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A ring R is said to be right MP-injective if every monomorphism from
a principal right ideal to R extends to an endomorphism of R. A ring
R is said to be right MGP-injective if, for any 0 6= a ∈ R, there exists a
positive integer n such that an 6= 0 and every monomorphism from anR

to R extends to R. We shall study characterizations and properties of
these two classes of rings. Some interesting results on these rings are
obtained. In particular, conditions under which right MGP-injective
rings are semisimple artinian rings, von Neumann regular rings, and
QF-rings are given.
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1. Introduction

Throughout this article, R is an associative ring with an identity. For a
subset X of R, the right and left annihilators of X are denoted by l(X)
and r(X), respectively. The Jacobson radical of R is denoted by J = J(R),
the right and left singular ideals of R are denoted by Zr = Z(RR) and
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Zl = Z(RR). The right and left socles of R are denoted by Sr = Soc(RR)
and Sl = Soc(RR). Concepts which have not been explained can be found
in [10].

Recall that a ring is called right P-injective [8] if every R-homomorphism
from a principal right ideal of R to R extends to an endomorphism of R.
A ring R is called right generalized principally injective (briefly right GP-
injective) [7] if, for any 0 6= a ∈ R, there exists a positive integer n such
that an 6= 0 and any right R-homomorphism from anR to R extends to an
endomorphism of R. Such GP-injective rings are studied in papers [2, 3, 4,
7, 12]. In paper [12], GP-injective rings are called YJ-injective rings.

In this paper, we shall generalize the concepts of right P-injective rings
and right GP-injective rings to right MP-injective rings and right MGP-
injective rings, respectively, and obtain some interesting results on these
rings.

2. MP-Injective Rings

We start with the following definition.

Definition 2.1 — Let R be a ring. A right R− module N is MP-injective
if every monomorphism from a principal right ideal of R to N extends to a
homomorphism from R to N . Further, R is called right MP-injective if RR

is MP-injective.

Theorem 2.2 — The following conditions are equivalent for a ring R:

(1) R is right MP-injective;

(2) r(a) = r(b), a, b, in R, implies that Ra = Rb.

Proof : (1) ⇒ (2). If r(a) = r(b), then the mapping f : aR → bR,
ar 7→ br, is a monomorphism. Since R is right MP-injective, f = c·, for
some c ∈ R, and so b = ca. This implies that Rb ⊆ Ra. Similarly, Ra ⊆ Rb.

(2) ⇒ (1). Let f : aR → R be monic. Then r(a) = r(f(a)). By (2),
Ra = Rf(a), so that f(a) = ca for some c ∈ R. Hence f is left multiplication
by c, as required. ¤
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Corollary 2.3 — (1) A direct product
∏

Ri of rings is right MP-injective
if and only if each Ri is right MP-injective;

(2) A domain is right MP-injective if and only if it is a division ring. ¤

Recall that a ring R is right mininjective [9] if, for any minimal right ideal
I of R, every R-homomorphism from I to R extends to an endomorphism
of R. Clearly, right P-injective rings are right MP-injective, and right MP-
injective rings are right mininjective. It is easy to see that right GP-injective
rings are also right mininjective. Note that the ring Z of integers is right
mininjective, but not right MP-injective; so that right mininjective rings
need not be right MP-injective. In fact, even if R is right GP-injective, it
still need not be right MP-injective.

Example 2.4 — Let K be a field, and let L be a proper subfield of K

such that ρ : K → L is an isomorphism; e.g., let K = F (y1, y2, ...) with F a
field, ρ(yi) = yi+1 and ρ(c) = c for all c ∈ F . Let K[x1, x2; ρ] be the ring of
twisted left polynomials over K, where xik = ρ(k)xi for all k ∈ K and for
i = 1, 2. Set R = K[x1, x2; ρ]/(x2

1, x
2
2). Then R is right GP-injective, but R

is not right MP-injective.

Proof : By [4, Example 1], R is right GP-injective. Let a = y1x1 + x2

and b = x1 + y1x2. Then r(a) = r(b) = Kx1x2. Noting that y2
1 6= 1, we see

that a /∈ Rb, and so Ra 6= Rb. Hence R is not right MP-injective.

Proposition 2.5 — If R is right MP-injective and e2 = e ∈ R with ReR =
R, then eRe is right MP-injective.

