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A ring R is said to be right MP-injective if every monomorphism from
a principal right ideal to R extends to an endomorphism of R. A ring
R is said to be right MGP-injective if, for any 0 # a € R, there exists a
positive integer n such that a” # 0 and every monomorphism from o™ R
to R extends to R. We shall study characterizations and properties of
these two classes of rings. Some interesting results on these rings are
obtained. In particular, conditions under which right MGP-injective
rings are semisimple artinian rings, von Neumann regular rings, and
QF-rings are given.
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1. INTRODUCTION

Throughout this article, R is an associative ring with an identity. For a
subset X of R, the right and left annihilators of X are denoted by [(X)
and r(X), respectively. The Jacobson radical of R is denoted by J = J(R),
the right and left singular ideals of R are denoted by Z, = Z(Rg) and
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Z; = Z(rR). The right and left socles of R are denoted by S, = Soc(Rg)
and S; = Soc(rR). Concepts which have not been explained can be found
in [10].

Recall that a ring is called right P-injective [8] if every R-homomorphism
from a principal right ideal of R to R extends to an endomorphism of R.
A ring R is called right generalized principally injective (briefly right GP-
injective) [7] if, for any 0 # a € R, there exists a positive integer n such
that a™ # 0 and any right R-homomorphism from a™R to R extends to an
endomorphism of R. Such GP-injective rings are studied in papers [2, 3, 4,
7, 12]. In paper [12], GP-injective rings are called YJ-injective rings.

In this paper, we shall generalize the concepts of right P-injective rings
and right GP-injective rings to right MP-injective rings and right MGP-
injective rings, respectively, and obtain some interesting results on these
rings.

2. MP-INJECTIVE RINGS

We start with the following definition.

Definition 2.1 — Let R be a ring. A right R— module N is MP-injective
if every monomorphism from a principal right ideal of R to N extends to a
homomorphism from R to N. Further, R is called right MP-injective if Rgr
is MP-injective.

Theorem 2.2 — The following conditions are equivalent for a ring R:
(1) R is right MP-injective;
(2) r(a) =r(b),a,b, in R, implies that Ra = Rb.

PrOOF : (1) = (2). If r(a) = r(b), then the mapping f : aR — bR,
ar +— br, is a monomorphism. Since R is right MP-injective, f = ¢, for
some ¢ € R, and so b = ca. This implies that Rb C Ra. Similarly, Ra C Rb.

(2) = (1). Let f : aR — R be monic. Then r(a) = r(f(a)). By (2),
Ra = Rf(a), so that f(a) = ca for some ¢ € R. Hence f is left multiplication
by ¢, as required. O
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Corollary 2.3 — (1) A direct product [ R; of rings is right MP-injective
if and only if each R; is right MP-injective;

(2) A domain is right MP-injective if and only if it is a division ring. O

Recall that a ring R is right mininjective [9] if, for any minimal right ideal
I of R, every R-homomorphism from I to R extends to an endomorphism
of R. Clearly, right P-injective rings are right MP-injective, and right MP-
injective rings are right mininjective. It is easy to see that right GP-injective
rings are also right mininjective. Note that the ring Z of integers is right
mininjective, but not right MP-injective; so that right mininjective rings
need not be right MP-injective. In fact, even if R is right GP-injective, it
still need not be right MP-injective.

FErample 2.4 — Let K be a field, and let L be a proper subfield of K
such that p : K — L is an isomorphism; e.g., let K = F(y1,¥2,...) with F' a
field, p(yi) = yi+1 and p(c) = c for all ¢ € F. Let K|x1,z2;p| be the ring of
twisted left polynomials over K, where x;k = p(k)xz; for all k € K and for
i=1,2. Set R = K|[x1,x2;p]/(z},23). Then R is right GP-injective, but R
is not right MP-injective.

PRrROOF : By [4, Example 1], R is right GP-injective. Let a = y121 + x2
and b = 21 + y122. Then r(a) = r(b) = Kz1x5. Noting that y? # 1, we see
that a ¢ Rb, and so Ra # Rb. Hence R is not right MP-injective.

Proposition 2.5 — If R is right MP-injective and e = ¢ € R with ReR =
R, then eRe is right MP-injective.

