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1. INTRODUCTION

One of the important problems in Finsler geometry is to study and characterize

Finsler metrics of constant flag curvature [10]. On the other hand, there are some

well-known projective invariants of Finsler metrics namely, Weyl curvature, gener-

alized Douglas -Weyl curvature [5] and another C-projective invariantH-curvature

[7]. Weyl introduces a projective invariant for Riemannian metrics. Then Douglas

extendes Weyl’s projective invariant to Finsler metrics. Finsler metrics with van-

ishing projective Weyl curvature are calledWeyl metrics. Z. Szab́o proves that

Weyl metrics are exactly Finsler metrics of scalar flag curvature.
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Recently, the non-Riemannian quantityH which is obtained from the mean

Berwald curvature by the covariant horizontal differentiation along geodesics, has

been studied extensively (for more details see [6, 7]). Akbar-Zadeh proves that for

a Weyl manifold of dimensionn ≥ 3, the flag curvature is constant if and only

if H = 0. Then, it is natural to find other projectively invariant quantity which

characterizes Finsler metrics of constant flag curvature [9].

In this paper, we define a projective invariant so calledW -curvature. We show

that theW -curvature is another candidate for characterizing Finsler metrics of con-

stant flag curvature. More precisely, we prove the following.

Theorem1.1 — Let (M, F ) be a connected Finsler manifold with dimension

n ≥ 3. ThenF is of constant flag curvature if and only ifW = 0.

We set the Berwald connection on Finsler manifolds. The vertical and horizon-

tal covariant derivatives of Berwald connection are denoted by ’,’ and ’|’, respec-

tively.

2. PRELIMINARIES

Let M be ann-dimensionalC∞ manifold. Denote byTxM the tangent space at

x ∈ M , and byTM = ∪x∈MTxM the tangent bundle ofM . A Finsler metric

on M is a functionF : TM → [0,∞) which has the following properties: (i)F

is C∞ onTM0 (ii) F is positively 1-homogeneous on the fibers of tangent bundle

TM , and (iii) for eachy ∈ TxM , the following quadratic formgy on TxM is

positive definite,

gy(u, v) :=
1
2

[
F 2(y + su + tv)

] |s,t=0, u, v ∈ TxM.

Given a Finsler manifold(M, F ), then a global vector fieldG given byG =
yi ∂

∂xi −2Gi(x, y) ∂
∂yi , whereGi := 1

4gil{2∂gjl

∂xk − ∂gjk

∂xl }yjyk is called the associated

sprayto (M, F ). The projection of an integral curve ofG is called ageodesicin

M . A diffeomorphismf : (M,F ) → (M, F̄ ) between two Finsler manifolds is
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called a projective transformation, iff maps every geodesic ofF to a geodesic of

F̄ as a point set.

The Riemannian curvature tensor of Berwald connection are given byKi
hjk =

djG
i
hk + Gm

hkG
i
mj − dkG

i
hj − Gm

hjG
i
mk, wheredk = ∂k − Gm

k ∂̇m, ∂k = ∂
∂xk ,

∂̇k = ∂
∂yk , Gi

k = ∂̇kG
i andGi

jk = ∂̇jG
i
k (for more details, see [7]).

The flag curvature in Finsler geometry is a natural extension of the sectional

curvature in Riemannian geometry, which is first introduced by L. Berwald. For

a flagP = span{y, u} ⊂ TxM with flagpoley, K = K(P, y) stands forflag

curvature. WhenF is Riemannian,K = K(P ) is independent ofy ∈ P , which

is just the sectional curvature ofP in Riemannian geometry. We say that a Finsler

metric F is of scalar curvatureif for any y ∈ TxM , the flag curvatureK =
K(x, y) is a scalar function on the slit tangent bundleTM0. If K = K(x), thenF

is said to be ofisotropic flag curvature. If K = constant, thenF is said to be of

constant flag curvature.

