2. Take two pointsz1

andz2 on [0, 1]2. Whenz1, z2 ∈ Ω, by ∂f
∂x ∈ H1(Ω), we have

∣∣∣∣
∂F

∂x
(z1)− ∂F

∂x
(z2)

∣∣∣∣ =
∣∣∣∣
∂f

∂x
(z1)− ∂f

∂x
(z2)

∣∣∣∣ ≤ K1 ‖ z1 − z2 ‖ .

Whenz1, z2 ∈ Ω1, we have
∣∣∣∣
∂F

∂x
(z1)− ∂F

∂x
(z2)

∣∣∣∣ =
∣∣∣∣
∂P

∂x
(z1)− ∂P

∂x
(z2)

∣∣∣∣ .

By Lemma 3.1 (i),∂P
∂x ∈ Hγ(Ω1), so we get

∣∣∣∣
∂F

∂x
(z1)− ∂F

∂x
(z2)

∣∣∣∣ ≤ K2 ‖ z1 − z2 ‖γ .

Let z1 ∈ Ω andz2 ∈ Ω1. Denote the intersection of the curved sideΓ with

straight line throughz1 andz2 by z∗. By Lemma 3.1 (ii),∂P
∂x (z∗) = ∂f

∂x (z∗). From

this and (3.10), we get

|∂F
∂x (z1)− ∂F

∂x (z2)| = |∂f
∂x (z1)− ∂P

∂x (z2)|

≤ |∂f
∂x (z1)− ∂f

∂x (z∗)|+ |∂P
∂x (z∗)− ∂P

∂x (z2)|

≤ K1 ‖ z1 − z2 ‖γ .

So ∂F
∂x ∈ Hγ([0, 1]2). Similarly, we have∂F

∂y ∈ Hγ([0, 1]2). This implies

F ∈ W 1 Hγ([0, 1]2). Finally, by Lemma 3.1 (ii) and (3.10), we getF (x, 1) =
P (x, 1) = 0 (0 ≤ x ≤ 1). Theorem 3.3 is proved. ¤
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4. DECOMPOSITION OFSMOOTH FUNCTIONS ON [0, 1]2

In the preceding section, we have smoothly extendedf ∈ W 2 Hα(Ω) from the

trapezoidΩ with a curved side to the smooth functionF on the square[0, 1]2, which

is stated in (3.10). By Theorem 3.2, we know that the extension functionF satisfies

thatF ∈ W 1 Hγ([0, 1]2) (γ = min{α, β}), and F (x, 1) = 0 (0 ≤ x ≤ 1).

In this section, we will express the smooth extensionF as a combination of

smooth periodic functions and polynomials of degree≤ 2.

First, we give the following decomposition ofF on [0, 1]2

F (x, y) = φ1(x, y) + φ2(x, y) + φ3(x, y) ((x, y) ∈ [0, 1]2), (4.1)

where

φ1(x, y) = F (0, 0)(1− x)(1− y) + F (1, 0)x(1− y), (4.2)

φ2(x, y) = (1− x)φ21(y) + xφ22(y) + (1− y)φ23(x), (4.3)

here φ21(t) = F (0, t)−φ1(0, t), φ22(t) = F (1, t)−φ1(1, t), φ23(t) = F (t, 0)−
φ1(t, 0), and

φ3(x, y) = F (x, y)− φ1(x, y)− φ2(x, y). (4.4)

Lemma4.1 — LetF be decomposed as in (4.1)-(4.4). Then

(i) φ1(x, y) = F (x, y) on the four vertexes of[0, 1]2, and

(ii) φ3(x, y) = 0 on the boundary∂([0, 1]2).

PROOF : By (4.2), we haveφ1(0, 0) = F (0, 0), φ1(1, 0) = F (1, 0), and

φ1(0, 1) = φ1(1, 1) = 0. Again , by Theorem 3.3, we getF (0, 1) = F (1, 1) = 0,

and soF (0, 1) = φ1(0, 1) andF (1, 1) = φ1(1, 1). (i) follows.

By (4.3) and (i), we get

φ2(x, 0) = (1− x)(F (0, 0)− φ1(0, 0)) + x(F (1, 0)

− φ1(1, 0)) + (F (x, 0)− φ1(x, 0)) = F (x, 0)− φ1(x, 0) (0 ≤ x ≤ 1).
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Again, by (4.4),φ3(x, 0) = 0 (0 ≤ x ≤ 1). By (4.3) and (i), we get

φ2(x, 1) = (1−x)(F (0, 1)−φ1(0, 1))+x(F (1, 1)−φ1(1, 1)) = 0 (0 ≤ x ≤ 1).