Proof : Write S = eRe, and let rS(a) = rS(b), where a, b ∈ S. It suffices
to show that rR(a) = rR(b) (then Ra = Rb, so that a = ea ∈ eRb = Sb,
and b = eb ∈ eRa = Sa, as required). So let bx = 0 and x ∈ R, and write
1 =

∑n
i=1 pieqi, where pi, qi ∈ R. Then b(expie) = bxpie = 0 for each i,

and so a(expie) = 0 by hypothesis. Hence ax =
∑n

i=1 axpieqi = 0. Thus
rR(b) ⊆ rR(a). Similarly, rR(a) ⊆ rR(b). ¤

Theorem 2.6 — Let R be right MP-injective and let a, b ∈ R:

(1) If bR embeds in aR, then Rb is an image of Ra;

(2) if bR ∼= aR, then Rb ∼= Ra.
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Proof : (1) If σ : bR → aR is monic, then σ = c. for some c ∈ R

by the right MP-injectivity of R. Let xa = 0. Then aR ⊆ r(x), and so
xcbR = xσ(bR) ⊆ x(aR) = 0. Now we define ϕ : Ra → Rb by xa 7→ xcb.
Then ϕ is a left R-homomorphism. Since σ is monic, r(cb) = r(b). It follows
that R(cb) = Rb because R is right MP-injective. Therefore ϕ is epic.

(2) If σ : bR → aR is an isomorphism, then, by (1), ϕ is epic. If xcb = 0
for some x ∈ R, then xσ(bR) = 0, and hence xaR = 0, i.e., xa = 0. This
shows that ϕ is an isomorphism. ¤

Recall that a ring R is called right C2 if every right ideal that is isomor-
phic to a direct summand of R is itself a direct summand of R.

Theorem 2.7 — Every right MP-injective ring is right C2.

Proof : If T is a right ideal of R and T ∼= eR, where e2 = e ∈ R,
then T = aR for some a ∈ R, and so T is projective. Hence r(a) ⊆⊕ RR.
Write r(a) = fR, where f2 = f ∈ R. Then r(a) = r(1 − f). By the right
MP-injectivity of R, Ra = R(1− f) ⊆⊕ RR, and so T = aR ⊆⊕ RR. ¤

Note that direct summands of MP-injective modules are again MP-
injective. Using Theorem 2.7, we have the following corollary.

Corollary 2.8 — If R is a right MP-injective ring, then the following are
equivalent for an element a ∈ R:

(1) aR is projective;

(2) aR is a direct summand of RR;

(3) aR is an MP-injective module. ¤

Example 2.9 — Let R =

{[
a v

0 a

]∣∣∣∣∣ a ∈ F, v ∈ V

}
be the trivial exten-

sion of the field F by the two-dimensional vector space V over F , Then R

is a commutative C2 ring that is not MP-injective.

Proof : By [10, Example 5.12], R is a commutative C2 ring. Let V =

uF ⊕ wF and write x =

[
0 u

0 0

]
, y =

[
0 w

0 0

]
. Then r(x) = r(y) =
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[
0 V

0 0

]
, but Rx =

[
0 Fu

0 0

]
and Ry =

[
0 Fw

0 0

]
. So Rx 6= Ry, and

hence R is not MP-injective. ¤

Let E(M) denote the injective hull of MR. The module M is weakly
injective [6] if, for every finitely generated submodule NR ⊆ E(M), we have
N ⊆ XR ⊆ E(M) for some XR

∼= M .

Theorem 2.10 — The ring R is right selfinjective if and only if R is
right MP-injective and RR is weakly injective.

Proof : The conditions are clearly necessary. For the converse, if a ∈
E(RR) we show that a ∈ R. By the weak injectivity of RR, we have R +
aR ⊆ X ⊆ E(RR) with X ∼= RR. Hence X satisfies the C2 condition by
Theorem 2.7, so RR | XR. But RR is essential in E(RR), so that R = X as
required. ¤

Theorem 2.11 — Let R be right MP-injective, and suppose that the sum∑n
i=1 Rbi is direct, where bi ∈ R. Then any monomorphism

α :
∑n

i=1 biR → R can be extended to R.

Proof : For each i, α(bi) = aibi for some ai ∈ R by hypothesis, and
similarly α(b1 + · · · + bn) = a(b1 + · · · + bn) for some a ∈ R. Thus a1b1 +
a2b2 + · · ·+ anbn = ab1 + ab2 + · · ·+ abn. Since

∑n
i=1 Rbi is direct, we have

aibi = abi for each i. Hence α = a·. ¤

3. MGP-Injective Rings

Recall that a right R- module N is GP-injective [7] if, for any 0 6= a ∈
R, there exists a positive integer n such that an 6= 0 and any right R-
homomorphism from anR to N extends to a homomorphism of R to N .

Definition 3.1 — Let R be a ring. A right R−module N is MGP-injective
if, for any 0 6= a ∈ R, there exists a positive integer n such that an 6= 0 and
any R-monomorphism from anR to N extends to a homomorphism of R to
N . The ring R is right MGP-injective if RR is MGP-injective.

Theorem 3.2 — The following conditions are equivalent for a ring R:

(1) R is right MGP-injective;



632 ZHU ZHANMIN

(2) for any 0 6= a ∈ R, there exists n > 0 such that an 6= 0 and b ∈ Ran

for every b ∈ R with r(an) = r(b).

