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Normal categories were introduced by Nambooripad [4], who proved
that the set of normal cones in such a category forms a regular semi-
group. In this paper, we specialize normal categories to what we call
RR-categories, and prove that the set of normal cones in such a cate-
gory forms a regular ring. As an example, we analyze the regular ring
of finite-rank operators on an infinite-dimensional vector space in terms
of RR- categories. This example can be realised as the characterisation
of a regular ring in terms of its left ideals.
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1. Introduction

In this section, we review the definitions from [4] needed to understand this
paper. A small category is a category in which the class of objects and the



664 SUNNY LUKOSE AND A. R. RAJAN

class of morphisms are both sets. Categories involved in this paper are small,
so that we are using the terminology that is applicable to small categories.
For a category C, the set of objects is denoted by vC and for A,B ∈ vC the
set of morphisms from A to B is denoted by C(A,B). Also the notation
f ∈ C means that f is a morphism in C. An additive category is a category
C together with an abelian group structure on each morphism set such that
(i) the composition of morphisms is bilinear and (ii) the zero elements of the
groups behave as zero morphisms.

If u : K → A and α : A → B are morphisms in a category C with zero
object, then u is called a kernel of α if uα = 0 and if, for every morphism
u′ : K ′ → A with u′α = 0, there is a unique morphism γ : K ′ → K such that
γu = u′. We refer to K as a kernel object and u as the kernel morphism.
Also v : B → C is called a cokernel of α if α v = 0 and if, for every morphism
v′ : B → C ′ with αv′ = 0, there is a unique morphism δ : C → C ′ such that
vδ = v′. In this case, we refer to K as the cokernel object.

The image of a morphism f : A → B is defined as a triple (g, I, u),
where I is an object and g : A → I and u : I → B are morphisms with u a
monomorphism such that f = g u and, if u′ : J → B is another monomor-
phism with f = g′u′ for some g′ : A → J , then there exists a unique
morphism γ : I → J such that γu′ = u. We write im f or (I, u) or simply I

for the image of f .

The coimage of a morphism f : A → B is defined as a triple (v, T, θ)
where v : A → T is an epimorphism, θ : T → B is such that f = v θ if,
whenever v′ : A → S is an epimorphism with f = v′ φ for some φ : S → B,
then there exists a unique morphism δ : S → T such that v′ δ = v. We write
coimf or (v, T ) or simply T for the coimage of f .

A preorder is a category P such that, for any p, p′ ∈ vP , the morphism
class P (p, p′) contains at most one morphism. In this case, the relation ⊆
on vP defined by p ⊆ p′ if and only if P (p, p′) 6= Φ is a quasiorder on
vP . In a preorder, p and p′ are isomorphic if and only if P (p, p′) 6= Φ 6=
P (p′, p). Therefore p ⊆ p′ is a partial order if and only if P does not contain
any nontrivial isomorphisms. Equivalently, the only isomorphisms of P are
identity morphisms, and in this case P is called a strict preorder. If C is a
category, then a choice of subobjects in C is a subcategory P ⊆ C satisfying:
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(a) P is a strict preorder with vP = vC;

(b) every f ∈ P is a monomorphism in C;

(c) if f, g ∈ P and if f = h g for some h ∈ C, then h ∈ P .

When P satisfies these conditions, the pair (C, P ) is called a category
with subobjects. Also, we say that C is a category with subobjects to mean
that it is a pair consisting of a category and a subpreorder satisfying the
above conditions. A morphism in this preorder P will be called an inclusion
in C.

Thus a category with subobjects is a category C with a choice of a v-full
subcategory of monomorphisms which is a strict preorder [4]. This induces
a partial order on vC, and whenever A ≤ B in this partial order we say
that A is a subobject of B. Then the unique morphism from A to B in
this preorder is denoted by j(A,B), and is called the inclusion morphism
from A to B. In this case, if there is a morphism e : B → A such that
j(A,B)e = 1A, then e is called a retraction from B to A and is denoted
by e(B, A). In case a retraction from B to A exists, then we say that the
inclusion j(A,B) : A → B splits.