PROOF : Write S = eRe, and let rg(a) = rg(b), where a,b € S. It suffices
to show that rr(a) = rg(b) (then Ra = Rb, so that a = ea € eRb = Sb,
and b = eb € eRa = Sa, as required). So let bx = 0 and = € R, and write
1 = > | piegi, where p;,¢; € R. Then b(expe) = bxp;e = 0 for each i,
and so a(exp;e) = 0 by hypothesis. Hence ax = Y | azpeq; = 0. Thus
rr(b) C rr(a). Similarly, rr(a) C rr(b). O

Theorem 2.6 — Let R be right MP-injective and let a,b € R:
(1) If bR embeds in aR, then Rb is an image of Ra;

(2) if bR = aR, then Rb = Ra.
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ProOOF : (1) If 0 : bR — aR is monic, then o = c. for some ¢ € R
by the right MP-injectivity of R. Let za = 0. Then aR C r(x), and so
xcbR = zo(bR) C z(aR) = 0. Now we define ¢ : Ra — Rb by za — xcb.
Then ¢ is a left R-homomorphism. Since ¢ is monic, r(cb) = r(b). It follows
that R(cb) = Rb because R is right MP-injective. Therefore ¢ is epic.

(2) If 0 : bR — aR is an isomorphism, then, by (1), ¢ is epic. If zcb =0
for some z € R, then zo(bR) = 0, and hence zaR = 0, i.e., za = 0. This
shows that ¢ is an isomorphism. O

Recall that a ring R is called right Cs if every right ideal that is isomor-
phic to a direct summand of R is itself a direct summand of R.

Theorem 2.7 — Fvery right MP-injective ring is right Co.

PROOF : If T is a right ideal of R and T = eR, where €2 = e € R,
then T = aR for some a € R, and so T is projective. Hence r(a) C%¥ Rp.
Write r(a) = fR, where f2 = f € R. Then r(a) = r(1 — f). By the right
MP-injectivity of R, Ra = R(1 — f) C® gR, and so T' = aR C% Rp. O

Note that direct summands of MP-injective modules are again MP-
injective. Using Theorem 2.7, we have the following corollary.

Corollary 2.8 — If R is a right MP-injective ring, then the following are
equivalent for an element a € R:

(1) aR is projective;
(2) aR is a direct summand of Rpg;

(3) aR is an MP-injective module. O

Ezxample 2.9 — Let R = @ v ]
0 a

a€Fve V} be the trivial exten-
sion of the field F' by the two-dimensional vector space V over F, Then R
is a commutative C ring that is not MP-injective.

PROOF : By [10, Example 5.12], R is a commutative Cy ring. Let V =

uF @ wF and write z = [0 u],y: [0 vl Then r(z) = r(y) =

0 0 0 0
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0V , but Rx = 0 Fu and Ry = 0 Fuw . So Rz # Ry, and
0 0 0 0 0 0

hence R is not MP-injective.

Let E(M) denote the injective hull of Mg. The module M is weakly
injective [6] if, for every finitely generated submodule Np C E(M), we have
N C Xp C E(M) for some Xp = M.

Theorem 2.10 — The ring R is right selfinjective if and only if R is
right MP-injective and Rp is weakly injective.

PROOF : The conditions are clearly necessary. For the converse, if a €
E(Rpr) we show that a € R. By the weak injectivity of Rr, we have R +
aR C X C F(Rg) with X = Rp. Hence X satisfies the Cy condition by
Theorem 2.7, so R | Xr. But Rp is essential in F(Rpg), so that R = X as
required. O

Theorem 2.11 — Let R be right MP-injective, and suppose that the sum
S Rb; is direct, where b; € R. Then any monomorphism
a:y i bR — R can be extended to R.

PROOF : For each i, a(b;) = a;b; for some a; € R by hypothesis, and
similarly a(by + -+ + b,) = a(by + - -+ + by,) for some a € R. Thus a1b; +
agby + - -+ + apby, = aby + aba + - - - + aby,. Since Y | Rb; is direct, we have
a;b; = ab; for each i. Hence o = a-. ]

3. MGP-INJECTIVE RINGS

Recall that a right R- module N is GP-injective [7] if, for any 0 # a €
R, there exists a positive integer n such that a” # 0 and any right R-
homomorphism from a” R to N extends to a homomorphism of R to N.

Definition 3.1 — Let R be aring. A right R— module N is MGP-injective
if, for any 0 # a € R, there exists a positive integer n such that a’ #% 0 and
any R-monomorphism from a”R to N extends to a homomorphism of R to
N. The ring R is right MGP-injective if Rp is MGP-injective.

Theorem 3.2 — The following conditions are equivalent for a ring R:

(1) R is right MGP-injective;

631
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(2) for any 0 # a € R, there exists n > 0 such that a™ # 0 and b € Ra"™
for every b € R with r(a™) = r(b).

