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In this paper, we consider locally dually fl&d, 3)-metrics with isotropic
S-curvature and find some necessary and sufficient conditions under which

these metrics reduce to locally Minkowskian metrics.
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1. INTRODUCTION

For a Finsler metrid” = F(x,y), its geodesics curves are characterized by the
system of differential equatiorié + 2G*(¢) = 0, where the local function&® =
G'(x,y) are called the spray coefficients and given by following
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A Finsler metric F' is called a Berwald metric it7' = JT', (z)y/y" are
quadratic iny € T, M for anyx € M [15].

In [1], Amari-Nagaoka introduced the notion of dually flat Riemannian metrics
when they study the information geometry on Riemannian manifolds. Information
geometry has emerged from investigating the geometrical structure of a family
of probability distributions and has been applied successfully to various areas in-
cluding statistical inference, control system theory and multi-terminal information
theory [2].

On the other hand, Finsler geometry consists of classical and generalized Finsler
geometries. The classical Finsler geometry is the differential geometry of Finsler
spaces. More precisely, it is a subject studying manifolds whose tangent spaces
carry a norm varying smoothly with the base point. Indeed, Finsler geometry is
just Riemannian geometry without the quadratic restriction. Therefore it is natu-
ral to extending the construction of locally dually flat metrics for Finsler geom-
etry. In Finsler geometry, Shen extends the notion of locally dually flatness for
Finsler metrics [12]. Dually flat Finsler metrics form a special and valuable class
of Finsler metrics in Finsler information geometry, which play a very important
role in studying flat Finsler information structure [6, 7, 17, 19, 20]. A Finsler met-
ric F = F(z,y) on a manifold)M is said to be locally dually flat if at any point
there is a coordinate systen®) in which the spray coefficients are in the following
form

G' = _%ginyj7
whereH = H(z,y) is aC® scalar function oil'M, = TM \ {0} satisfying
H(x,\y) = MH(x,y) for all A\ > 0. Such a coordinate system is called an
adapted coordinate system [6, 7, 16, 19, 20]. In [12], Shen proved that the Finsler
metric F' on an open subsét C R™ is dually flat if and only if it satisfies

(FQ)xkylyk = 2(F2)xl.

In this caseH = — ¢ [F%]ymy™.

A Finsler metric is said to be locally projectively flat if at any point there is
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a local coordinate system in which the geodesics are straight lines as point sets.
It is known that a Finsler metri¢’(x,y) on an open domaify C R" is locally
projectively flat if and only if its geodesic coefficien® are in the form

Gi — Pyl,

whereP : TU = U x R® — R is positively homogeneous with degree one,
P(x,\y) = AP(z,y), A > 0. We call P(z, y) the projective factor of'(z, y).

The S-curvature is a scalar functiond/, which was introduced by the Shen
to study volume comparison in Riemann-Finsler geometry [13]. The S-curvature
S measures the average rate of chang€élof\/, F,, := F|r, ) in the direction
y € T, M. Itis known thatS = 0 for Berwald metrics. A Finsler metric on an
dimensional manifold/ is said to have isotropic S-curvatureSit= (n+1)c(x)F,
for some scalar functioa= ¢(z) on M [18].

In this paper, we study locally dually flgtv, 3)-metrics with isotropic S-
curvature, and find some conditions under which these metrics reduce to locally
Minkowskian metrics. First, we prove the following.

Theoreml.l—LetF := a¢(s),s = g be an non-Randers tyge, 5)—metric
on a manifoldM of dimensiom > 3. Suppose thaf(s) is an analytic function or
polynomial of s withy/(0) = ¢”(0) = ¢”(0) = 0 and$(0) # 0. ThenF is locally
dually flat with isotropic S-curvature if and only if it is locally Minlowskian.

For example, see the following.
Examplel : All polynomial ¢(s) = ¢, 5" +c, 15" +...4cas* +cq, (co # 0)
satisfies in condition of Theorem 1.1.

Then, we prove the following.

Theoreml.2—LetF := ap(s),s = g be an non-Randers tyge, 3)—metric
on a manifoldM of dimensiom > 3. Suppose that(s) is a polynomial of s with
#(0)#£0,¢'(0) =¢"(0)=0 and% > —1. ThenF is locally dually flat with
isotropic S-curvature if and only if it is locally Minlowskian.
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Example2 : We consider the Ingarden-Tammassy meffic= o + %2 [9].
Sinceg(s) = 1 + s2, then we have

¢(0) =1 #0,
¢'(0) =0,
¢"(0)

=2> -1, ¢" =0.