Proof : (1) ⇒ (2). Let 0 6= a ∈ R. Since R is right MGP-injective,
there exists a positive integer n, such that an 6= 0 and every monomorphism
from anR to R extends to R. Suppose that r(an) = r(b). Then f : anR →
R, anr 7→ br, is a monomorphism, and then f extends to an endomorphism
g of R. So b = f(an) = g(an) = g(1)an ∈ Ran.

(2)⇒ (1). Let 0 6= a ∈ R. By (2), there exists n > 0 such that an 6= 0
and b ∈ Ran for any b ∈ R with r(an) = r(b). Let f : anR → R be monic.
Then r(an) = r(f(an)), and so f(an) = can for some c ∈ R. It follows that
f = c·, as requied. ¤

It is obvious that right GP-injective rings and right MP-injective rings
are both right MGP-injective, and that right MGP-injective rings are right
mininjective.

Example 3.3 — Let M = ⊕∞i=1Zpi , where pi is the ith prime number, and
let

R =

{[
n x

0 n

]∣∣∣∣∣n ∈ Z, x ∈ M

}
.

Then R is right mininjective with nonzero right socle, but R is not right
MGP -injective.

Proof : By [11, Example 3.1], R is right JP-injective, so it is right

mininjective by [11, Proposition 3.4]. Clearly, Soc(RR) =

[
0 ⊕∞i=1Zpi

0 0

]
6=

0. Take a =

[
2 0
0 2

]
. Then for k > 0, we have r(ak) = r(ak+1), but

ak /∈ Rak+1. Therefore, R is not right MGP-injective by Theorem 3.2. ¤

Recall that a ring R is right GC2 [11] if every right ideal that is isomorphic
to R is itself a direct summand of R.

Theorem 3.4 — Let R be right MGP-injective. Then:

(1) R is right GC2;

(2) J(R) = Zr.
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Proof : (1) Let r(a) = 0. Since R is right MGP-injective, there exists a
positive integer n such that an 6= 0 and every monomorphism from anR to
R extends to R. Define f : anR → R, anx 7→ x. Then f is a monomorphism,
and hence it extends to an endomorphism g of R. Thus 1 = f(an) = g(an) =
g(1)an, and then R = Ran. Therefore R is right GC2 by [11, Proposition
2.2].

(2) Since R is right GC2, Zr ⊆ J(R) by [11, Proposition 2.6]. Let
a ∈ J(R). Then we shall show that a ∈ Zr. If not, then there exists
0 6= b ∈ R such that r(a) ∩ bR = 0. Clearly ab 6= 0. But since R is right
MGP-injective, there exists a positive integer n such that (ab)n 6= 0 and
c ∈ R(ab)n for any c ∈ R with r((ab)n) = r(c). Now let c = b(ab)n−1. Then
r((ab)n) = r(c), and so c = d(ab)n for some d ∈ R. Thus (1 − da)c = 0.
Since a ∈ J(R), 1− da is invertible, and so c = 0. Hence (ab)n = ac = 0, a
contradiction. ¤

Corollary 3.5 — Let R be a right MGP-injective ring:

(1) If RR is of finite Goldie dimension, then R is semilocal;

(2) R is right noetherian if and only if R is right artinian.

Proof : (1) By Theorem 3.4, RR satisfies GC2. Since RR has finite
Goldie dimension, it is semilocal by [13, Lemma 1.1].

(2) Let R be right noetherian. Then R is semilocal by (1). Further, since
R has ACC on right annihilators, Zr is nilpotent by [10, Lemma 3.29]. Since
R is right MGP-injective, J(R) = Zr by Theorem 3.4(2). Hence R is right
noetherian and semiprimary, and therefore R is right artinian.

The converse is clear. ¤

Recall that a maximal right annihilator in R is a right annihilator M

such that M 6= R and for any right annihilator N with M ⊆ N , either
N = M or N = R.

Lemma 3.6 — Let L be a maximal right annihilator in a ring R. Then
there exists 0 6= a ∈ R such that L = r(a) and r(y) = r(a) for every
0 6= y ∈ Ra. Moreover, if R is a semiprime ring, then r(a) is not essential in
RR.
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P̧roof : It is obvious that there exists 0 6= a ∈ R such that L = r(a)
and r(y) = r(a) for every 0 6= y ∈ Ra by the maximality of the right
annihilator L. Suppose that R is a semiprime ring. Let S = Zr ∩ Ra. We
claim that S = 0. Assume there exists x ∈ S with x2 6= 0. Then we have
r(a) = r(x) = r(x2), and hence xR ∩ r(x) = 0. This contradicts x ∈ Zr.
Therefore, x2 = 0 for each x ∈ S. Now let 0 6= x, y ∈ S. Then r(x) = r(y).
Since x2 = 0, we have x ∈ r(x) = r(y), hence yx = 0. Thus we have proved
that S2 = 0, and hence S = 0 because R is semiprime. Therefore a /∈ Zr,
and hence r(a) is not essential in RR. ¤

Theorem 3.7 — If R is a semiprime right MGP-injective ring, then
every maximal right annihilator of R is a maximal right ideal generated by
an idempotent.