PROOF : (1) = (2). Let 0 # a € R. Since R is right MGP-injective,
there exists a positive integer n, such that a™ # 0 and every monomorphism
from a"R to R extends to R. Suppose that r(a™) = r(b). Then f:a"R —
R,a"™r — br, is a monomorphism, and then f extends to an endomorphism
gof R. Sob= f(a") = g(a™) = g(1)a™ € Ra".

(2)= (1). Let 0 # a € R. By (2), there exists n > 0 such that a” # 0
and b € Ra™ for any b € R with r(a") = r(b). Let f : a"R — R be monic.
Then r(a™) = r(f(a")), and so f(a") = ca” for some ¢ € R. It follows that
f = ¢, as requied. O

It is obvious that right GP-injective rings and right MP-injective rings
are both right MGP-injective, and that right MGP-injective rings are right
mininjective.

Example 3.3 — Let M = ®32,7Z,,, where p; is the ¢th prime number, and

let
R:{ n x]
0 n

Then R is right mininjective with nonzero right socle, but R is not right
M G P-injective.

nEZ,xEM}.

Proor : By [11, Example 3.1], R is right JP-injective, so it is right

e o 0 ©Z1Zy,
mininjective by [11, Proposition 3.4]. Clearly, Soc(Rr) = 0 0 #*

0
2

a® ¢ RaF*'. Therefore, R is not right MGP-injective by Theorem 3.2. [

0. Take a = Then for k > 0, we have r(a*) = r(a**1), but

Recall that a ring R is right GC5 [11] if every right ideal that is isomorphic
to R is itself a direct summand of R.

Theorem 3.4 — Let R be right MGP-injective. Then:
(1) R is right GCq;

2) J(R) = Z,.
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PrOOF : (1) Let r(a) = 0. Since R is right MGP-injective, there exists a
positive integer n such that a™ # 0 and every monomorphism from a™R to
R extends to R. Define f : a™R — R,a"™x — x. Then f is a monomorphism,
and hence it extends to an endomorphism g of R. Thus 1 = f(a") = g(a™) =
g(1)a™, and then R = Ra™. Therefore R is right GCy by [11, Proposition
2.2).

(2) Since R is right GCy, Z, C J(R) by [11, Proposition 2.6]. Let
a € J(R). Then we shall show that a € Z,. If not, then there exists
0 # b € R such that r(a) NbR = 0. Clearly ab # 0. But since R is right
MGP-injective, there exists a positive integer n such that (ab)™ # 0 and
c € R(ab)" for any ¢ € R with r((ab)"”) = r(c). Now let ¢ = b(ab)"~!. Then
r((ab)™) = r(c), and so ¢ = d(ab)"™ for some d € R. Thus (1 — da)c = 0.
Since a € J(R), 1 — da is invertible, and so ¢ = 0. Hence (ab)" = ac =0, a

contradiction. O
Corollary 3.5 — Let R be a right MGP-injective ring:
(1) If Rp is of finite Goldie dimension, then R is semilocal;
(2) R is right noetherian if and only if R is right artinian.

PrROOF : (1) By Theorem 3.4, Rp satisfies GCy. Since Rp has finite
Goldie dimension, it is semilocal by [13, Lemma 1.1].

(2) Let R be right noetherian. Then R is semilocal by (1). Further, since
R has ACC on right annihilators, Z, is nilpotent by [10, Lemma 3.29]. Since
R is right MGP-injective, J(R) = Z, by Theorem 3.4(2). Hence R is right
noetherian and semiprimary, and therefore R is right artinian.

The converse is clear. O

Recall that a maximal right annihilator in R is a right annihilator M
such that M # R and for any right annihilator N with M C N, either
N=Mor N=R.

Lemma 3.6 — Let L be a maximal right annihilator in a ring R. Then
there exists 0 # a € R such that L = r(a) and r(y) = r(a) for every
0 # y € Ra. Moreover, if R is a semiprime ring, then r(a) is not essential in
Rpg.

633
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Proof : It is obvious that there exists 0 # a € R such that L = r(a)
and r(y) = r(a) for every 0 # y € Ra by the maximality of the right
annihilator L. Suppose that R is a semiprime ring. Let S = Z,. N Ra. We
claim that S = 0. Assume there exists z € S with 2 # 0. Then we have
r(a) = r(z) = r(z?), and hence zR Nr(x) = 0. This contradicts x € Z,.
Therefore, 22 = 0 for each z € S. Now let 0 # x,y € S. Then r(z) = r(y).
Since 22 = 0, we have = € r(x) = r(y), hence yz = 0. Thus we have proved
that S? = 0, and hence S = 0 because R is semiprime. Therefore a ¢ Z,,
and hence r(a) is not essential in Rp. O

Theorem 3.7 — If R is a semiprime right MGP-injective ring, then
every mazximal right annihilator of R is a mazimal right ideal generated by
an idempotent.