¢(0)
Thus Ingarden-Tammassy metric satisfies in condition of Theorem 1.2. It is re-
markable that, this metric introduced by Ingarden-Tamassy in [9], when they study
physical applications of Finsler metrics in electron optics and thermodynamics.

Example3 : Let

F:a[1+(é)2+(—)4+(ﬁ

)5+... ,
(6% (6% «

where||Blo = by <  and|s| < by. Theng =1+ s? + 51+ s> + ... isaC™®
function on an open interval-by, by) and

6(0) = 140,
o0
o0) 27 h
#(0) = ¢"(0) = 0.

Therefore,F' is a Finsler metric satisfies in condition of Theorem 1.2

2. PRELIMINARIES

Let M be ann-dimensionalC> manifold. Denote byl’, M the tangent space at
x € M,byTM = U, T, M the tangent bundle a¥/, and by’ My = TM\ {0}
the slit tangent bundle af/. A Finsler metric onM is a functionF’ : TM —
[0, 00) which has the following properties:

() FisC* onT My;

(i) Fis positively 1-homogeneous on the fibers of the tangent bundlé,of
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(iii) for eachy € T, M, the following quadratic forng, on T, M is positive
definite,

1 02
gy(u,v) == 3 Dt [FQ(y + su + tv)] |s,t=0, u,v € T M.

For a Finsler metrid® = F'(x,y) on a smooth manifold/, geodesic curves
are characterized by the system of second order differential equations
d?x dx

where the local function§? = G(xz, y) are called the spray coefficients, and given
by
7 1 %
G' = Zg l{[Fz}xkylyk - [Fz}xl}

el

In a standard local coordinates’, y*) in T'M, the vector fieldG = y’ 57

2G" (z, y)a% is called the spray of [14].

A Finsler metricF is called a Berwald metric, if* are quadratic iy € T, M
foranyxz € M. Itis proved that on a Berwald manifold/, F'), the parallel trans-
lation along any geodesic preserves the Minkowski functionals. Thus, Berwald
spaces can be viewed as Finsler spaces modeled on a single Minkowski space.

For a Finsler metrid@ on amm-dimensional manifold/, the Busemann-Hausdorff
volume formdVy = op(z)dx! - - - dx™ is defined by
Vol(B"(1))

F(yiazih) < 1}

In general, the local scalar functien-(x) can not be expressed in terms of
elementary functions, evefiis locally expressed by elementary functions.

UF(CC) = -
Vol{(y’) € R

Let

det ( gij(z,y)
7(z,y) :=In [ VolE]i"(l))y ) -Vol{(yi) eR"

P k) <1}]
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T = 7(x,y) is a scalar function o’ M, which is called thelistortion For a
vectory € T, M, lete(t), —e < t < ¢, denote the geodesic witl{0) = = and
¢(0) = y. Define

S(v) = 5 [7(¢00) | lio.

We call S the S-curvature. This quantity was introduced in [13] for a volume
comparison theorem.

Let G*(z, y) denote the geodesic coefficientsfofn the same local coordinate
system. The S-curvature can be defined by

oG"

(:Uay) - yi

aii [m “F(“')} ’

wherey = 3/ aii | € T, M. Itis proved thatS = 0 if F'is a Berwald metric.

There are many non-Berwald metrics satisfyfig= 0. S said to besotropicif
there is a scalar functiongz) on M such that

S(z,y) = (n+ De(z) F(z,y).

3. PROOF OFTHEOREMS1.1AND 1.2

General(a, 3)-metrics were first studied by Matsumoto in 1972 as a direct gen-
eralization of Randers metrics [10, 11]. This class of Finsler metrics has some
applications in Physics [3, 4]. Afw, §)-metric is a Finsler metric on a manifold

M defined byF := a¢(s), wheres = (/a, ¢ = ¢(s) is aC function on

the (—bg, bg) with certain regularityn = \/m is a Riemannian metric and

8 = bi(x)y" is a 1-form onM . For an(e, (3)-metric, let us defing; ; by

by ;67 == db; — b;6”,

i

where#’ := dz’ andé? := T, dz* denote the Levi-Civita connection form of
Let

1 1
rij = 5 (b +bja)s sig = 5 by — by)-
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Clearly, 5 is closed if and only ifs;; = 0. An («, §)-metric is said to be trivial
if Tij = Sij = 0. Put

Tio 1= iy, Too = Tijy'y’, v = b'ryj,
S0 ‘= sijy], S5 = blsij,
ro =1y, s := sy’ .

