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1. INTRODUCTION

One of the important problems in Finsler geometry is to study and characterize
Finsler metrics of constant flag curvature [10]. On the other hand, there are some
well-known projective invariants of Finsler metrics namely, Weyl curvature, gener-
alized Douglas -Weyl curvature [5] and another C-projective invaliBicurvature

[7]. Weyl introduces a projective invariant for Riemannian metrics. Then Douglas
extendes Weyl's projective invariant to Finsler metrics. Finsler metrics with van-
ishing projective Weyl curvature are call&eyl metrics Z. Szald proves that
Weyl metrics are exactly Finsler metrics of scalar flag curvature.
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Recently, the non-Riemannian quantlily which is obtained from the mean
Berwald curvature by the covariant horizontal differentiation along geodesics, has
been studied extensively (for more details see [6, 7]). Akbar-Zadeh proves that for
a Weyl manifold of dimensiom > 3, the flag curvature is constant if and only
if H = 0. Then, it is natural to find other projectively invariant quantity which
characterizes Finsler metrics of constant flag curvature [9].

In this paper, we define a projective invariant so calléecurvature. We show
that thel -curvature is another candidate for characterizing Finsler metrics of con-
stant flag curvature. More precisely, we prove the following.

Theoreml1.1— Let (M, F') be a connected Finsler manifold with dimension
n > 3. ThenF is of constant flag curvature if and only i = 0.

We set the Berwald connection on Finsler manifolds. The vertical and horizon-
tal covariant derivatives of Berwald connection are denoted’land ’|’, respec-
tively.

2. PRELIMINARIES

Let M be ann-dimensionalC*> manifold. Denote byl’, M the tangent space at

x € M, and byTM = U,epT, M the tangent bundle af/. A Finsler metric
on M is a functionF' : TM — [0, co) which has the following properties: (&

is C* onT M, (ii) F'is positively 1-homogeneous on the fibers of tangent bundle
TM, and (iii) for eachy € T,M, the following quadratic forny, on T, M is
positive definite,

1
gy(u,v) == 3 [Fz(y + su + tv)] |s,t=0, u,v € T,M.

Given a Finsler manifoldM, F'), then a global vector fielé given byG =
Y’ go: —2G" (2, y) 507, whereG' := igil{Q% - %}yﬂ'yk is called the associated

sprayto (M, F'). The projection of an integral curve €t is called ageodesidn
M. A diffeomorphismf : (M, F) — (M, F) between two Finsler manifolds is
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called a projective transformation, ffmaps every geodesic &f to a geodesic of
F as a point set.

The Riemannian curvature tensor of Berwald connection are givétihy =
diGiy + Gii Gy — kGl — GiLG,y, wheredy, = 0 — G Om, Ok = 5or,
O = %, G, = 0G" andG’, = 0;G;, (for more details, see [7]).

The flag curvature in Finsler geometry is a natural extension of the sectional
curvature in Riemannian geometry, which is first introduced by L. Berwald. For
aflagP = span{y,u} C T,M with flagpoley, K = K(P,y) stands forflag
curvature WhenF is RiemannianK = K(P) is independent off € P, which
is just the sectional curvature &fin Riemannian geometry. We say that a Finsler
metric F' is of scalar curvatureif for any y € T,M, the flag curvaturdK =
K(z,y) is a scalar function on the slit tangent bundl®/,. If K = K (z), thenF’
is said to be ofsotropic flag curvatureIf K = constant, thenF is said to be of
constant flag curvature

3. SPECIAL PROJECTIVEWEYL CURVATURE

Let ¢ : F* — F™ be a projective transformation. Then, there exists a positive
homogeneous scalar functiét{(x, y) of degree one satisfying

G =G+ Pyi.

In this caseP is called the projective factor. Under a projective transformation
with projective factorP, the Riemannian curvature tensor of Berwald connection
changes as follows

K =K'y + Y nQ 1 + 01 Qjk + 5§3th — 610nQ;, (1)

whereQ; = d;P — PP; andQ;; = 9;Q; — 0;Q;. A projective transformation with
projective factorP is said to beC-projectiveif Q;; = 0.

Lemma3.1 — Every C-projective mapping : ™ — F™ with projective
factor P satisfiesP;;,y° = 0.
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PROOF: First, we prove that
Pik\sys = yséika' (2
We know thad,.d; = d;dy — G,0,. Hence, we get

Y*0iQrs=y" (9;ds Py — 03y, Py)
=y (ds Py, — Gg; Py — diPis + Gy, Psr)
=y°ds Py, — Gy Pis + G} Py,
=Pipsy® 3

By assumptior);; = 0. Then (2) implies the desired result. O

Let X be a projective vector field on a Finsler manif¢i/, ). Suppose that
the vector fieldX in a local coordinatéx?) on M is written in the formX =
X*(z)0;. Then the complete lift ofY is denoted byX and locally defined by
X=X'9; + y/9;X0;. Suppose that ; stands for Lie derivative with respect to
the complete lift ofX. Then we have

£.G' =Py, (4)
£y Gl=08LP+y'Py, (5)

£ Gl = 8Py + 0, P + y' Py, ©)