PROOF : Let L be a maximal right annihilator of R. Since R is semiprime,
by Lemma 3.6, there exist a nonzero element a of R and a nonzero right ideal
I such that L = r(a) = r(y) for every 0 # y € Ra, and then r(a) ® I is
essential in Rp. Take 0 # b € I. Then ab # 0. By the right MGP-injectivity
of R, there exists a positive integer n such that (ab)” # 0 and = € R(ab)"
whenever r((ab)") = r(x). Noting that bR Nr((ab)" la) = bRNr(a) = 0,
we have r((ab)”) = r(b). Hence b = c(ab)” for some ¢ € R, so that
b € r(a — ac(ab)" 'a). On the other hand, b ¢ r(a), so the inclusion

=14 because

r(a) C r(a—ac(ab)" 'a) is strict, which implies that a = ac(ab)
r(a) is a maximal right annihilator. Now let e = c(ab)" 'a. Then e? = e

and L =r(a) =r(e) = (1 —¢)R.

To see that L is a maximal right ideal, it suffices to show that eR is a
minimal right ideal. By the semiprimeness of R, we need only show that eRe
is a division ring. Indeed, if 0 # u € eRe, then by the right MGP-injectivity
of R, there exists a positive integer m such that «™ # 0 and v € Ru™ for
each v € R with r(¢™) = r(v). Since e € Ra, we have r(u™) = r(e). So

2

e = du™ for some d € R, and hence e(du™ !)eu = edu™ = e* = e. Therefore

eRe is a division ring. O

Corollary 3.8 — Let R be a semiprime right MGP-injective ring. Then
there exists a maximal right annihilator in R if and only if soc(Rg) # 0.

Lemma 3.9 — Let R be a right MGP-injective ring. If a ¢ J(R), then
the inclusion r(a) C r(a — aca) is strict for some ¢ € R.
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PRrROOF : By Theorem 3.4, r(a) is not essential in Rp, and so there
exists a nonzero right ideal I of R such that r(a) @ I is essential in Rp.
Take 0 # b € I. Then ab # 0. By the right MGP-injectivity of R, there
exists a positive integer n such that (ab)™ # 0 and every monomorphism
from (ab)”R to R can be extended to R. In particular, the monomorphism
f : (ab)"R — R given by f(ab)"r) = b(ab)" !r can be extended to an
endomorphism of R. Thus, b(ab)"™' = f((ab)") = c(ab)” for some ¢ € R.
So b(ab)"~! € r(1—ca), and then b(ab)"~! € r(a—aca). But b(ab)" ! ¢ r(a).
Hence the inclusion r(a) C r(a — aca) is strict. O

Lemma 3.10 — Let R be aring. Suppose that, for any seqence {aj, ag, -}
C R, the chain r(a;) C r(aga;) C ... terminates. Then:

(1) Z, is right T- nilpotent;

(2) R/Z, contains no infinite set of nonzero, pairwise orthogonal idem-
potents.

PRrROOF : This is a corollary of [5, Lemma 1.9]. O

Theorem 3.11 — Let R be a right MGP-injective ring. Then the fol-

lowing statements are equivalent:
(1) R is right perfect;

(2) the ascending chain r(a1) C r(aza1) C r(asagar) C --- terminates
for every sequence {ai,as,---} C R.

PROOF : (1) = (2). This is obvious.

(2) = (1). First, we prove that R/J(R) is a von Neumann regular ring.
Let a1 € R but a1 ¢ J(R). We want to show that a;= a7 71 a1 for some
x1 € R, where @ = a + J(R). By Lemma 3.9, there exists ¢; € R such that
the inclusion r(a;) C r(ag) is strict, where as = a; — ajcia;. If ag € J(R),
then ay= @y ¢1 a1 and we are done. If ag ¢ J(R), then, by Lemma 3.8,
there exists co € R such that the inclusion r(as) C r(as) is strict where
a3 = as — ascoas. Repeat the above process. If ai,ao,as, ... are all not in
J(R), then we will get a strictly ascending chain

r(al) C I‘(ag) (@ I‘(ag) (GEEIIEIN

where a;11 = a; — a;c;a; for some ¢; € R,i = 1,2,---. Let by = ay,b2 =
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1-— CL101,b3 =1- agCo, -+ . Then al = bl,a2 = bgbl,ag, = bgbgbl, tey, and
the ascending chain

I‘(bl) C I‘(bgb1> C I‘(bngbl) (@R

is strict, which contradicts the hypothesis. Therefore, there exists a positive
integer n such that a,41 € J(R). This shows that @, is a regular element,
and so @,—1,0n—2, - , a1 are regular elements.