By Theorem 3.2 and (4.2), we getF (x, 1) = φ1(x, 1) = 0 (0 ≤ x ≤ 1) and

by (4.4),φ3(x, 1) = 0 (0 ≤ x ≤ 1).

Similarly, we getφ3(0, y) = φ3(1, y) = 0 (0 ≤ y ≤ 1). So we get (ii).

Lemma 4.1 is proved. ¤

First, we extend eachφ2i in (4.3) to a 2-periodic odd functionφ∗2i as follows:

φ̃2i(t) =





φ2i(t), 0 ≤ t ≤ 1,

−φ2i(−t), −1 ≤ t ≤ 0,

φ∗2i(t + 2nπ) = φ̃2i(t), −1 ≤ t ≤ 1, n ∈ Z (i = 1, 2, 3).

By Lemma 4.1 (i), we haveφ2i(0) = φ2i(1) = 0. Therefore, the aboveφ∗2i is

well-defined.

Next, we extendφ3 to a 2-periodic odd function on[−1, 1]2 by

φ̃3(x, y) =





φ3(x, y), (x, y) ∈ [0, 1]2,

−φ3(−x, y), (x, y) ∈ [−1, 0]× [0, 1],

φ3(−x,−y), (x, y) ∈ [−1, 0]2,

−φ3(x,−y), (x, y) ∈ [0, 1]× [−1, 0]

(4.5)

and

φ∗3(x + 2n, y + 2m) = φ̃3(x, y) ((x, y) ∈ [−1, 1]2, n, m ∈ Z). (4.6)

By Lemma 4.1 (ii), we haveφ3(x, y) = 0 ((x, y) ∈ ∂([0, 1]2)). Therefore,

(4.5) and (4.6) are well-defined and

φ∗3(x, y) = 0 for x ∈ Z or y ∈ Z. (4.7)
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Lemma4.2 — Letφ∗21, φ∗22, φ∗23, andφ∗3 be stated as above. Then

(i) φ∗2i is a 2-periodic odd function andφ∗2i ∈ W 1 Hγ(R) (i = 1, 2, 3);

(ii) φ3 is a 2-periodic odd function andφ∗3 ∈ W 1 Hγ(R2), whereγ = min{α, β}.

PROOF : Since the proof of (i) is easier than that of (ii), we only prove (ii).

Consider two neighboring squaresD = [0, 1]2 andD−1 = [−1, 0] × [0, 1].
SinceF ∈ W 1 Hγ(D) andφ1 is a polynomial, by (4.3) and (4.4), we see that

φ3 ∈ W 1 Hγ(D). By (4.5) and (4.6), we deduce that

φ∗3 ∈ W 1 Hγ(D), φ∗3 ∈ W 1 Hγ(D−1). (4.8)

Let J = D
⋂

D−1. ThenJ = {(x, y) : x = 0, 0 ≤ y ≤ 1}. By (4.7),

φ∗3(x, y) = 0 on J . By (4.8), φ∗3 ∈ C(D
⋃

D−1). Sinceφ∗3 is odd, we have

φ∗3(−x, y) = −φ∗3(x, y) and ∂φ∗3
∂x (−x, y) = ∂φ∗3

∂x (x, y). This implies that

lim
x→0,x<0

∂φ∗3
∂x

(x, y) = lim
x→0,x>0

∂φ∗3
∂x

(x, y).

From this and (4.8), we obtain that for(x0, y0) ∈ J ,

lim
(x,y)→(x0,y0)

(x,y)∈D

∂φ∗3
∂x

(x, y) = lim
(x,y)∈(x0,y0)

(x,y)∈D−1

∂φ∗3
∂x

(x, y).

On the other hand, sinceφ∗3(x, y) = 0 onJ , we obtain that for(x0, y0) ∈ J ,

lim
(x,y)→(x0,y0)

(x,y)∈D

∂φ∗3
∂y

(x, y) =
∂φ3

∂y
(0, y0) = 0,

lim
(x,y)→(x0,y0)

(x,y)∈D−1

∂φ∗3
∂y

(x, y) =
∂φ∗3
∂y

(0, y0) = 0.