A morphism f in a category with subobjects has a factorisation if f

= pm, where p is an epimorphism and m is an embedding. A category
C is said to have the factorisation property if every morphism of C has a
factorisation. Any monomorphism equivalent to an inclusion is called an
embedding. Thus, if C has the factorisation property, then any morphism
f in C has at least one factorisation of the form f = q j, where q is an
epimorphism and j is an inclusion. Factorisations of this type are called
canonical factorisations. A normal factorisation of a morphism f in C is
a factorisation of the form f = e u j where e is an epimorphism u is an
isomorphism and j is an inclusion.

A morphism f in a category with subobjects is said to have an image if
it has a canonical factorisation f = x j, where x is an epimorphism and j is
an inclusion with the property that whenever f = yj′ is any other canonical
factorisation, then there exists an inclusion j′′ such that y = xj′′. A category
C is said to have images if every morphism in C has an image. It is shown in
[4] that in a category with subobjects, f ∈ C has an image if and only if there
exists a unique canonical factorisation f = x j such that for any canonical
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factorisation f = yj′, there exists an inclusion j′′ such that y = xj′′. In this
case, the codomain of x is said to be the image of f . When the morphism f

has an image we denote the unique canonical factorisation of f by f = f◦ j
f

where f◦ is the unique epimorphic component and j
f

is the inclusion of f .

A cone γ in a category with subobjects is a map from vC to C satisfying:

(i) there is an object C ∈ vC such that for each A, γ(A) : A → C is a
morphism from A to C. This C is usually denoted by cγ and is called the
vertex of the cone γ;

(ii) if A ⊆ B then j(A,B)γ(B) = γ(A).

The cone γ is called a normal cone if γ(A) is an isomorphism for some
A ∈ vC. A category C with subobjects is a normal category if:

(i) every inclusion in C splits;

(ii) every f ∈ C has a normal factorisation of the form f = euj, where e

is a retraction, u is an isomorphism and j is an inclusion;

(iii) for each A ∈ vC, there exists a cone γ in C such that γ(A) = 1A.

It is proved [4] that, if f = euj = e′u′j′ are two normal factorisations of
f ∈ C, then j = j′ and eu = e′u′, so that f has image with f◦ = eu. So, if
f = euj is a normal factorization, then e u = f◦ and cod f◦ is the image of
f .

If γ is a normal cone with vertex cγ and f : cγ → A is an epimorphism,
then γ ? f defined by

(γ ? f)(A) = γ(A)f (1)

is also a normal cone. We have the usual notation TC for the set of all
normal cones in the category C. The following theorem is from [4].

Theorem 1.1 — If C is a normal category then TC is a regular semi-
group under the operation of multiplication defined by

(γδ)(A) = (γ ? δ(cγ)◦)(A). (2)

¤
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2. The RR-Category

A ring (S, +, .) is said to be a regular ring if the multiplicative semigroup
(S, .) is a regular semigroup (cf. [1]). That is, if, for every x ∈ S, there exists
y ∈ S such that xyx = x. For basic properties of regular rings we refer to
[5]. A nonempty subset A of a ring S is a left ideal if (A,+) is a subgroup of
(S, +) and SA ⊆ A, and A is a right ideal if (A,+) is a subgroup of (S, +)
and AS ⊆ A.

Also it has been proved [4] that normal categories arise as the category
of principal left [right] ideals of a regular semigroup. A right translation
ρ : S → S is such that (xy)ρ = x(yρ) for all x, y ∈ S. Also the right
translation determined by a ∈ S is ρa : S → S which sends each x to xa. A
partial right translation ρ : Se → Sf is ρ = ρu|Se for some u ∈ Sf. It can be
seen that any partial right translation ρ : Se → Sf can be written as ρ = ρu

for some u ∈ eSf . The category L(S) of all principal left ideals is thus
the category with vertex set {Se : e ∈ E(S)} and for Se, Sf ∈ vL(S), the
morphism set L(S)(Se, Sf) = {ρu : Se → Sf where u ∈ eSf}. We denote a
morphism ρu : Se → Sf by ρ(e, u, f).