Proof : Let L be a maximal right annihilator of R. Since R is semiprime,
by Lemma 3.6, there exist a nonzero element a of R and a nonzero right ideal
I such that L = r(a) = r(y) for every 0 6= y ∈ Ra, and then r(a) ⊕ I is
essential in RR. Take 0 6= b ∈ I. Then ab 6= 0. By the right MGP-injectivity
of R, there exists a positive integer n such that (ab)n 6= 0 and x ∈ R(ab)n

whenever r((ab)n) = r(x). Noting that bR ∩ r((ab)n−1a) = bR ∩ r(a) = 0,
we have r((ab)n) = r(b). Hence b = c(ab)n for some c ∈ R, so that
b ∈ r(a − ac(ab)n−1a). On the other hand, b 6∈ r(a), so the inclusion
r(a) ⊂ r(a−ac(ab)n−1a) is strict, which implies that a = ac(ab)n−1a because
r(a) is a maximal right annihilator. Now let e = c(ab)n−1a. Then e2 = e

and L = r(a) = r(e) = (1− e)R.

To see that L is a maximal right ideal, it suffices to show that eR is a
minimal right ideal. By the semiprimeness of R, we need only show that eRe

is a division ring. Indeed, if 0 6= u ∈ eRe, then by the right MGP-injectivity
of R, there exists a positive integer m such that um 6= 0 and v ∈ Rum for
each v ∈ R with r(um) = r(v). Since e ∈ Ra, we have r(um) = r(e). So
e = dum for some d ∈ R, and hence e(dum−1)eu = edum = e2 = e. Therefore
eRe is a division ring. ¤

Corollary 3.8 — Let R be a semiprime right MGP-injective ring. Then
there exists a maximal right annihilator in R if and only if soc(RR) 6= 0.

Lemma 3.9 — Let R be a right MGP-injective ring. If a /∈ J(R), then
the inclusion r(a) ⊂ r(a− aca) is strict for some c ∈ R.
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Proof : By Theorem 3.4, r(a) is not essential in RR, and so there
exists a nonzero right ideal I of R such that r(a) ⊕ I is essential in RR.
Take 0 6= b ∈ I. Then ab 6= 0. By the right MGP-injectivity of R, there
exists a positive integer n such that (ab)n 6= 0 and every monomorphism
from (ab)nR to R can be extended to R. In particular, the monomorphism
f : (ab)nR → R given by f(ab)nr) = b(ab)n−1r can be extended to an
endomorphism of R. Thus, b(ab)n−1 = f((ab)n) = c(ab)n for some c ∈ R.
So b(ab)n−1 ∈ r(1−ca), and then b(ab)n−1 ∈ r(a−aca). But b(ab)n−1 /∈ r(a).
Hence the inclusion r(a) ⊂ r(a− aca) is strict. ¤

Lemma 3.10 — Let R be a ring. Suppose that, for any seqence {a1, a2, · · · }
⊆ R, the chain r(a1) ⊆ r(a2a1) ⊆ ... terminates. Then:

(1) Zr is right T - nilpotent;

(2) R/Zr contains no infinite set of nonzero, pairwise orthogonal idem-
potents.

Proof : This is a corollary of [5, Lemma 1.9]. ¤

Theorem 3.11 — Let R be a right MGP-injective ring. Then the fol-
lowing statements are equivalent:

(1) R is right perfect ;

(2) the ascending chain r(a1) ⊆ r(a2a1) ⊆ r(a3a2a1) ⊆ · · · terminates
for every sequence {a1, a2, · · · } ⊆ R.

Proof : (1) ⇒ (2). This is obvious.

(2) ⇒ (1). First, we prove that R/J(R) is a von Neumann regular ring.
Let a1 ∈ R but a1 /∈ J(R). We want to show that a1= a1 x1 a1 for some
x1 ∈ R, where a = a + J(R). By Lemma 3.9, there exists c1 ∈ R such that
the inclusion r(a1) ⊂ r(a2) is strict, where a2 = a1 − a1c1a1. If a2 ∈ J(R),
then a1= a1 c1 a1 and we are done. If a2 /∈ J(R), then, by Lemma 3.8,
there exists c2 ∈ R such that the inclusion r(a2) ⊂ r(a3) is strict where
a3 = a2 − a2c2a2. Repeat the above process. If a1, a2, a3, ... are all not in
J(R), then we will get a strictly ascending chain

r(a1) ⊂ r(a2) ⊂ r(a3) ⊂ · · · ,

where ai+1 = ai − aiciai for some ci ∈ R, i = 1, 2, · · · . Let b1 = a1, b2 =
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1 − a1c1, b3 = 1 − a2c2, · · · . Then a1 = b1, a2 = b2b1, a3 = b3b2b1, · · · , and
the ascending chain

r(b1) ⊂ r(b2b1) ⊂ r(b3b2b1) ⊂ · · ·

is strict, which contradicts the hypothesis. Therefore, there exists a positive
integer n such that an+1 ∈ J(R). This shows that an is a regular element,
and so an−1, an−2, · · · , a1 are regular elements.