Again, by (4.8), we have

∂φ∗

∂x
,

∂φ∗

∂y
∈ C(D0

⋃
D−1). (4.9)

Since∂φ∗
∂x , ∂φ∗

∂y ∈ Hγ(D0) and ∂φ∗
∂x , ∂φ∗

∂y ∈ Hγ(D−1), by (4.9), we have

φ∗3 ∈ W 1 Hγ([−1, 1]× [0, 1]). (4.10)
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Sinceφ∗3 is a 2-periodic function, by (4.10), we have

φ∗3 ∈ W 1 Hγ([0, 2]× [0, 1]). (4.11)

Combining (4.10) with (4.11), we getφ∗3 ∈ W 1 Hγ([−1, 2] × [0, 1]). Since

φ∗3 is an odd function, we haveφ∗3 ∈ W 1 Hγ([−1, 2] × [−1, 0]). An argument

similar to (4.10) deduces thatφ∗3 ∈ W 1 Hγ([−1, 2] × [−1, 1]). By periodicity,

φ∗3 ∈ W 1 Hγ([−1, 2]2). Continuing this procedure, by periodicity, we haveφ∗3 ∈
W 1 Hγ(R2). Lemma 4.2 is proved. 2

From this, we obtain the following decomposition theorem.

Theorem4.3 — Let F be stated as above:F ∈ W 1 Hγ([0, 1]2) andF (x, 1)
= 0 (0 ≤ x ≤ 1). Then

F (x, y) = φ∗1(x, y) + φ∗2(x, y) + φ∗3(x, y) ((x, y) ∈ [0, 1]2),

where (i) φ∗1 is a polynomial of degree 2 and

φ∗1(x, y) = F (0, 0)(1− x)(1− y) + F (1, 0)x(1− y);

(ii) φ∗2(x, y) = (1− x)φ∗21(y) + xφ∗22(y) + (1− y)φ∗23(x),

here eachφ∗2i are 2-periodic odd function andφ∗2i ∈ W 1 Hγ(R), and φ∗21(y)
= F (0, y) − F (0, 0)(1 − y), φ∗22(y) = F (1, y) − F (1, 0)(1 − y) (0 ≤ y ≤ 1),
and φ∗23(x) = F (x, 0)− F (0, 0)(1− x)− F (1, 0)x (0 ≤ x ≤ 1);

(iii) φ∗3(x, y) is a 2-periodic odd function andφ∗3 ∈ W 1 Hγ(R2) and

φ∗3(x, y) = F (x, y)− φ∗1(x, y)− φ∗2(x, y) ((x, y) ∈ [0, 1]2).

5. FOURIER EXPANSION WITH SIMPLE POLYNOMIAL FACTORS

Based on the smooth extension in Section 3 and the decomposition in Section 4,

for the smooth functionf on the trapezoidΩ with a curved side, we will give its

Fourier sine expansion with simple polynomial factors.
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Let f ∈ W 2 Hα(Ω) andΩ be stated as in (3.1). Again, let

F (x, y) =





f(x, y), (x, y) ∈ Ω,

P (x, y), (x, y) ∈ Ω1

(5.1)

as in (3.10), whereP (x, y) is stated in (3.4).

Step1 : We expand the smooth extensionF on [0, 1]2 into the Fourier sine

series with polynomial factors. We decomposeF as in Theorem 4.3:

F (x, y) = φ∗1(x, y) + φ∗2(x, y) + φ∗3(x, y) ((x, y) ∈ [0, 1]2), (5.2)

whereφ∗1, φ∗2, andφ∗3 are stated as in Theorem 4.3 (i)-(iii).

First we expandφ∗2(x, y) into the Fourier sine series with polynomial factors

of degree 1. In Theorem 4.3 (ii), eachφ∗2i is a 2-periodic odd function andφ∗2i ∈
W 1 Hγ(R) (i = 1, 2, 3), we can expand them into the Fourier sine series

φ∗2i(t) =
∞∑

n=1

αni sin(πnt) (i = 1, 2, 3), (5.3)

whereαn,i = 2
1∫
0

φ∗2i(t) sin(πnt) dt.