It has been proved [2] that S is a regular ring if and only if every principal
right [left] ideal of S is generated by an idempotent. Also we see from [5] that
the set of all principal left ideals of a regular ring is a relatively complemented
lattice. Dually, the set of all principal right ideals of a regular ring is a
relatively complemented lattice.

In each morphism set L(S)(Se, Sf) of L(S), define an addition of mor-
phism as follows. For ρ(e, u, f), ρ(e, v, f) : Se → Sf , define

ρ(e, u, f) + ρ(e, v, f) = ρ(e, u + v, f).

We state the following results without proof.

Theorem 2.1 — If S is a regular ring then L(S) has the following
properties:

(a) L(S) is a category with subobjects;

(b) every inclusion in L(S) splits;

(c) L(S) has a zero object which is a subobject of every object;
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(d) L(S) is a relatively complemented lattice;

(e) every morphism ρ : A → B in C has a kernel j : K → A such that j

is an inclusion and every complement K ′ of K in A is a cokernel of j;

(f) every morphism ρ : Se → Sf has an image j : Sh → Sf such that
j : Sh ⊆ Sf is an inclusion and a coimage v : Se → Sg such that Sg ⊆ Se

and v = ρ(e, eh, h). Also Sh and Sg are isomorphic in vL(S);

(g) L(S)(A,B) is an additive abelian group for each A,B ∈ vL(S) and
the zero element of the group L(S)(A, B) is the zero morphism;

(h) the composition is bilinear;

(i) for each A ∈ vL(S), there is a cone γ ∈ L(S) with γ(A) = 1A.

Dually, the set R(S) of all principal right ideals of a regular ring S has
similar properties.

We now define a category called an RR-category which possesses all the
above properties. This category helps us to define addition on the set of
cones. The formal definition is the following.

Definition 2.2 — An additive category C with zero object is a RR-
category if it satisfies the following:

R1: C is a category with subobjects;

R2: every inclusion in C splits;

R3: C has a zero object which is a subobject of each object;

R4: vC with the partial order induced by subobject relation is a rela-
tively complemented lattice;

R5 : every f : A → B in C has a kernel j : K → A such that j is an
inclusion and every complement K ′ of K in A is a cokernel of j;

R6: every f : A → B in C has an image (f ′, I, j) such that j : I → B

is an inclusion and a coimage (v, T, θ) such that v : A → T is a retraction.
Further this coimage (v, T ) is an image in the sense that for some θ′, (v, T, θ′)
is an image of f ;
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R7: for each A ∈ vC there is a cone γ in C with γ(A) = 1A;

R8: every subset of vC which has an upperbound in vC contains a
maximal element.

Definition 2.3 — Two RR-categories are isomorphic if there exists a
category isomorphism that preserves inclusions and that preserves addition
on each hom-set.

Lemma 2.4 — Let C be an RR-category and A,B ∈ vC. Then every
f ∈ C(A,B) admits a normal factorisation.

Proof : A function f ∈ C(A,B) is said to have a normal factorisation
if f can be written as f = euj, where e is a retraction, u is an isomorphism,
and j is an inclusion. Since C is an RR-category and, by R6, we let (f ′, I, j)
be an image of f such that j is an inclusion and (e, C, θ) be a coimage of f ,
where e is a retraction. Since I is an image of f, we have, f = f ′j. Since C

is a coimage of f, we have, f = eθ. Also, since C is an image of f , we have
f = eθ′ for some monomorphism θ′ : C → B (see R6). But then eθ′ = eθ

which implies that θ = θ′ since e is an epimorphism. This shows that θ is a
monomorphism.