Finally, since R is right MGP-injective and the chain r(a1) ⊆ r(a2a1) ⊆
· · · terminates, J(R) is right T− nilpotent and R/J(R) contains no infinite
set of nonzero, pairwise orthogonal idempotents by Lemma 3.9. Conse-
quently R is right perfect. ¤

Recall that a ring R is called left (respectively, right) Kasch if every simple
left (respectively, right) R-module can be embedded in RR (respectively,
RR).

Corollary 3.12 — If R is a right MGP-injective ring with ACC on right
annihilators, then:

(1) R is semiprimary;

(2) R is left and right Kasch.

Proof : (1) It is well known that Zr is nilpotent for any ring R with ACC
on right annihilators. By Theorem 3.4 and Theorem 3.11, R is semiprimary.

(2) By (1), R is semiprimary, so R is semiperfect with essential right
socle. Noting that R is right mininjective, hence it is right minfull, and thus
(2) follows from [10, Theorem 3.12(1)]. ¤

Corollary 3.13 — Let R be a right MGP-injective ring with ACC on right
annihilators and Sl ⊆ Sr. Then R is left artinian if and only if Sl is a finitely
generated left ideal.

Proof : By Corollary 3.12, R is semiprimary. By [9, Theorem 1.14(4)],
Sr ⊆ Sl, and so Sl = Sr by the hypothesis. Now the result follows by [1,
Lemma 6]. ¤

Corollary 3.14 — Let R be a right MGP-injective ring with ACC on right
annihilators. If every minimal left ideal is a left annihilator, then:
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(1) R is left artinian;

(2) R is right artinian if and only if Sr is finitely generated as a right
ideal of R.

Proof : (1). By Corollary 3.12, R is semiprimary. By [9, Corollary
3.15], R is left finite dimensional with Sl = Sr. Now, by [1, Lemma 6], R is
left artinian.

(2) The assertion follows from (1) and [1, Lemma 6]. ¤

Recall that a ring R is QF if it is right or left self-injective and right or
left artinian. A ring R is left minanilator ring if every minimal left ideal is a
left annihilator. A ring R is right (left) min-CS if every minimal right (left)
ideal of R is essential in a direct summand of RR (RR). A ring R is right
CF if every cyclic right R-module can be embedded in a free module. These
concepts can be found in [10].

Theorem 3.15 — Let R be a right MGP-injective ring. Then the fol-
lowing are equivalent:

(1) R is a QF-ring ;

(2) R is a left mininjective ring with ACC on right annihilators;

(3) R is right min-CS, left minanilator ring with ACC on right annihi-
lators;

(4) R is a two-sided min-CS ring with ACC on right annihilators;

(5) R is a right finite dimensional right CF-ring.

Proof : It is obvious that (1) implies clauses (2) through (5).

(2) ⇒ (1). By Corollary 3.12(1), R is semiprimary, so it is a semilocal,
left and right mininjective ring with ACC on right annihilators in which
Sr ⊆ess RR. By [10, Theorem 3.31], R is a QF-ring.

(3)⇒ (1). Since R is a semiprimary left minanilator ring, it is a right min-
PF ring with Sr = Sl by [10, Corollary 3.25]. Then R is a right minanilator
ring by [10, Lemma 4.4] because it is right min-CS. Hence R is left min-PF,
again by [10, Corollary 3.25]. Now [10, Theorem 3.38] shows that R is QF.
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(4) ⇒ (1). By Corollary 3.12(2), R is left and right Kasch, and hence
Sr = Sl by [10, Lemma 4.5(2)] because R is left and right min-CS. Thus R

is a left and right min-PF ring by [10, Corollary 4.6], so R is QF, again by
[10,Theorem 3.38].

(5) ⇒ (1). Since R is right MGP-injective and right finite-dimensional,
by Corollary 3.5(1), R is semilocal. And so R is a QF-ring by [10, Theorem
8.11(7)]. ¤

Lemma 3.16 — Let R be a semiprime ring. Suppose that, for any se-
quence {a1, a2, · · · } ⊆ R, the chain r(a1) ⊆ r(a2a1) ⊆ · · · terminates. Then
any nonzero left ideal of R is not nil.

Proof : Let I be any nonzero left ideal of R.

We first claim that there exists 0 6= b ∈ I such that r(b) = r(y) for every
0 6= y ∈ Rb (*)

Assume towards a contradiction that this fails, and take 0 6= a1 ∈ I.
Then there exists a2 ∈ R such that a2a1 6= 0 and r(a1) ( r(a2a1). Since 0 6=
a2a1 ∈ I, there exists a3 ∈ R such that a3a2a1 6= 0 and r(a2a1) ( r(a3a2a1).
Continuing in this way, we obtain a strictly ascending chain

r(a1) ( r(a2a1) ( r(a3a2a1) ( · · ·

where ai ∈ R, i = 1, 2, · · · , a contradiction. This proves the claim.