Sinceφ∗3 ∈ W 1 Hγ(R2) is a 2-periodic odd function, by Theorem 4.3 (iii), we

can expand it into Fourier sine series

φ∗3(x, y) =
∞∑

n1=1

∞∑

n2=1

cn1n2 sin(πn1x) sin(πn2y), (5.5)

where the Fourier coefficients

cn1n2 = 4
∫

[0,1]2

(F (x, y)− φ∗1(x, y)− φ∗2(x, y)) sin(πn1x) sin(πn2y) dx dy,

(5.6)
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From this and Theorem 4.3, we obtain that for(x, y) ∈ [0, 1]2,

F (x, y) = F (0, 0)(1− x)(1− y) + F (1, 0)x(1− y) + (1− y)

∞∑
n=1

αn3 sin(πnx) + (1− x)
∞∑

n=1
αn1 sin(πny) + x

∞∑
n=1

αn2 sin(πny)

+
∞∑

n1=1

∞∑
n2=1

cn1n2 sin(πn1x) sin(πn2y),

(5.7)
where the Fourier coefficientsαn1, αn2, αn3 which are stated in (5.4) andcn1n2 is

stated in (5.6).

Step2 : We expandf on the trapezoidΩ with a curved side into the Fourier sine

series with simple polynomial factors. By (5.1), we haveF (x, y) = f(x, y) ((x, y) ∈
Ω) and

F (0, t) =





f(0, t), 0 ≤ t ≤ g(0),

P (0, t), g(0) ≤ t ≤ 1,

F (1, t) =





f(1, t), 0 ≤ t ≤ g(1),

P (1, t), g(1) ≤ t ≤ 1.

From this, we can rewrite representations of the Fourier coefficientsαn1, αn2,

αn3, andcn1n2 in (5.7). Considering the restriction onΩ of Formula (5.7), we

obtain the Fourier sine expansion of the functionf(x, y) on a trapezoidΩ with a

curved side.

Theorem5.1 — Let f ∈ W 2 Hα(Ω) and Ω = {(x, y) : 0 ≤ x ≤ 1, 0 ≤
y ≤ g(x)}, whereg ∈ W 1 Hβ([0, 1]) and0 < g(x) < 1 (0 ≤ x ≤ 1). Then the

Fourier sine expansion off with simple polynomial factors is

f(x, y) = f(0, 0)(1− x)(1− y) + f(1, 0)x(1− y)

+ (1− y)
∞∑

n=1
αn3 sin(πnx) + (1− x)

∞∑
n=1

αn1 sin(πny)

+ x
∞∑

n=1
αn2 sin(πny) +

∞∑
n1=1

∞∑
n2=1

cn1n2 sin(πn1x) sin(πn2y),

(x, y) ∈ Ω,
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where

αn1 = 2

g(0)∫

0

f(0, t) sin(πnt) dt+2

1∫

g(0)

P (0, t) sin(πnt) dt− 2
nπ

f(0, 0),

αn2 = 2

g(1)∫

0

f(1, t) sin(πnt) dt+2

1∫

g(1)

P (1, t) sin(πnt) dt− 2
nπ

f(1, 0),

αn3 = 2

1∫

0

f(t, 0) sin(πnt) dt− 2
nπ

f(0, 0)+
2(−1)n

nπ
f(1, 0),

cn1n2 = 4
∫
Ω

f(x, y) sin(πn1x) sin(πn2y) dx dy + 4
∫
Ω1

P (x, y)

sin(πn1x) sin(πn2y) dx dy

+ 4
π2

(−1)n1f(1,0)−f(0,0)
n1n2

− 2
π

(
αn11

n1
− (−1)n1αn22

n1
+ αn13

n2

)
,

hereP (x, y) is stated in (3.4) andΩ1 = {(x, y) : 0 ≤ x ≤ 1, g(x) ≤ y ≤ 1}.

Remark5.2 : By (3.3) and (3.4),P (0, t) andP (1, t) are both polynomials of

degree 3. Therefore, the integrals

1∫

g(0)

P (0, t) sin(πnt) dt and

1∫

g(1)

P (1, t) sin(πnt) dt

are computed easily. By (3.3)-(3.4), the integral

∫

Ω1

P (x, y) sin(πn1x) sin(πn2y) dx dy

can be computed by the values off and ∂f
∂y on the curved side ofΩ and the values

of g(x).
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6. APPROXIMATION OF FUNCTIONS ONTRAPEZOIDS WITH A CURVED SIDE

Let the trapezoidΩ with a curved side be stated as (3.1). Again, letf ∈ W 2 Hα(Ω),
andF (x, y) be the smooth extension off from Ω to [0, 1]2 which is stated as in

(5.1). By Theorem 4.3 and (5.1), we know that

f(x, y) = f(0, 0)(1−x)(1−y)+f(1, 0)x(1−y)

+(1− x)φ∗21(y) + xφ∗22(y) + (1− y)φ∗23(x) + φ∗3(x, y), (x, y) ∈ Ω, (6.1)

where eachφ∗2i is a 2-periodic odd function, andφ∗2i ∈ W 1 Hγ(R) (γ = min{α, β}),
andφ∗3(x, y) is a bivariate 2-periodic odd function andφ∗3(x, y) ∈ W 1 Hγ(R2).