Thus f = eθ and f = f ′j. Since I is an image of f , there exists a unique
morphism α : C → I such that θ = αj. Also since C is an image of f,

there exists a unique morphism β : I → C such that j = βθ. Therefore we
have α is an isomorphism and f = eθ = eαj, where e is a retraction, α is
an isomorphism and j is an inclusion. That is, every f ∈ C admits normal
factorisation. ¤

In view of the above lemma and the axioms R1, R2 and R7 of the RR-
category, it follows that C is a normal category. Thus we obtain the following
result.

Theorem 2.5 — If C is a RR-category, then it is a normal category. ¤

Proposition 2.6 — Let γ be a cone in the RR-category C. Set X =
{imγ(A) : A ∈ vC}. Then there exists a unique maximum element D0 in X.
That is an element D0 ∈ X such that B ≤ D0 for each B ∈ X.

Proof : Since C is an RR-category, by axiom R8, X has a maximal
element. Suppose that D0 and D1 are two maximal elements of X. Then
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there exists M0 and M1 in vC such that D0 = imγ(M0) and D1 = imγ(M1).
But by axiom R4 of the RR-category, M0 ∨ M1 ∈ vC. Let M = M0 ∨
M1. Then M0 ⊆ M and M1 ⊆ M . Therefore j(M0,M)γ(M) = γ(M0)
and j(M1, M)γ(M) = γ(M1). But im j(M0,M) γ(M) ⊆ imγ(M). Similarly
im j(M1,M) γ(M) ⊆ imγ(M). That is, imγ(M0) ⊆ imγ(M) and imγ(M1) ⊆
imγ(M) so that D0 ⊆ imγ(M) and D1 ⊆ imγ(M). Since D0 and D1 are
maximal elements in X, D0 = im γ(M) and D1 = im γ(M). So D0 = D1.

Also im γ(A) ≤ D0 for all A ∈ vC. This completes the proof. ¤

Note that the cone above is not necessarily a normal cone. Now we show
in the following lemma that each cone produce a normal cone.

Lemma 2.7 — If γ is a cone in C with vertex D, then, for every re-
traction e : D → D0, the cone γ∗e with vertex D0, defined by γ∗e (A) =
γ(A)e(D, D0) for A ∈ vC, is a normal cone.

Proof : It is clear that D0 ⊂ D. Let D0 = im γ(D1), D1 ∈ vC. If A ⊂ B,

then

j(A,B)γ∗e (B) = j(A,B)γ(B)e(D, D0) = γ(A)e(D, D0) = γ∗e (A),

so that γ∗e is a cone. Further, to show that γ∗e is a normal cone, it is
sufficient to show that at least one component of γ∗e is an epimorphism.
Now, let γ(D1) = euj be a normal factorisation of γ(D1). Then e =
e(D1, im γ(D1) = e(D1, D0), where u is an isomorphism from D0 to it-
self and j = j(D0, D). Therefore we have γ∗e (D1) = γ(D1)e(D,D0) =
e(D1, D0)uj(D0, D)e(D, D0) = e(D1, D0)u, which is an epimorphism. Hence
γe
∗ is a normal cone. ¤

Given a cone γ with vertex D, let D0 = max{imγ(A) : A ∈ vC} and
e = e(D, D0) be any retraction from D to D0. Then we prove that γe

∗ does
not depend on e.

Lemma 2.8 — Let γ be a cone in C with vertex D and D0 = max{imγ(A) :
A ∈ vC}. Suppose that e1(D, D0) and e2(D, D0) are retractions from D to
D0. Then γ∗e1(D,D0) = γ∗e2(D,D0).