Finally, since R is right MGP-injective and the chain r(a;) C r(aza;) C
.-+ terminates, J(R) is right 7— nilpotent and R/J(R) contains no infinite
set of nonzero, pairwise orthogonal idempotents by Lemma 3.9. Conse-
quently R is right perfect. O

Recall that a ring R is called left (respectively, right) Kasch if every simple
left (respectively, right) R-module can be embedded in rR (respectively,

Rp).

Corollary 3.12 — If R is a right MGP-injective ring with ACC on right
annihilators, then:

(1) R is semiprimary;
(2) R is left and right Kasch.

PROOF : (1) It is well known that Z, is nilpotent for any ring R with ACC
on right annihilators. By Theorem 3.4 and Theorem 3.11, R is semiprimary.

(2) By (1), R is semiprimary, so R is semiperfect with essential right
socle. Noting that R is right mininjective, hence it is right minfull, and thus
(2) follows from [10, Theorem 3.12(1)]. O

Corollary 3.13 — Let R be a right MGP-injective ring with ACC on right
annihilators and S; C S;.. Then R is left artinian if and only if S; is a finitely
generated left ideal.

PROOF : By Corollary 3.12, R is semiprimary. By [9, Theorem 1.14(4)],
Sy € 5;, and so S; = S, by the hypothesis. Now the result follows by [1,
Lemma 6]. O

Corollary 3.14 — Let R be a right MGP-injective ring with ACC on right
annihilators. If every minimal left ideal is a left annihilator, then:
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(1) R is left artinian;

(2) R is right artinian if and only if S, is finitely generated as a right
ideal of R.

PrROOF : (1). By Corollary 3.12, R is semiprimary. By [9, Corollary
3.15], R is left finite dimensional with S; = S,. Now, by [1, Lemma 6], R is
left artinian.

(2) The assertion follows from (1) and [1, Lemma 6]. O

Recall that a ring R is QF if it is right or left self-injective and right or
left artinian. A ring R is left minanilator ring if every minimal left ideal is a
left annihilator. A ring R is right (left) min-CS if every minimal right (left)
ideal of R is essential in a direct summand of R (rR). A ring R is right
CF if every cyclic right R-module can be embedded in a free module. These
concepts can be found in [10].

Theorem 3.15 — Let R be a right MGP-injective ring. Then the fol-
lowing are equivalent:

(1) R is a QF-ring;
(2) R is a left mininjective ring with ACC on right annihilators;

(3) R is right min-CS, left minanilator ring with ACC on right annihi-
lators;

(4) R is a two-sided min-CS ring with ACC on right annihilators;
(5) R is a right finite dimensional right CF-ring.
PROOF : It is obvious that (1) implies clauses (2) through (5).

(2) = (1). By Corollary 3.12(1), R is semiprimary, so it is a semilocal,
left and right mininjective ring with ACC on right annihilators in which
Sy €% Rp. By [10, Theorem 3.31], R is a QF-ring.

(3) = (1). Since R is a semiprimary left minanilator ring, it is a right min-
PF ring with S, = S; by [10, Corollary 3.25]. Then R is a right minanilator
ring by [10, Lemma 4.4] because it is right min-CS. Hence R is left min-PF,
again by [10, Corollary 3.25]. Now [10, Theorem 3.38] shows that R is QF.

637
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(4) = (1). By Corollary 3.12(2), R is left and right Kasch, and hence
S, = S; by [10, Lemma 4.5(2)] because R is left and right min-CS. Thus R
is a left and right min-PF ring by [10, Corollary 4.6], so R is QF, again by
[10,Theorem 3.38].

(5) = (1). Since R is right MGP-injective and right finite-dimensional,
by Corollary 3.5(1), R is semilocal. And so R is a QF-ring by [10, Theorem
8.11(7)]. O

Lemma 3.16 — Let R be a semiprime ring. Suppose that, for any se-
quence {ai,as, -} C R, the chain r(a;) C r(aga;) C --- terminates. Then
any nonzero left ideal of R is not nil.