Since R is semiprime, there exists c ∈ R such that bcb 6= 0. Then
r(b) = r(bcb) by (*). Since bc 6= 0, c /∈ r(b) = r(bcb), so (bc)2 6= 0. Thus
cbc /∈ r(b) = r(bcb), which shows that (bc)3 6= 0. In the same manner, we
have (bc)n 6= 0 for every positive integer n. Therefore, I is not nil. ¤

Theorem 3.17 — Let R be a right MGP-injective ring such that the
ascending chain r(a1) ⊆ r(a2a1) ⊆ r(a3a2a1) ⊆ · · · terminates for every
sequence {a1, a2, · · · } ⊆ R. Then following conditions are equivalent:

(1) R is a semisimple artinian ring ;

(2) R is a semiprime ring ;

(3) Zr is a closed left ideal of R.

Proof : (1) ⇒ (2) and (1) ⇒ (3) are trivial.
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(2) ⇒ (1). By Theorem 3.11, R is right perfect, i.e., R/J(R) is semisim-
ple artinian and J(R) is right T− nilpotent. Assume that J(R) 6= 0. Then
by Lemma 3.16, J(R) is not nil, a contradiction. So J(R) = 0, and hence R

is semisimple artinian.

(3) ⇒ (1). Since R is right perfect, Sl ⊆ess
RR. Let

Soc(Zr)⊕K = Sl. (**)

If Zr ∩ K 6= 0, then Sl ∩ (Zr ∩ K) 6= 0, i.e., Soc(Zr) ∩ K 6= 0. This
contradicts Soc(Zr) ∩ K = 0. Therefore, Zr ∩ K = 0. Now, since Sl =
Soc(Zr) ⊕ K ⊆ Zr ⊕ K ⊆ R, we have Zr ⊆ Zr ⊕ K ⊆ess

RR. Since
Zr is a closed left ideal of R, we see that (Zr ⊕ K)/Zr ⊆ess R/Zr as left
R-modules. Noting that R/J(R) is semisimple, by Theorem 3.4, we have
(Zr⊕K)/Zr = R/Zr. Thus there exists k ∈ K such that 1−k ∈ Zr = J(R).
But J(R) is right T -nilpotent, so that there exists a positive integer n such
that (1 − k)n = 0 and hence 1 ∈ K, i.e., K = R. It follows from (**) that
R = Sl, which implies that R is semisimple artinian. ¤

A ring R is Dedekind finite if uv = 1 in R implies that vu = 1.

Theorem 3.18 — Let R be right MGP-injective. Then the following are
equivalent:

(1) R/J(R) is Dedekind finite;

(2) every monomorphism RR → RR is an isomorphism;

(3) R is Dedekind finite.

Proof : (1) ⇒ (2). Let f : RR → RR be monic, and let a = f(1).
Then a 6= 0 and r(a) = 0. By hypothesis, there exists n > 0 such that
an 6= 0 and every monomorphism anR → R extends to R. In particular,
the monomorphism g : anR → R, anr 7→ r, extends to R. Therefore 1 =
g(an) = ban for some b ∈ R, and then 1 = ban in R := R/J . By (1), we have
anb=1. Write 1 = anb + x, where x ∈ J(R). Then anb(1− x)−1 = 1, and so
f(an−1b(1− x)−1) = 1, showing that f is an isomorphism.

(2) ⇒ (3). Let ab = 1. Define f : RR → RR by f(r) = br. Then f is
monic and, by (2), 1 = bc for some c. Hence, c = (ab)c = a(bc) = a.

(3) ⇒ (1). Let ab=1 in R/J(R). Then ab = 1 + x for some x ∈ J(R),
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and hence 1 = (1 + x)−1ab. By (3), 1 = b(1 + x)−1a. It follows that 1=ba.¤

Recall that a ring R is right PP ring if every principal right ideal of R is
projective. An element a ∈ R is π−regular if there exists a positive integer
m such that am = ambam for some b ∈ R. An element x ∈ R is generalized
π−regular if there exists a positive integer n such that xn = xnyx for some
y ∈ R. A ring R is π−regular (respectively, generalized π−regular) if every
element in R is π−regular (respectively, generalized π−regular).

Next we give some new characterizations of von Neumann regular rings
by right MGP-injective rings and MGP-injective right R-modules respec-
tively.

Theorem 3.19 — The following are equivalent for a ring R:

(1) R is von Neumann regular ;

(2) R is right PP and right MGP-injective;

(3) every right R-module is MGP-injective;

(4) every cyclic right R-module is MGP-injective;

(5) every principal right ideal of R is MGP-injective;

(6) every proper principal right ideal of R is MGP-injective;

(7) every essential right ideal of R is MGP-injective.