£ 5 Ghy = 81Py + 04 Py + 8] Py + y' P, @)

£ ¢ Ky = 61(Pyy — Pyp) + 01 Py — 04 Py + y'0; (P, — Prp)- - (8)
SinceQ;; = P;; — P;;, we have

£ ¢ Ky =61 Qu + 6] Py — 64 Pjji + y'0; Que. 9

We have
0j Pey = Pjyy — PrGyy. (10)
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Contracting; andk in (9) and using (2), we get
£ 3 K = Pyy — nPj+ Pyysy”, (11)

whereK;; := K7,,. Now, suppose thap;; = 0. Then by Lemma 3.1, we have
Py sy® = 0. Therefore, (11) reduces to the following

£)2Kjl = Pl|j - nPj“. (12)

f)”(Klj = Pj“ - nP”j. (13)

From (12) and (13), one can obtain

1
Pin=1",32 zfx{Klj + ”Kjl}~ (14)

Substituting (14) into (9) and using the assumptipn = 0, we are led to the
following tensor

i
Wi = Ky —

j {5f(Kkj +nKji) = 6(Ki; + ”Kjl)}~ (15)

1—n2

%

If we putTv, := W iwy'y', then we have

e i 1 i i

The tensoW?g is said to bespecial projective Weyl curvatuge W -curvature

Proposition3.2 — Let X be a C-projective vector field of Finsler metdc
Then we havet ¢ W, = 0.

Therefore, special Weyl projective curvature is invariant under C-projective
transformations.
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4. PROOF OFTHEOREM1.1

First, we prove that the class of Finsler metrics of scalar flag curvature contains the
class of Finsler metrics with vanishing’-curvature

Proposition4.1 — Let F' be a Finsler metric with vanishingl -curvature
ThenF is of scalar flag curvature.
PROOF: By assumption, we have the following

1
1—n2

K, — {¥/ (Ko + nEor) = 8in + 1) Koo | =0, (17)

where by definitionk’, = K747y, Itis well known that
K = 205G" — 7 0,0,G" + 2G70,;0,G" — 0;G O, GY, (18)

which implies thatyiKik, = 0. Contracting (17) withy; and using last relation
imply that
F?(Kio + nKor) — ye(n + 1) Koo = 0. (19)

Hence
Ko + nKor = F*(n 4+ 1)yp Koo. (20)

Plugging (20) into (17), we get

i 1 i
Ky = ——Koohy, (21)

which means that’ is of scalar flag curvature. O

To prove Theorem 1.1, we need to find thé-curvature of Finsler metrics of
scalar flag curvature.

Proposition4.2 — Let F' be a Finsler metric of scalar flag curvature Then
W-curvature is given by
W, = anF?y' M\, (22)

. 2
where); := 9\ anda,, := "3;22%1-
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PROOF: By assumption, the Riemannian curvature of Berwald connection is
in the following form.
1

Kl = Mgjt — 0igsk) + N F (6, F — 61 F) + gFQ(hisz )
+ %AZF(2(5’}CFj — 0%y, — gjil’)
— éF)\k(%ile — 0%F — gjil’). (23)
where);; = 9;\;. Hence, we have
Ki = AFhi. (24)
Then, we get the following relations
2(n —3)

n—2
Kj = (n—1)(\gji + FF ;) + TFQ)W + FE\,
on —1
Koo = An — DF?, K= An— 1)FF, + 2 F2),
—4
Kow = A(n — 1)FF, + nTFQ/\k. (25)
Plugging (24) and (16) into (16), we get the result. O

Proof of Theorem 1.Buppose thatM, F') is a Finsler manifold with dimension

n > 3 and vanishingl¥-curvature Then, by Proposition 4.1 is of scalar flag
curvature\. Then, by Proposition 4.2, we g&t = 0. SinceM is connected, is

a function of positions, i.e F' is of isotropic flag curvature. Now, Schur’s lemma,
which asserts that every connected Finsler manifdld F°) of isotropic flag cur-
vature with dimension greater than two is of constant flag curvature, completes the
proof.

Conversely, lett’ be a Finsler metric of constant flag curvature. Then, a
straightforward computation shows that, ; = 0 and consequentlyV’; = 0.
This completes the proof. O

A Finsler metricF' is said to be C-projectively flat i is C-projectively related
to a locally Minkowski metric. It is well known that a Riemannain meffigs C-
projectively flat if and only ifF' is projectively flat [1, 6].
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Beltrami’s theorem establishes an equivalency between projectively flatness
and being of constant sectional curvature of Riemannian metrics [3, 4]. There are
many projectively flat Finsler metrics which are not of constant flag curvature [8].
Here, we prove that C-projectively flatness implies constancy of the flag curvature.

Propositiond.3 — LetF' be a C-projectively flat Finsler metric with dimension
n > 3. ThenF is of constant flag curvature.

PROOF: Suppose that' is C-projectively flat. Thus, by definitionf’ is C-
projectively related to a locally Minkowski metric. It is easy to see that for a
locally Minkowski metric W = 0. Therefore, by Proposition 3.Z, has vanishing
W-curvature, and, by Theorem 1.A,is of constant flag curvature.
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