PROOF : Let I be any nonzero left ideal of R.

We first claim that there exists 0 # b € I such that r(b) = r(y) for every
0#yeRb ()

Assume towards a contradiction that this fails, and take 0 # a; € I.
Then there exists as € R such that aga; # 0 and r(a;) € r(agaq). Since 0 #
agaq € I, there exists ag € R such that agasa; # 0 and r(aza1) € r(asagaq).
Continuing in this way, we obtain a strictly ascending chain

r(a1) € r(azar) € r(agazar) S -+
where a; € R,©=1,2,---, a contradiction. This proves the claim.

Since R is semiprime, there exists ¢ € R such that bcb # 0. Then
r(b) = r(beb) by (*). Since be # 0, ¢ ¢ r(b) = r(beb), so (bc)? # 0. Thus
cbe ¢ r(b) = r(bcb), which shows that (bc)? # 0. In the same manner, we
have (bc)™ # 0 for every positive integer n. Therefore, I is not nil. O

Theorem 3.17 — Let R be a right MGP-injective ring such that the
ascending chain r(ay) C r(aga;) C r(asaga;) C --- terminates for every

sequence {ay,az, -} C R. Then following conditions are equivalent:
(1) R is a semisimple artinian ring;
(2) R is a semiprime ring;
(3) Z, is a closed left ideal of R.

PRrROOF : (1) = (2) and (1) = (3) are trivial.



MP-INJECTIVE RINGS AND MGP-INJECTIVE RINGS

(2) = (1). By Theorem 3.11, R is right perfect, i.e., R/J(R) is semisim-
ple artinian and J(R) is right T— nilpotent. Assume that J(R) # 0. Then
by Lemma 3.16, J(R) is not nil, a contradiction. So J(R) = 0, and hence R
is semisimple artinian.

(3) = (1). Since R is right perfect, S; C*% RR. Let

Soc(Z,) @ K = 5. (**)

If Z.NK # 0, then ;N (Z, N K) # 0, ie., Soc(Z,) N K # 0. This
contradicts Soc(Z,) N K = 0. Therefore, Z, N K = 0. Now, since S; =
Soc(Z,) ® K C Z, ® K C R, we have Z, C Z, & K C*° rR. Since
Zy is a closed left ideal of R, we see that (Z, & K)/Z, C*° R/Z, as left
R-modules. Noting that R/J(R) is semisimple, by Theorem 3.4, we have
(Zy®K)/Z, = R/Z,. Thus there exists k € K such that 1 —k € Z, = J(R).
But J(R) is right T-nilpotent, so that there exists a positive integer n such
that (1 — k)" = 0 and hence 1 € K, i.e., K = R. It follows from (**) that
R = S;, which implies that R is semisimple artinian. ([l

A ring R is Dedekind finite if uv = 1 in R implies that vu = 1.

Theorem 3.18 — Let R be right MGP-injective. Then the following are
equivalent:

(1) R/J(R) is Dedekind finite;
(2) every monomorphism Rr — Rpg is an isomorphism;
(3) R is Dedekind finite.

PrOOF : (1) = (2). Let f : Rg — Rp be monic, and let a = f(1).
Then a # 0 and r(a) = 0. By hypothesis, there exists n > 0 such that
a™ # 0 and every monomorphism a"R — R extends to R. In particular,
the monomorphism ¢ : "R — R,a"r — r, extends to R. Therefore 1 =
g(a™) = ba™ for some b € R, and then 1 = ba™ in R := R/J. By (1), we have
a"b=1. Write 1 = a"b + x, where z € J(R). Then a"b(1 —x)~! =1, and so
f(@"1b(1 — 2)~1) = 1, showing that f is an isomorphism.

(2) = (3). Let ab = 1. Define f: Rg — Rpg by f(r) = br. Then f is
monic and, by (2), 1 = bc for some c¢. Hence, ¢ = (ab)c = a(bc) = a.

(3) = (1). Let ab=1 in R/J(R). Then ab = 1+ z for some = € J(R),

639
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and hence 1 = (1 + ) tab. By (3), 1 = b(1 +z) ta. It follows that T=ba.0]

Recall that a ring R is right PP ring if every principal right ideal of R is
projective. An element a € R is mw—regular if there exists a positive integer
m such that ™ = a"ba™ for some b € R. An element x € R is generalized
w—regular if there exists a positive integer n such that " = x™yx for some
y € R. A ring R is m—regular (respectively, generalized m—regular) if every
element in R is m—regular (respectively, generalized m—regular).