For aN ∈ Z+, let τN (φ∗2i) be the best approximation sine polynomial ofφ∗2i

in the spaceT 1
N , andτN (φ∗3) be the best approximation sine polynomial ofφ∗3

in the spaceT 2
N . Define a combination of polynomials of degree≤ 2 and sine

polynomials of degree≤ 2N

qN (x, y) = f(0, 0)(1− x)(1− y) + f(1, 0)x(1− y)

+ (1− x)τN (φ∗21)(y) + xτN (φ∗22)(y)

+ (1− y)τN (φ∗23)(x) + τN (φ∗3)(x, y).

(6.2)

From this, we have

Theorem6.1— Letf ∈ W 2 Hα(Ω) andΩ = {(x, y) : 0 ≤ x ≤ 1, 0 ≤ y ≤
g(x)}, whereg ∈ W 1 Hβ([0, 1]) and0 < g(x) < 1 (0 ≤ x ≤ 1). Then

‖ f − qN ‖Lp(Ω)= O

(
1

N1+γ

)
,

whereqN is stated in (6.2) andγ = min{α, β}.
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PROOF : By (6.1) and (6.2), we obtain the deviation

f(x, y)− qN (x, y) = (1− x)(φ∗21(y)− τN (φ∗21)) + x(φ∗22(y)

−τN (φ∗22)(y))

+ (1− y)(φ∗23(x)− τN (φ∗23)(x)) + φ∗3(x, y)

−τN (φ∗3)(x, y).

This implies that for any1 ≤ p < ∞,

‖ f − qN ‖Lp([0,1]2) ≤
3∑

i=1
‖ φ∗2i − τN (φ∗2i) ‖Lp([0,1])

+ ‖ φ∗3 − τN (φ∗3) ‖Lp([0,1]2) .

(6.3)

Since eachφ∗2i is a 2-periodic odd function andφ∗2i ∈ W 1 Hγ(R), andφ∗3 is a

2-periodic odd function andφ∗3 ∈ W 1 Hγ(R2), by Proposition 2.1, we have

‖ φ∗2i − τN (φ∗2i) ‖Lp([0,1])= O

(
1

N1+γ

)
(i = 1, 2, 3),

‖ φ∗3 − τN (φ∗3) ‖Lp([0,1]2)= O

(
1

N1+γ

)
.

Finally, by (6.3), we get the desired result. ¤

By Remark 3.2, we know that in theO
(

1
N1+α

)
, the hidden constant depends

ong(x).

7. TRAPEZOIDS WITH TWO CURVED SIDES

In this section we discuss Fourier analysis of smooth functions on trapezoids with

two curved sides. We only give the corresponding results. Their arguments are

similar to the case of trapezoids with a curved side. We omit the detail here.
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Let Ω be a trapezoid with two curved sidesΩ : = {(x, y) : 0 ≤ x ≤
1, τ(x) ≤ y ≤ g(x)}, where 0 < τ(x) < g(x) < 1 (0 ≤ x ≤ 1) and

g ∈ W 1 Hβ([0, 1]), τ ∈ W 1 Hβ∗([0, 1]).

Consider a smooth functionf ∈ W 2 Hα(Ω) onΩ. Denote

Ω1 = {(x, y) : 0 ≤ x ≤ 1, g(x) ≤ y ≤ 1},

Ω2 = {(x, y) : 0 ≤ x ≤ 1, 0 ≤ y ≤ τ(x)}.

ThenΩ1
⋃

Ω
⋃

Ω2 = [0, 1]2.

For0 ≤ x ≤ 1, y ∈ R, we defineP (x, y) as in (3.4). We again define

P ∗(x, y) =
f(x, τ(x)) y

τ(x)
+

(
∂f

∂y
(x, τ(x))− f(x, τ(x))

τ(x)

)
y2(y − τ(x))

τ2(x)
.

Then we have the following extension theorem off from Ω to [0, 1]2.