Proof : We have j(D0, D)e1(D, D0) = 1D0 = j(D0, D)e2(D, D0). There-
fore, if γ(A) = euj is a normal factorisation of γ(A), then j = j(D1, D)
and D1 ⊆ D0 where D1 is the image of γ(A), and hence it is a subob-
ject of D0. Therefore j = j(D1, D0)j(D0, D). Hence we have γ∗e1(D,D0)(A) =
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γ(A)e1(D, D0) = euj(D1, D0)j(D0, D)e1(D, D0) = euj(D1, D0) and γ∗e2(D,D0)

(A) = γ(A)e2(D,D0) = euj(D1, D0)j(D0, D)e2(D, D0) = euj(D1, D0) which
implies γ∗e1(D,D0)(A) = γ∗e2(D,D0)(A) for all A ∈ vC. Therefore γ∗e1(D,D0) =
γ∗e2(D,D0). ¤

In view of the above lemma, we write γ∗ for γ∗e . It is easily seen that
cγ∗ = D0 and, if γ is normal, then γ∗ = γ. Define an addition denoted by ⊕
in the set of all cones in C as follows. For cones γ and δ

(γ ⊕ δ)(A) = γ(A)j(C,C ∨D) + δ(A)j(D, C ∨D), (3)

where C = cγ and D = cδ. Then it follows easily that γ ⊕ δ is a cone with
vertex c(γ⊕δ) = C ∨D = cγ ∨ cδ. If cγ = cδ, then the inclusions j(cγ , cγ ∨ cδ)
and j(cδ, cγ ∨ cδ) become identity morphisms, so that we have

(γ ⊕ δ)(A) = γ(A) + δ(A) for all A ∈ vC.

When γ and δ are normal cones in C, we define addition + in TC, the
set of all normal cones in C, by

γ + δ = (γ ⊕ δ)∗. (4)

Then γ + δ is also a normal cone. We shall show that this defines an
addition for rings in the set TC of all normal cones. In the following lemmas,
we give the results leading to the ring structure on TC. In our discussion,
γ, δ, τ, ρ, ... all denote cones.

Lemma 2.9 — For any A ∈ vC, we have γ(A) = γ∗(A)j(cγ∗ , cγ).

Proof : Let γ(A) = euj be a normal factorisation. If im γ(A) = K, then
j = j(K, cγ), so that γ(A) = euj(K, cγ). But K ⊆ cγ∗ ⊆ cγ , and therefore

γ∗(A) = γ(A)e(cγ , cγ∗) = euj(K, cγ)e(cγ , cγ∗)

= euj(K, cγ∗)j(cγ∗ , cγ)e(cγ , cγ∗)

= euj(K, cγ∗),

since j(cγ∗ , cγ)e(cγ , cγ∗) = 1.

Therefore γ∗(A)j(cγ∗ , cγ) = euj(K, cγ) = γ(A). Hence the result follows.¤

Lemma 2.10 — We have (γ ⊕ δ)⊕ ρ = γ ⊕ (δ ⊕ ρ).



672 SUNNY LUKOSE AND A. R. RAJAN

Proof : Let γ ⊕ δ = η and δ ⊕ ρ = τ . Then we have to prove that
η ⊕ ρ = γ ⊕ τ . We have cη = cγ ∨ cδ and cτ = cδ ∨ cρ. Also cγ ⊆ cγ ∨ cδ =
cη ⊆ cη ∨ cρ = (cγ ∨ cδ) ∨ cρ and cδ ⊆ cδ ∨ cρ = cτ ⊆ cγ ∨ cτ = cγ ∨ (cδ ∨ cρ).
Now

c((γ⊕δ)⊕ρ) = (cγ ∨ cδ) ∨ cρ = cγ ∨ (cδ ∨ cρ) = c(γ⊕(δ⊕ρ)).

Let d = cγ ∨ (cδ ∨ cρ). For any A ∈ vC, we have

η(A) = (γ ⊕ δ)(A) = γ(A)j(cγ , cη) + δ(A)j(cδ, cη).