In [6], it is proved the following.

Lemma3.1 ([6]) — Let F = F(x,y) be a Finsler metric on an open subset
U C R™. ThenF is locally dually flat and projectively flat ofi if and only if

Foro = CFFy,
whereC is a constant.

Then, Xia proved the following (see Theorem 1.2 in [19]).

Theorem3.2([19]) — Let F' := a¢(s), s = g be an non-Riemanniafw, 5)-
metric on a manifold\/ of dimensiom > 3, wheres = b;(z)y* # 0. Suppose
that ¢(s) is an analytic function witk’'(0) = ¢”(0) = 0 or ¢(s) is a polynomial
of s with¢’(0) = 0. ThenF is locally dually flat on) if and only ifa and 3
satisfy

1

si0 = 5 (00 — 0br),

_ 2 2
roo = 05— (Bphe?]

1

1 )

Glh= [zey +9a}.
whered;(z)y’ is a 1-form onM and#' := a'™4,,.

Now, let ¢ = ¢(s) be a positiveC> function on(—bg, by). For a number
be[0,by), let

©:=—(Q-sQ){nA+1+sQ} - (0¥ - s)(1+sQ)Q" (1)
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where
A:=1+sQ+ (b —s))Q 2)
a-" ©
7= @

_ ¢/¢//+¢¢/// 25¢¢//2

O = s T o—sd

®)

Then we have

®=—(Q-sQ)(n+ 1A+ (" - s){(Q-sQ)Q — (1+sQ)Q"}.  (6)
In [5], Cheng-Shen study the class(ef, 5)-metrics of non-Randers type #
k11 + kos? + kss with isotropicS-curvature and obtain the following.

Theorem3.3([19]) — Let F = a¢(s) , s = £ be an non-Riemanniafa, 3)-
metric on a manifold and := ||3,||. Suppose thap # kiv/1 + kas? + kss for
any constank; > 0, ke andks. ThenF' is of isotropic S-curvature§ = (n+1)cF,
if and only if one of the following holds

(a) ¢ satisfies
Tij = E{bQCLij — bibj}, Sj = 0, (7)

wherees = ¢(x) is a scalar function, and = ¢(s) satisfies

®=—-2(n+ 1)k:l)2¢%; (8)
wheref is a constant. In this cas&, = (n + 1)cF with ¢ = ke.
(b) 5 satisfies
rij =0, s;=0. 9)

In this caseS = 0, regardless of choices of a particula:
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By a direct computation, we can obtain a formula for mean Cartan torsion of
an(a, 3)-metric as follows

(¢ — s¢')

I =— 2Ada? (ab; — sy;).

It is remarkable that, Cheng-Wang-Wang prove that the conditien0 char-
acterizes the Riemannian metrics amdng3)-metrics [8]. Hence, in the con-
tinue, we suppose thédt =£ 0.

By using the Theorem 3.3, we are going to consider locally duallyflaf)-
metric with isotropic S-curvature.

Lemma3.4 — LetF := a¢(s), s = g be an non-Randers tyge, 5)—metric
on a manifoldM of dimensionn > 3. Suppose thap(s) is an analytic function
or polynomial ofs with ¢’(0) = ¢"(0) = ¢"'(0) = 0 and¢$(0) # 0. ThenF is of
isotropic S-curvature if and only i# satisfies;; = 0 ands; = 0.

PrROOF: In (1),(2) ,(3), (4) and (5), putting = 0 imply that

Q(0) = Q'(0) = Q"(0) =0,
A(0) =1, ®(0) = 0.

Thus ins = 0, we have

[(b% — 52)®]|p = b*®(0) = 0.

On the other hand, by assumptions we get

—2(n 4 1)ko(0)A%(0) = —2k(n + 1)k¢(0) # 0.