Theorem7.1— Let

F (x, y) =





P (x, y), (x, y) ∈ Ω1,

f(x, y), (x, y) ∈ Ω,

P ∗(x, y), (x, y) ∈ Ω2.

Then F ∈ W 1 Hγ([0, 1]) (γ = min{α, β, β∗}) and F (x, 0) = F (x, 1)
= 0 (0 ≤ x ≤ 1).

Furthermore, we have the following decomposition theorem ofF on [0, 1]2.

Theorem7.2— For (x, y) ∈ [0, 1]2, we have

F (x, y) = (1− x)F (0, y) + xF (1, y) + φ(x, y), (7.1)

whereF (0, y) and F (1, y) can be extended to periodic odd univariate functions

F ∗(0, y) andF ∗(1, y), which belong toW 1 Hγ(R) andφ(x, y) can be extended
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to a bivariate periodic odd functionφ∗(x, y) which belongs toW 1 Hγ(R2), where

γ = min{α, β, β∗}.

We expandF (0, y), F (1, y), andφ∗(x, y) into the Fourier sine series. We get

the Fourier sine expansion with simple polynomial factor ofF on [0, 1]2. Consid-

ering the restriction of this expansion theorem onΩ, we will get the Fourier sine

series off with simple polynomial factors onΩ.

Let τN (F ∗(0, y)) andτN (F ∗(1, y)) be the best approximation sine polynomi-

als ofF ∗(0, y) andF ∗(1, y) in the spaceT 1
N , respectively, andτN (φ∗) be the best

approximation sine polynomial ofφ∗ in the spaceT 2
N . In (7.1), replacingF (0, y),

F (1, y), andφ(x, y) by τN (F ∗(0, y)), τN (F ∗(1, y)), andτN (φ∗), respectively, we

get a combination of polynomial of degree 1 and sine polynomials of degree2N :

q̃N (x, y) = (1− x)τN (F ∗(0, y)) + xτN (F ∗(1, y)) + τN (φ∗). (7.2)

Finally, we get the following approximation theorem:

Theorem7.3— Let q̃N (x, y) be stated in (7.2). Then

‖ f − q̃N ‖Lp(Ω)= O

(
1

N1+γ

)
,

whereγ = min{α, β1, β2}.

8. APPROXIMATION OFFUNCTIONS ONGENERAL PLANAR DOMAINS

Suppose thatD2 is a bounded planar domain whose boundary possesses the smooth-

nessW 1 Hα and which can be decomposed as follows:

D2 =
M⋃

j=1

Ωj (a disjoint union),

where eachΩj is a trapezoid with curved sides and eachΩj can become

Ω̃j = {(x, y), 0 ≤ x ≤ 1, τj(x) ≤ y ≤ gj(x)} (0 < τj(x) < gj(x) < 1)
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under an affine transformationLj , i.e., LjΩj = Ω̃j . Since the boundary curves

belong toW 1 Hα, we haveτj ∈ W 1 Hα andgj ∈ W 1 Hα.

Let f ∈ W 2 Hα(D2) andfj is its restriction onΩj . Denotef̃j = fj ◦ L−1
j .

Thenf̃j ∈ W 2 Hα(Ω̃j). By Sections 6 and 7, we know that for anyN ∈ Z+, there

exists a combinatioñq(j)
N (x, y) similar to (7.2) such that

‖ f̃j − q̃
(j)
N ‖Lp(Ωj)= O

(
1

N1+α

)
.

Settingq
(j)
N = q̃

(j)
N ◦ Lj , we have

‖ fj − q
(j)
N ‖Lp(Ωj)= O

(
1

N1+α

)
(j = 1, ...,M),

whereq
(j)
N (x, y) is a combination of polynomials of degree≤ 2 and sine polyno-

mials of degree2N . From this andD =
M∑

j=1
Ωj ( whereM is independent ofN ),

we deduce that

‖ f −
M∑

j=1

q
(j)
N χΩj ‖Lp(D)= O

(
1

N1+α

)
.

HereχΩj is the characteristic function ofΩj . This is a global approximation

with M elements. In this approximation process, the original domainD2 is divided

M trapezoids with curved sides, where the numberM depends only on the shape

of the domainD2 and is independent ofN .

In spline approximation, for a smooth function on a bounded domain, based on

known smooth extension theorems [1,6,8] and partition∆ = {C} of the domain

[5, Section 6.2], one constructs piecewise polynomial as its approximation tool. In

approximation error, the fundamental infinitesimal is the partition diameter

diam∆ = max
C∈∆

diamC.