Similarly, we have, τ(A) = (δ⊕ρ)(A) = δ(A)j(cδ, cτ )+ρ(A)j(cρ, cτ ). There-
fore

{(γ ⊕ δ)⊕ ρ}(A) = (η ⊕ ρ)(A)

= η(A)j(cη, d) + ρ(A)j(cρ, d)

= {γ(A)j(cγ , cη) + δ(A)j(cδ, cη)}j(cη, d) + ρ(A)j(cρ, d)

= {γ(A)j(cγ , cη)j(cη, d) + δ(A)j(cδ, cη)j(cη, d)}+ ρ(A)j(cρ, d)

= {γ(A)j(cγ , d) + δ(A)j(cδ, d)}+ ρ(A)j(cρ, d)

and (γ ⊕ (δ ⊕ ρ))(A) = (γ ⊕ τ)(A)

= γ(A)j(cγ , d) + τ(A)j(cτ , d)

= γ(A)j(cγ , d) + {δ(A)j(cδ, cτ ) + ρ(A)j(cρ, cτ )}j(cτ , d)

= γ(A)j(cγ , d) + {δ(A)j(cδ, d) + ρ(A)j(cρ, d)}
= {γ(A)j(cγ , d) + δ(A)j(cδ, d)}+ ρ(A)j(cρ, d).

Hence we have
(γ ⊕ δ)⊕ ρ = γ ⊕ (δ ⊕ ρ).

This completes the proof. ¤

Next we define a product on the set of all cones in C as follows. For cones
γ and δ (not necessarily normal) define γ ¯ δ by

(γ ¯ δ)(A) = γ(A)δ(cγ). (5)

If A ⊆ B, then we have j(A, B)γ(B) = γ(A). Therefore

j(A,B)(γ ¯ δ)(B) = j(A, B)γ(B)δ(cγ) = (j(A,B)γ(B)) δ(cγ)

= γ(A) δ(cγ) = (γ ¯ δ)(A).
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Hence γ ¯ δ is a cone in C. Also cγ¯δ = cδ.

Lemma 2.11 — We have ρ¯ (γ ⊕ δ) = (ρ¯ γ)⊕ (ρ¯ δ).

Proof : Let cγ ∨ cδ = d. Therefore cγ ⊆ d and cδ ⊆ d. For A ∈ vC, we
have

(ρ¯ (γ ⊕ δ))(A) = ρ(A)((γ ⊕ δ)(cρ)) by(5)

= ρ(A) {γ(cρ) j(cγ , d) + δ(cρ) j(cδ, d)} by (3).

Also we have

((ρ¯ γ)⊕ (ρ¯ δ))(A) = (ρ¯ γ)(A)j(cγ , d) + (ρ¯ δ)(A)j(cδ, d)

= ρ(A)γ(cρ)j(cγ , d) + ρ(A)δ(cρ)j(cδ, d)

= ρ(A){γ(cρ)j(cγ , d) + δ(cρ)j(cδ, d)},

and hence ρ¯ (γ ⊕ δ) = (ρ¯ γ)⊕ (ρ¯ δ).

This gives the result. ¤

Lemma 2.12 — We have (γ ⊕ δ)¯ ρ = (γ ¯ ρ)⊕ (δ ¯ ρ)

Proof : Let cγ ∨ cδ = d. Then cγ ⊆ d and cδ ⊆ d. For A ∈ vC, we have

((γ ⊕ δ)¯ ρ)(A) = (γ ⊕ δ)(A)ρ(c(γ⊕δ))

= (γ ⊕ δ)(A)ρ(d)

= γ(A)j(cγ , d)ρ(d) + δ(A)j(cδ, d)ρ(d)

= γ(A)ρ(cγ) + δ(A)ρ(cδ).

Also we have

((γ ¯ ρ)⊕ (δ ¯ ρ))(A) = (γ ¯ ρ)(A) + (δ ¯ ρ)(A)

= γ(A)ρ(cγ) + δ(A)ρ(cδ)

= γ(A)ρ(cγ) + δ(A)ρ(cδ).

Hence (γ ⊕ δ)¯ ρ = (γ ¯ ρ)⊕ (δ ¯ ρ).