Next we give some new characterizations of von Neumann regular rings
by right MGP-injective rings and MGP-injective right R-modules respec-
tively.

Theorem 3.19 — The following are equivalent for a ring R:
(1) R is von Neumann regular;

(2) R is right PP and right MG P-injective;

(3) every right R-module is MGP-injective;

(4) every cyclic right R-module is MG P-injective;

(5) every principal right ideal of R is MG P-injective;

(6) every proper principal right ideal of R is MGP-injective;
(7) every essential right ideal of R is MGP-injective.

Proor : (1) = (2), (1) = (3) = (4) = (5) = (6) and (1) = (7)
are obvious. Since every direct summand of an MGP-injective module is
MGP-injective, (7) = (6) is clear.

(2) = (1) Suppose that R is right PP and right MGP-injective. For any
nonzero element a € R, there exists n > 0 such that " # 0 and b € Ra"
whenever r(a™) = r(b). Since R is right PP, "R is projective, and hence
r(a") = eR for some € = e € R. It follows that r(a”) = r(1 —e). Thus,
1 —e = ca™ for some ¢ € R, and then a" = a™(1 —e) = aca™. So R is
m—regular and hence generalized m—regular. Clearly, N1(R) ={0# a € R |
a? = 0} is regular. Therefore R is regular by [3, Theorem 2.2].

(6) = (1). This is similar to the proof of (4) = (1) in [3, Theorem 2.3].00
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Recall that a ring R is strongly regular if, for every a € R, there exists
b € R such that a = ba?; R is reduced if it has no nonzero nilpotent elements.

Lemma 3.20 — The following statements are equivalent for a ring R:
(1) R is a reduced ring;

(2) for any a € R, a = 0 whenever a? = 0;

(3) for any a € R, r(a®) = r(a);

(4) for any a € R and any positive integer k, r(a*) = r(a);

(5) for any a € R, there exists a positive integer k& > 2 such that r(a*) =

r(a).
PrOOF : (1) = (2), (4) = (5), and (5) = (3) are obvious

(2) = (3). If a®x = 0,2 € R, then (aza)? =0, and so aza = 0 by (2). It
follows that (ax)? = 0, and hence azx = 0, as required.

(3) = (4). We prove the result by induction on k. Clearly, (4) holds in the
case where k = 1. Suppose that r(a*) = r(a). Then, for any = € r(a**!)
have ax € r(a¥) = r(a), and so a?x = 0. This shows that = € r(a?) = r(a),

so that r(a*™!) = r(a). Thus (4) is proved.

, We

(3) = (1). We prove the result by induction on n, showing that, if
a™ = 0,a € R, where n is a positive integer, then a = 0. Indeed, this is
obvious in the case where n = 1. Assume that a"~! = 0 implies a = 0.
Then, if a” = 0, where n > 2, we have a" 2 € r(a?) = r(a), which shows
that a”~! = 0, and so a = 0 by the induction hypothesis. O

Theorem 3.21 — The following are equivalent for a ring R:
(1) R is strongly regular;

(2) R is reduced and right MP-injective;

(3) R is reduced and right MGP-injective.

PROOF : (1) = (2) = (3) are clear.

(3) = (2). Let r(a) = r(b), where a,b € R. If a = 0, then b = 0, and
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hence Ra = Rb. If a # 0, then b # 0. Since R is right MGP-injective, there
exists n > 0 such that a™ # 0 and ¢ € Ra™ for every ¢ € R with r(a") = r(c).
Since R is reduced, by Lemma 3.20, r(a) = r(a™). So r(a") = r(b), and
whence b € Ra"™ C Ra. Similarly, a € Rb, so Ra = Rb. Thus (2) follows.

(2) = (1). Let @ € R. Since R is reduced, by Lemma 3.20, we have
r(a) = r(a?). Notice that R is right MP-injective, by Theorem 2.2, there
exists b € R such that a = ba?. This implies that R is strongly regular. [J

Theorem 3.22 — If R is a semiprime right M G P-injective ring, then
the centre of R is a strongly regular ring.