Proof : (1) ⇒ (2), (1) ⇒ (3) ⇒ (4) ⇒ (5) ⇒ (6) and (1) ⇒ (7)
are obvious. Since every direct summand of an MGP-injective module is
MGP-injective, (7) ⇒ (6) is clear.

(2) ⇒ (1) Suppose that R is right PP and right MGP-injective. For any
nonzero element a ∈ R, there exists n > 0 such that an 6= 0 and b ∈ Ran

whenever r(an) = r(b). Since R is right PP, anR is projective, and hence
r(an) = eR for some e2 = e ∈ R. It follows that r(an) = r(1 − e). Thus,
1 − e = can for some c ∈ R, and then an = an(1 − e) = ancan. So R is
π−regular and hence generalized π−regular. Clearly, N1(R) = {0 6= a ∈ R |
a2 = 0} is regular. Therefore R is regular by [3, Theorem 2.2].

(6) ⇒ (1). This is similar to the proof of (4) ⇒ (1) in [3, Theorem 2.3].¤
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Recall that a ring R is strongly regular if, for every a ∈ R, there exists
b ∈ R such that a = ba2; R is reduced if it has no nonzero nilpotent elements.

Lemma 3.20 — The following statements are equivalent for a ring R:

(1) R is a reduced ring;

(2) for any a ∈ R, a = 0 whenever a2 = 0;

(3) for any a ∈ R, r(a2) = r(a);

(4) for any a ∈ R and any positive integer k, r(ak) = r(a);

(5) for any a ∈ R, there exists a positive integer k ≥ 2 such that r(ak) =
r(a).

Proof : (1) ⇒ (2), (4) ⇒ (5), and (5) ⇒ (3) are obvious

(2) ⇒ (3). If a2x = 0, x ∈ R, then (axa)2 = 0, and so axa = 0 by (2). It
follows that (ax)2 = 0, and hence ax = 0, as required.

(3) ⇒ (4). We prove the result by induction on k. Clearly, (4) holds in the
case where k = 1. Suppose that r(ak) = r(a). Then, for any x ∈ r(ak+1), we
have ax ∈ r(ak) = r(a), and so a2x = 0. This shows that x ∈ r(a2) = r(a),
so that r(ak+1) = r(a). Thus (4) is proved.

(3) ⇒ (1). We prove the result by induction on n, showing that, if
an = 0, a ∈ R, where n is a positive integer, then a = 0. Indeed, this is
obvious in the case where n = 1. Assume that an−1 = 0 implies a = 0.
Then, if an = 0, where n ≥ 2, we have an−2 ∈ r(a2) = r(a), which shows
that an−1 = 0, and so a = 0 by the induction hypothesis. ¤

Theorem 3.21 — The following are equivalent for a ring R:

(1) R is strongly regular;

(2) R is reduced and right MP-injective;

(3) R is reduced and right MGP-injective.

Proof : (1) ⇒ (2) ⇒ (3) are clear.

(3) ⇒ (2). Let r(a) = r(b), where a, b ∈ R. If a = 0, then b = 0, and
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hence Ra = Rb. If a 6= 0, then b 6= 0. Since R is right MGP-injective, there
exists n > 0 such that an 6= 0 and c ∈ Ran for every c ∈ R with r(an) = r(c).
Since R is reduced, by Lemma 3.20, r(a) = r(an). So r(an) = r(b), and
whence b ∈ Ran ⊆ Ra. Similarly, a ∈ Rb, so Ra = Rb. Thus (2) follows.

(2) ⇒ (1). Let a ∈ R. Since R is reduced, by Lemma 3.20, we have
r(a) = r(a2). Notice that R is right MP-injective, by Theorem 2.2, there
exists b ∈ R such that a = ba2. This implies that R is strongly regular. ¤

Theorem 3.22 — If R is a semiprime right MGP -injective ring, then
the centre of R is a strongly regular ring.

Proof : Let x ∈ C(R). If x2 = 0, then (xR)2 = 0, and so x = 0 because
R is semiprime. This shows that C(R) is reduced. Now let a ∈ C(R). If
a2 = 0, then a = 0 = ba2 for any b ∈ R. If a2 6= 0, then, by the right MGP-
injectivity of R, there exists n > 0 such that a2n 6= 0 and a′ ∈ Ra2n for
every a′ ∈ R with r(a2n) = r(a′). If a2nr = 0, then (Ra2n−1r)2 = 0, and so
a2n−1r = 0 as R is semiprime. Continuing in this way, we obtain ar = 0, and
it follows that r(a) = r(a2n). Thus, there exists b ∈ R such that a = ba2n.
Write c = ba2n−2. Then a = ca2. Now we claim that c ∈ C(R). In fact, for
any y ∈ R, we have a2(yc− cy) = a2(yba2n−2 − ba2n−2y) = yba2n − ba2ny =
ya − ay = 0 ⇒ yc − cy ∈ r(a2), and so yc − cy ∈ r(a) ⇒ 0 = a(yc − cy) =
a2n−1(yb − by), whence yb − by ∈ r(a2n−1). Thus yb − by ∈ r(a2n−2), and
so 0 = a2n−2(yb − by) = yba2n−2 − ba2n−2y = yc − cy ⇒ yc = cy, so that
c ∈ C(R). Therefore C(R) is strongly regular. ¤

Following [8], we call an element u of R right uniform if u 6= 0 and uR is
a uniform right ideal.