This gives the result. ¤

Lemma 2.13 — Let f, g ∈ C(A,B), and suppose that f + g = e u j is a
normal factorisation. Then for any j1 : B ⊂ B1, we have f j1 + g j1 = e u j j1

and (f + g)◦ = (fj1 + gj1)◦.
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Proof : Since C is an RR-category, C(A,B) is an additive abelian group.
Hence f + g ∈ C(A,B).

Since f, g : A → B and j1 : B → B1, it follows that f j1, g j1 : A → B1,
so that f j1 + g j1 ∈ C(A,B1). Since f + g = e u j, we have (f + g)◦ =
[(f +g)j1]◦ = eu and ( f + g ) j1 = e u j j1. But the composition is bilinear,
and hence f j1 + g j1 = e u j j1 and (f + g)◦ = (fj1 + gj1)◦. This gives the
result. ¤

As a consequence of this, we have the following

Lemma 2.14 — Suppose that f, g ∈ C(A,B), where A,B ∈ vC. Let
j′ : B ⊂ B′, j′′ : B ⊂ B′′. Then im (fj′ + gj′) = im (fj′′ + gj′′).

The following results connect γ ⊕ δ with the normal cone (γ ⊕ δ)∗ and
γ ¯ δ with (γ ¯ δ)∗.

Lemma 2.15 — Let γ and δ be cones in C. Then:

(i) c(γ⊕δ)∗ ⊆ cγ⊕δ;

(ii) c
γ∗⊕δ

⊆ c
γ⊕δ

;

(iii) c(γ∗⊕δ)∗ = c(γ⊕δ)∗ ;

(iv) c(γ∗⊕δ∗)∗ = c(γ⊕δ)∗ ;

(v) (γ∗ ⊕ δ)∗ = (γ ⊕ δ)∗;

(vi) (γ ⊕ δ)∗ = (γ∗ ⊕ δ∗)∗.

The following result can be easily proved in respect of the new
product ¯.

Lemma 2.16 — Suppose that γ and δ are cones in C. Then

(i) c(γ∗¯δ)∗ = cγ∗ . δ∗ ;

(ii) (γ∗ ¯ δ)∗ = γ∗ . δ∗;

(iii) (γ ⊕ δ)∗ ¯ ρ = (γ∗ ¯ ρ)⊕ (δ∗ ¯ ρ). ¤

Recall that, for γ, δ ∈ TC, we have γ + δ = (γ ⊕ δ)∗, where (γ ⊕ δ)∗ is
defined by (γ ⊕ δ)∗(A) = (γ ⊕ δ)(A)e(cγ ∨ cδ, D0). Here D0 = max

A∈vC
{im (γ ⊕
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δ)(A)}. Now we prove that + is associative.

Theorem 2.17 — Let γ, δ, ρ be cones in TC. Then (γ+δ)+ρ = γ+(δ+ρ).

Proof : By Lemma 2.10, we have (γ ⊕ δ)⊕ ρ = γ ⊕ (δ ⊕ ρ). Therefore
(γ + δ) + ρ = ((γ⊕ δ)∗+ ρ) = (γ⊕ δ) + ρ = ((γ⊕ δ)⊕ ρ)∗ = (γ⊕ (δ⊕ ρ))∗ =
γ + (δ ⊕ ρ) = γ + (δ ⊕ ρ)∗ = γ + (δ + ρ). This completes the proof. ¤

Lemma 2.18 — Let O denotes the zero object in vC. Let O denote the
cone with vertex O, where O(A) = O for all A ∈ vC and O(A) is the unique
morphism from A → O. Then O ∈ TC. Also, if γ ∈ TC, then γ + O = γ.