From this, we see that the approximation error tends zero only if the cardinality

of the collection∆ := {C} tends infinite. Therefore, in this point, the approxima-

tion proposed by this paper is quite different from spline approximation.
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9. FOURIER ANALYSIS OF FUNCTIONS ON THETHREE-DIMENSIONAL

DOMAINS

Now we extend the results given in Sections 3-8 from the two-dimensional case to

the three-dimensional case. Since the methods of arguments are similar, here we

omit their proofs.

It is well-known that a three-dimensional domain with arbitrary shape can be

divided into some prisms with curved surfaces.

9.1. Prisms with a curved top

Let Ω be a prism with a curved top and

Ω = {(x, y, z) : 0 ≤ x, y ≤ 1, 0 ≤ z ≤ q(x, y)}, (9.1)

whereq(x, y) ∈ W 1 Hβ([0, 1]2) and0 < q(x, y) < 1 ((x, y) ∈ [0, 1]2).

Let f ∈ W 2 Hα(Ω). Denote

Q = {(x, y, z) : 0 ≤ x, y ≤ 1, q(x, y) ≤ z ≤ 1}. (9.2)

We first smoothly extendf from Ω to [0, 1]3. For(x, y, z) ∈ Q, define

P (x, y, z) =
f(x, y, q(x, y))(1− z)

1− q(x, y)
+

(
f(x, y, q(x, y))

1− q(x, y)
+

∂f

∂z
(x, y, q(x, y))

)

(z − q(x, y))(1− z)2

(1− q(x, y))2
(9.3)

and

Φ(x, y, z) =





f(x, y, z), (x, y, z) ∈ Ω,

P (x, y, z), (x, y, z) ∈ Q.

ThenΦ(x, y, z) ∈ W 1 Hγ([0, 1]3) (γ = min{α, β}) andΦ(x, y, 1) = 0 ((x, y) ∈
[0, 1]2), whereγ = min{α, β}.
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We decomposeΦ asΦ(x, y, z) = V1(x, y, z) + V2(x, y, z) + V3(x, y, z) +
V4(x, y, z), (x, y, z) ∈ [0, 1]3, where

V1(x, y, z) = Φ(0, 0, 0)(1− x)(1− y)(1− z) + Φ(0, 1, 0)(1− x)y(1− z)

+ Φ(1, 0, 0)x(1− y)(1− z) + Φ(1, 1, 0)xy(1− z)

is a polynomial of degree 3; The second term is

V2(x, y, z) = Φ1(x, 0, 0)(1− y)(1− z) + Φ1(x, 1, 0)y(1− z)

+ Φ1(0, y, 0)(1− x)(1− z) + Φ1(1, y, 0)x(1− z)

+ Φ1(0, 0, z)(1− x)(1− y) + Φ1(0, 1, z)(1− x)y

+ Φ1(1, 0, z)x(1− y) + Φ1(1, 1, z)xy (Φ1 = Φ− V1),

here the first factor of each term can be extended to a 2-periodic odd function

in W 1 Hγ(R). Therefore, it can be expanded into univariate Fourier sine series.

Furthermore, it can beLp-approximated with approximation orderO( 1
N1+γ ) by

univariate sine polynomials of degree≤ N . From this, we deduce thatV2(x, y, z)
can beLp−approximated with approximation orderO( 1

N1+γ ) by a combination

of bivariate polynomials of degree≤ 2 and univariate sine polynomials of degree

≤ N ; The third term is

V3(x, y, z) = Φ2(0, y, z)(1− x) + Φ2(1, y, z)x + Φ2(x, 0, z)(1− y)

+ Φ2(x, 1, z)y + Φ2(x, y, 0)(1− z) (Φ2 = Φ1 − V2),

here the first factor of each term can be extended to 2-periodic odd function in

W 1 Hγ(R2) and can be expanded into bivariate Fourier sine series. Furthermore,

it can beLp-approximated with approximation orderO( 1
N1+γ ) by bivariate sine

polynomials of degree≤ 2N . From this, we deduce thatV3(x, y, z) can beLp-

approximated with approximation orderO( 1
N1+γ ) by a combination of univariate

polynomials of degree≤ 1 and bivariate sine polynomials of degree≤ 3N Finally,
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the fourth term is

V4(x, y, z) = Φ2(x, y, z)− V3(x, y, z),

hereV4(x, y, z) can be extended to a 2-periodic odd function in the spaceW 1 Hγ(R3)
and can be expanded into three-variate Fourier sine series, and can be approximated

by three-variate sine polynomials with approximation orderO( 1
N1+γ ).