Then ins = 0, we have

(b — )P # —2(n + 1) koA
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This implies that

(b? — 5P # —2(n + 1)kpA%

Therefore the part (a) of Theorem 3.3 is not hold. O

Lemma3.5 — LetF := a¢(s), s = g be an non-Randers tyge, 3)—metric
on a manifoldM of dimensiom: > 3. Suppose that(s) is a polynomial of s with

#(0) #£0,¢'(0) =¢"(0)=0 and% > —1. ThenF is of isotropic S-curvature

if and only if 3 satisfies;; = 0 ands; = 0.

PROOF: By (1), (2), (3), (4) and (5), it = 0 then we have

Q(0) =Q"(0) =0, Q'(0) > —1,
A(0) =1+b%Q(0) > 1 —b*> >0,
®(0) = 0.

Thus ins = 0, we have

(1 = 5%)@]|o = b*®(0) = 0.

Sincep(0) # 0 andA(0) > 0, then

—2(n+ 1)k¢(0)AZ(0) # 0

Thus in the point = 0, we have

(b? — s%)®(0) # —2(n + 1)ké(0)A%(0).

This implies that

(b? — s%)® # —2(n + 1)ko A%

It follows that the part (a) of Theorem 3.3 is not hold. O
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Theorem3.6 — Let F' := «a¢(s), s = g be a locally dually flat non-Randers
type («, 3)—metric on a manifoldM of dimensionn > 3, ¢(s) is an analytic
function or polynomial of s withy’(0) = ¢”(0) = ¢"(0) = 0 and ¢(0) # 0.
Suppose that’ is of isotropic S-curvatureS = (n + 1)cF, wherec = c(x) is
a scalar function onV/. ThenF is locally projectively flat in adapted coordinate
systems.

PROOF: Let G = Gi(x,y) andG, = G (z,y) denote the coefficients df
anda respectively in the same coordinate system. By definition, we have

G' =G + Py + Q' (10)
where
P = a7'e[-2Qas +ru] (11)
Q= aQsiy+ [ — 2Qasy + roo} b (12)
o _ _ 09— 569" +d'¢) (13)
20|(6 = s¢/) + (12 = 52)¢ |

1 ¢/I
2(6 =50 + (B = )"

(14)

By the Lemma 3.4F is isotropic S-curvature if and only if the following hold

roo = 0, (15)
Sj = 0. (16)
By Theorem 3.2, we have
1
Si0 = g(ﬁel - Hbl)a (17)
am—1 [wyl + 91042} (18)
« 3 9

roo = ; [95 - (elbl)aﬂ . (19)
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By (15) and (19), we obtain
(Ou')a® = (0)3 (20)

Sincea? is a irreducible polynomial, then (20) reduces to following

0=0, (21)
0,6 = 0. (22)

Then (17), (18) and (19) reduce to following

Si0 = 07 (23)
G =0, (24)
roo = 0. (25)
By (16), we get
so=20
and by (23) we have
sh=0
By (10), we have’’ = 0. O

Theorem3.7— Let F' := a¢(s), s = g be a locally dually flat non-Randers
type(a, 3)—metriconM™ (n > 3), whereg(s) is a polynomial of s witlkp(0) # 0
, ¢ (0) =¢"(0)=0 and% > —1. Suppose thak’ is of isotropic S-curvature,
S = (n+ 1)cF, wherec = ¢(x) is a scalar function onV/. ThenF is locally

projectively flat in adapted coordinate systems.

PROOF: By the Lemma 3.5F is isotropic S-curvature§ = (n+ 1)cF, if and
only if rog = 0 ands; = 0. Then by using the same method used in Theorem 3.6,
we get the proof. O

Proof of Theorem 1.1Under the assumption we conclude tlaits dually flat and
projectively flat in any adapted coordinate system. By Lemma 3.1, we have

Fo = CFFy.
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Thus the spray coefficients’ = Py’ are given by

1
P=—-CF.
2

SinceG* = 0, thenP = 0 and thusC = 0. It implies thatF,» = 0 and
then F' is a locally Minkowskian metric in the adapted coordinated system. This
completes the proof. O

Proof of Theorem 1.2 By the same method used in Theorem 1.1, we(get 0
which implies that,» = 0. ThusF is a locally Minkowskian metric in the adapted
coordinated system. O
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