3. SPECIAL PROJECTIVEWEYL CURVATURE

Let φ : Fn → F̄n be a projective transformation. Then, there exists a positive

homogeneous scalar functionP (x, y) of degree one satisfying

Ḡi = Gi + Pyi.

In this case,P is called the projective factor. Under a projective transformation

with projective factorP , the Riemannian curvature tensor of Berwald connection

changes as follows

K̄i
hjk = Ki

hjk + yi∂̇hQjk + δi
hQjk + δi

j ∂̇hQk − δi
k∂̇hQj , (1)

whereQi = diP −PPi andQij = ∂̇iQj− ∂̇jQi. A projective transformation with

projective factorP is said to beC-projectiveif Qij = 0.

Lemma3.1 — Every C-projective mappingφ : Fn → F̄n with projective

factorP satisfiesPij|sys = 0.
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PROOF : First, we prove that

Pik|sys = ys∂̇iQks. (2)

We know that∂̇kdi = di∂̇k −Gr
ik∂̇r. Hence, we get

ys∂̇iQks=ys(∂̇idsPk − ∂̇idkPs)

=ys(dsPik −Gr
siPkr − dkPis + Gr

ikPsr)

=ysdsPik −Gs
kPis + Gs

iPsk

=Pik|sys (3)

By assumptionQij = 0. Then (2) implies the desired result.

Let X be a projective vector field on a Finsler manifold(M, F ). Suppose that

the vector fieldX in a local coordinate(xi) on M is written in the formX =
Xi(x)∂i. Then the complete lift ofX is denoted byX̂ and locally defined by

X̂=Xi∂i + yj∂jX
i∂̇i. Suppose that£X̂ stands for Lie derivative with respect to

the complete lift ofX. Then we have

£X̂ G i = Py i , (4)

£X̂ G i
k = δi

kP + y iPk , (5)

£X̂ G i
jk = δi

jPk + δi
kPj + y iPjk , (6)

£X̂ G i
jkl = δi

jPkl + δi
kPjl + δi

l Pkj + y iPjkl , (7)

£X̂ K i
jkl = δi

j (Pl |k − Pk |l ) + δi
l Pj |k − δi

kPj |l + y i ∂̇j (Pl |k − Pk |l ). (8)

SinceQij = Pi|j − Pj|i, we have

£X̂ K i
jkl = δi

jQlk + δi
l Pj |k − δi

kPj |l + y i ∂̇jQlk . (9)

We have

∂̇jPk|l = Pjk|l − PrG
r
jkl. (10)
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Contractingi andk in (9) and using (2), we get

£X̂ Kjl = Pl |j − nPj |l + Pjl |sys , (11)

whereKjl := Kr
jrl. Now, suppose thatQij = 0. Then by Lemma 3.1, we have

Pjl|sys = 0. Therefore, (11) reduces to the following

£X̂ Kjl = Pl |j − nPj |l . (12)

£X̂ Klj = Pj |l − nPl |j . (13)

From (12) and (13), one can obtain

Pj|l =
1

1− n2
£X̂

{
Klj + nKjl

}
. (14)

Substituting (14) into (9) and using the assumptionQij = 0, we are led to the

following tensor

W
i
jkl := Ki

jkl −
1

1− n2

{
δi
l(Kkj + nKjk)− δi

k(Klj + nKjl)
}

. (15)

If we putW
i
k := W

i
jkly

jyl, then we have

W
i
k = Ki

k −
1

1− n2

{
yi(Kk0 + nK0k)− δi

k(n + 1)K00

}
. (16)

The tensorW
i
k is said to bespecial projective Weyl curvatureor W -curvature.

Proposition3.2 — LetX be a C-projective vector field of Finsler metricF .

Then we have£X̂ W i
hjk = 0 .

Therefore, special Weyl projective curvature is invariant under C-projective

transformations.
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4. PROOF OFTHEOREM 1.1

First, we prove that the class of Finsler metrics of scalar flag curvature contains the

class of Finsler metrics with vanishingW -curvature.