From this, for the smooth functionf onΩ, we can obtain its Fourier sine expan-

sion with simple polynomial factors. Moreover, we can obtain theLp−approximation

of f with approximation orderO( 1
N1+γ ) by a combination of three-variate polyno-

mials of degree 3 and three-variate sine polynomials of degree3N .

Prisms with two curved surfaces

Let Ω be a prism with two curved surfaces

Ω = {(x, y, z) : 0 ≤ x, y ≤ 1, q∗(x, y) ≤ z ≤ q(x, y)},

whereq(x, y) ∈ W 1 Hβ([0, 1]2) andq∗(x, y) ∈ W 1 Hβ∗([0, 1]2), 0 < q(x, y) <

q∗(x, y) < 1, (x, y) ∈ [0, 1]2.

Let f ∈ W 2 Hα(Ω). Now we smoothly extendf from Ω to [0, 1]3. DefineQ

as in (9.2). DefineQ∗ as follows:

Q∗ = {(x, y) : 0 ≤ x, y ≤ 1, 0 ≤ z ≤ q∗(x, y)}.

ThenQ
⋃

Ω
⋃

Q∗ = [0, 1]3.

For0 ≤ x, y ≤ 1, z ∈ R, we defineP (x, y, z) as in (9.3). We again define

P ∗(x, y, z) =
f(x, y, q∗(x, y)) z

q∗(x, y)
+

(
∂f

∂z
(x, y, q∗(x, y))− f(x, y, q∗(x, y))

q∗(x, y)

)

z2(z − q∗(x, y))
(q∗(x, y))2

.

Let

Φ(x, y, z) =





P (x, y, z), (x, y, z) ∈ Q,

f(x, y, z), (x, y, z) ∈ Ω,

P ∗(x, y, z), (x, y, z) ∈ Q∗.
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ThenΦ(x, y, z) ∈ W 1 Hγ([0, 1]3), whereγ = min{α, β, β∗}.

We decomposeΦ on [0, 1]3 as

Φ(x, y, z) = W1(x, y, z) + W2(x, y, z) + W3(x, y, z), (x, y, z) ∈ [0, 1]3,

where the first term is

W1(x, y, z) = Φ(0, 0, z)(1− x)(1− y) + Φ(0, 1, z)(1− x) y + Φ(1, 0, z)

x (1− y) + Φ(1, 1, z) x y,

(9.4)
here the first factor of each term can be extended to a 2-periodic odd function in

W 1 Hγ(R). The second term is

W2(x, y, z) = Ψ(0, y, z)(1−x)+Ψ(1, y, z)x+Ψ(x, 0, z) (1−y)+Ψ(x, 1, z) y,

(9.5)
whereΨ = Φ−W1, here the first factor of each term can be extended to 2-periodic

odd function inW 1 Hγ(R2). The third term is

W3(x, y, z) = Ψ(x, y, z)−W2(x, y, z), (9.6)

hereW3(x, y, z) can be extended to 2-periodic odd function inW 1 Hγ(R3). Ex-

panding the periodic functions in (9.4)-(9.6) into Fourier sine series, we get the

Fourier sine expansion off with simple polynomial factors. Replacing each pe-

riodic function by the corresponding best approximation sine polynomial, we get

the corresponding approximation theorem.

Approximation of functions on three-dimensional domains

Suppose thatD3 is a bounded three-dimensional domain whose boundary surfaces

belong toW 1 Hα. We decomposeD3 as follows:

D3 =
M⋃

j=1

Ω(3)
j (a disjoint union),

where eachΩ(3)
j is a prism with curved surfaces.
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Let f ∈ W 2 Hα(D3) and its restriction onΩj by fj . Similar to the argument

in Section 8, based on subsections 9.1 and 9.2, we easily find the combination

Q
(j)
N (x, y, z) of polynomials of degree≤ 3 and sine polynomials of degree≤ 3N

such that

‖ f −
M∑

j=1

Q
(j)
N χ

Ω
(3)
j

‖Lp(D3)= O

(
1

N1+α

)
,

whereχ
Ω

(3)
j

is the characteristic function ofΩ(3)
j andM is independent ofN .
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