PROOF : Let x € C(R). If 22 = 0, then (zR)? = 0, and so = = 0 because
R is semiprime. This shows that C(R) is reduced. Now let a € C(R). If
a’? =0, then a = 0 = ba? for any b € R. If a® # 0, then, by the right MGP-
injectivity of R, there exists n > 0 such that a®® # 0 and o’ € Ra®" for
every a' € R with r(a®") = r(a’). If a**r = 0, then (Ra?>"~!r)? = 0, and so
a®1r = 0 as R is semiprime. Continuing in this way, we obtain ar = 0, and
it follows that r(a) = r(a®®). Thus, there exists b € R such that a = ba?".
Write ¢ = ba?"~2. Then a = ca®. Now we claim that ¢ € C(R). In fact, for
any y € R, we have a?(yc — cy) = a(yba® 2 — ba®"2y) = yba®" — ba*"y =
ya —ay =0 = yc—cy € r(a?), and so yc — cy € r(a) = 0 = a(yc — cy) =
a®"~1(yb — by), whence yb — by € r(a®"~1). Thus yb — by € r(a®2), and
so 0 = a®2(yb — by) = yba®"2 — ba®" 2y = yc — cy = yc = cy, so that
¢ € C(R). Therefore C(R) is strongly regular. O

Following [8], we call an element u of R right uniform if u # 0 and uR is
a uniform right ideal.

Lemma 3.23 — Let R be right MGP-injective. If u € R is a right uniform
element, then M,, = {x € R | uRNr(z) # 0} is a maximal left ideal which
contains 1(u).

PROOF : Since uR is uniform, M, is a left ideal. Clearly, I(u) C M,, # R.
If @ ¢ My, then r(a) NuR = 0, and hence au # 0. By the right MGP-
injectivity of R, there exists a positive integer n such that (au)” # 0 and
b € R(au)" for any b € R with r((au)”) = r(b). Since r(u(au)" 1) =
r((au)"), we have u(au)”! € R(au)®. Write u(au)" ! = c(au)?, where
c € R. Then 1 — ca € l(u(au)™ '), and hence R = Ra + l(u(au)”"1). But
1(u(au)" 1) C M, so R = Ra + M,. Consequently, M, is maximal. O
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Corollary 3.24 — If R is right MGP-injective and right uniform, then R
is local.

PROOF : 1t is easy to see that J(R) = Z, = M. O

Corollary 3.25 — Let R be right MGP-injective and left Kasch, and
suppose that every nonzero right ideal contains a uniform right ideal. Then
every maximal left ideal M has the form M = M, for some right uniform
element wu.

PROOF : Since R is left Kasch, by [10, Proposition 1.44], r(M) # 0,
so let uR C r(M), where uR is uniform. We show that M, C M and use
Lemma 3.23. If z € M,, then V = r(z) NuR # 0, so that € 1(V). But
V CuR Cr(M),so M Clr(M) C (V). Hence M = I(V), so x € M, as
required. ]

Lemma 3.26 — Let R be right MGP-injective, and let W = u1R® - - - &
un R be a direct sum of uniform right ideals u; R of R. If M C R is a maximal
left ideal not of the form M, for any right uniform element u, then there
exists m € M such that r(1 —m) N W is essential in W.

PROOF : Since M # M,,, we can see that r(a) NuiR = 0, for a € M.
Then, by the argument in Lemma 3.23, there exist a positive integer n and
an element b € R such that uj(auy)” ! # 0 and 1 — ba € 1(u1(au)"1). Let
my = ba. Then my € M and r(1 —my) NuiR D r(l —my) Nuy(au)" 'R =
uy(auy)" TR # 0. If r(1 —mq) Nu; R # 0 for all 4 > 2, then we are done. If,
say, r(1 —mp) NugR = 0, then (1 — mq)uzR is uniform (being isomorphism
to ugR), so, as before, r(1 —aq) N (1 —my)usR # 0 for some ay € M. Let
mg = a1 +myp —aymy. Then mg € M and r(1 — mo) Nuw; R # 0,0 = 1,2.
Continue in this way to obtain m € M such that r(1 —m) Nu;R # 0 for
each i, and Lemma 3.26 follows. O

Theorem 3.27 — Let R be right MG P-injective and right finite dimen-
sional:

1. If M C R is a maximal left ideal, then M = M, for some right
uniform element u € R,

2. R is semilocal.

Proor : Let W =u1R® - - -  u, R be essential in R where each u; R is
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uniform. By Lemma 3.26, if r(1 —m) N W is essential in W, m € W, then
1—m € J(R) € M by Theorem 3.4, a contradiction. This proves (1). As
to (2), if z € My, N---N M,,, then r(z) Nu;R # 0 for each i. Note that
r(z) NwR <u;R, so @ r(z) Nu;R I®! ju; R =W < Rp, whence r(z) is
essential in Rp. Hence z € J(R), proving (2). O

Corollary 3.28 — If R is right nonsingular, right MGP- injective and
right finite dimensional, then R is semisimple artinian. U
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