Proposition4.1 — Let F be a Finsler metric with vanishingW -curvature.

ThenF is of scalar flag curvature.

PROOF : By assumption, we have the following

Ki
k −

1
1− n2

{
yi(Kk0 + nK0k)− δi

k(n + 1)K00

}
= 0, (17)

where by definitionKi
k = Ki

jkly
jyl. It is well known that

Ki
k = 2∂kG

i − yj∂j ∂̇kG
i + 2Gj ∂̇j ∂̇kG

i − ∂̇jG
i∂̇kG

j , (18)

which implies thatyiK
i
k = 0. Contracting (17) withyi and using last relation

imply that

F 2(Kk0 + nK0k)− yk(n + 1)K00 = 0. (19)

Hence

Kk0 + nK0k = F−2(n + 1)ykK00. (20)

Plugging (20) into (17), we get

Ki
k =

1
n− 1

K00h
i
k, (21)

which means thatF is of scalar flag curvature.

To prove Theorem 1.1, we need to find theW -curvature of Finsler metrics of

scalar flag curvature.

Proposition4.2 — LetF be a Finsler metric of scalar flag curvatureλ. Then

W -curvature is given by

W
i
k = anF 2yiλk, (22)

whereλk := ∂̇kλ andan := n2−2n−1
3n2−3

.
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PROOF : By assumption, the Riemannian curvature of Berwald connection is

in the following form.

Ki
jkl = λ(δi

kgjl − δi
lgjk) + λjF (δi

kFl − δi
lFk) +

1
3
F 2(hi

kλjl − hi
lλjk)

+
1
3
λlF (2δi

kFj − δi
jFk − gjk`

i)

− 1
3
Fλk(2δi

lFj − δi
jFl − gjl`

i). (23)

whereλij = ∂̇jλi. Hence, we have

Ki
k = λF 2hi

k. (24)

Then, we get the following relations

Kjl = (n− 1)(λgjl + FFlλj) +
n− 2

3
F 2λjl +

2(n− 3)
3

FFjλl,

K00 = λ(n− 1)F 2, Kk0 = λ(n− 1)FFk +
2n− 1

3
F 2λk,

K0k = λ(n− 1)FFk +
n− 4

3
F 2λk. (25)

Plugging (24) and (16) into (16), we get the result.

Proof of Theorem 1.1Suppose that(M,F ) is a Finsler manifold with dimension

n ≥ 3 and vanishingW -curvature. Then, by Proposition 4.1,F is of scalar flag

curvatureλ. Then, by Proposition 4.2, we getλk = 0. SinceM is connected,λ is

a function of positions, i.e.,F is of isotropic flag curvature. Now, Schur’s lemma,

which asserts that every connected Finsler manifold(M,F ) of isotropic flag cur-

vature with dimension greater than two is of constant flag curvature, completes the

proof.

Conversely, letF be a Finsler metric of constant flag curvature. Then, a

straightforward computation shows thatW
i
hjk = 0 and consequentlyW

i
j = 0.

This completes the proof.

A Finsler metricF is said to be C-projectively flat ifF is C-projectively related

to a locally Minkowski metric. It is well known that a Riemannain metricF is C-

projectively flat if and only ifF is projectively flat [1, 6].
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Beltrami’s theorem establishes an equivalency between projectively flatness

and being of constant sectional curvature of Riemannian metrics [3, 4]. There are

many projectively flat Finsler metrics which are not of constant flag curvature [8].

Here, we prove that C-projectively flatness implies constancy of the flag curvature.

Proposition4.3 — LetF be a C-projectively flat Finsler metric with dimension

n ≥ 3. ThenF is of constant flag curvature.

PROOF : Suppose thatF is C-projectively flat. Thus, by definition,F is C-

projectively related to a locally Minkowski metric. It is easy to see that for a

locally Minkowski metricW = 0. Therefore, by Proposition 3.2,F has vanishing

W -curvature, and, by Theorem 1.1,F is of constant flag curvature.
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