Lemma 3.23 — Let R be right MGP-injective. If u ∈ R is a right uniform
element, then Mu = {x ∈ R | uR ∩ r(x) 6= 0} is a maximal left ideal which
contains l(u).

Proof : Since uR is uniform, Mu is a left ideal. Clearly, l(u) ⊆ Mu 6= R.
If a 6∈ Mu, then r(a) ∩ uR = 0, and hence au 6= 0. By the right MGP-
injectivity of R, there exists a positive integer n such that (au)n 6= 0 and
b ∈ R(au)n for any b ∈ R with r((au)n) = r(b). Since r(u(au)n−1) =
r((au)n), we have u(au)n−1 ∈ R(au)n. Write u(au)n−1 = c(au)n, where
c ∈ R. Then 1 − ca ∈ l(u(au)n−1), and hence R = Ra + l(u(au)n−1). But
l(u(au)n−1) ⊆ Mu, so R = Ra + Mu. Consequently, Mu is maximal. ¤
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Corollary 3.24 — If R is right MGP-injective and right uniform, then R

is local.

Proof : It is easy to see that J(R) = Zr = M1. ¤

Corollary 3.25 — Let R be right MGP-injective and left Kasch, and
suppose that every nonzero right ideal contains a uniform right ideal. Then
every maximal left ideal M has the form M = Mu for some right uniform
element u.

Proof : Since R is left Kasch, by [10, Proposition 1.44], r(M) 6= 0,
so let uR ⊆ r(M), where uR is uniform. We show that Mu ⊆ M and use
Lemma 3.23. If x ∈ Mu then V = r(x) ∩ uR 6= 0, so that x ∈ l(V ). But
V ⊆ uR ⊆ r(M), so M ⊆ lr(M) ⊆ l(V ). Hence M = l(V ), so x ∈ M , as
required. ¤

Lemma 3.26 — Let R be right MGP-injective, and let W = u1R⊕ · · · ⊕
unR be a direct sum of uniform right ideals uiR of R. If M ⊆ R is a maximal
left ideal not of the form Mu for any right uniform element u, then there
exists m ∈ M such that r(1−m) ∩W is essential in W .

Proof : Since M 6= Mu1 , we can see that r(a) ∩ u1R = 0, for a ∈ M .
Then, by the argument in Lemma 3.23, there exist a positive integer n and
an element b ∈ R such that u1(au1)n−1 6= 0 and 1− ba ∈ l(u1(au1)n−1). Let
m1 = ba. Then m1 ∈ M and r(1−m1)∩ u1R ⊇ r(1−m1)∩ u1(au1)n−1R =
u1(au1)n−1R 6= 0. If r(1−m1)∩ uiR 6= 0 for all i ≥ 2, then we are done. If,
say, r(1−m1) ∩ u2R = 0, then (1−m1)u2R is uniform (being isomorphism
to u2R), so, as before, r(1 − α1) ∩ (1 −m1)u2R 6= 0 for some α1 ∈ M . Let
m2 = α1 + m1 − α1m1. Then m2 ∈ M and r(1 −m2) ∩ uiR 6= 0, i = 1, 2.
Continue in this way to obtain m ∈ M such that r(1 − m) ∩ uiR 6= 0 for
each i, and Lemma 3.26 follows. ¤

Theorem 3.27 — Let R be right MGP-injective and right finite dimen-
sional :

1. If M ⊆ R is a maximal left ideal, then M = Mu for some right
uniform element u ∈ R;

2. R is semilocal.

Proof : Let W = u1R⊕ · · · ⊕ unR be essential in R where each uiR is
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uniform. By Lemma 3.26, if r(1 −m) ∩W is essential in W , m ∈ W , then
1 −m ∈ J(R) ⊆ M by Theorem 3.4, a contradiction. This proves (1). As
to (2), if x ∈ Mu1 ∩ · · · ∩Mun , then r(x) ∩ uiR 6= 0 for each i. Note that
r(x) ∩ uiR E uiR, so ⊕n

i=1r(x) ∩ uiR E⊕n
i=1uiR = W E RR, whence r(x) is

essential in RR. Hence x ∈ J(R), proving (2). ¤

Corollary 3.28 — If R is right nonsingular, right MGP- injective and
right finite dimensional, then R is semisimple artinian. ¤
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