Proof : If A ⊂ B, then j(A, B) Ō(B) = j(A,B) O = O = Ō(A), so that
Ō is a cone with vertex O. Further Ō(O) = O implies that Ō is a normal
cone. For any A ∈ vC, we have

(γ ⊕ Ō)(A) = γ(A)j(cγ , cγ ∨O) + Ō(A)j(O, cγ ∨O)

= γ(A)j(cγ , cγ) + Ō(A) = γ(A) + O = γ(A).

Therefore (γ + Ō)(A) = (γ ⊕ Ō)(A)e(cγ , cγ∗) = γ(A)e(cγ , cγ∗) = γ∗(A)
showing that γ + Ō = γ∗. Simlarly, we can show that Ō + γ = γ∗. Again

O
Ō(O)−→ O is an isomorphism. Hence Ō is the identity of TC. ¤

Lemma 2.19 — Let γ ∈ TC. Define −γ by (−γ)(A) = −(γ(A)). Then
−γ ∈ TC and γ + (−γ) = Ō = (−γ) + γ.

Proof : It is clear that −γ ∈ TC and c(−γ) = cγ . Also

(γ + (−γ))(A) = [γ(A)j(cγ , cγ ∨ c−γ) + (−γ)(A)j(c−γ , cγ ∨ c−γ)]e

= [γ(A)j(cγ , cγ) + (−γ)(A)j(cγ , cγ)]e

= [γ(A)1cγ + (−γ)(A)1c−γ ]e

= [γ(A) + (−γ)(A)]e = Ō(A)e = Ō(A),

where e : cγ ∨ c(−γ) → G0 = max
A∈vC

{im (γ + (−γ))(A)} is a retraction. Hence

γ + (−γ) = Ō. Similarly, (−γ) + γ = Ō. Thus γ + (−γ) = Ō = (−γ) + γ.

Hence −γ is the additive inverse of γ.

Remark 2.20 : For A ∈ C, we have 1A ∈ C(A,A), and hence −1A ∈
C(A, A). Further, if f ∈ C(A, B), then (−1A)f = −f = 1A(−f). So we can
write, −γ(A) = γ(A)(−1cγ ).
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Lemma 2.21 — Let ρ, γ ∈ TC. Then c(ργ)∗ = cργ∗ .

Proof : By definition c(ργ)∗ = max
A∈vC

{im (ργ)(A)} = max
A∈vC

{im ρ(A) (γ(cρ))0}
= max

A∈vC
{im ρ(A) (γ(cρ))0j(im γ(cρ), cγ)} = max

A∈vC
{im ρ(A) γ(cρ)} = im (γ(cρ)).

Also

(ργ∗)(A) = ρ(A) (γ∗(cρ))0 = ρ(A) (γ(cρ) e(cγ , cγ∗))0

= ρ(A) (γ(cρ))0 (j(im γ(cρ), cγ)e(cγ , cγ∗))0

= ρ(A) (γ(cρ))0 (j(im γ(cρ), cγ∗) j(cγ∗ , cγ)e(cγ , cγ∗))0

= ρ(A) (γ(cρ))0(j(im γ(cρ), cγ∗))0 = ρ(A) (γ(cρ))0.

Therefore cργ∗ = imγ(cρ), so that c(ργ)∗ = cργ∗ . ¤

Lemma 2.22 — Let ρ, γ ∈ TC. Then (ργ)∗ = ργ∗.

Proof : If A ∈ vC, we have

(ργ)∗(A) = (ργ)(A)e(cρ γ , c(ργ)∗) = ρ(A)(γ(cρ))0 e(cρ γ , c(ργ)∗)

= ρ(A) (γ(cρ))0 e(im γ(cρ), c(ργ)∗)

= ρ(A) (γ(cρ))0 = (ργ∗)(A).

Hence (ργ)∗ = ργ∗. ¤

Next we show that TC is a regular ring under the operations of addition
given in equation (4) and multiplication defined as in equation (2). The
main problem is to prove the distributive property.

Theorem 2.23 — Let γ, δ, ρ ∈ TC. Then ρ (γ + δ) = ρ γ + ρ δ.

Proof : We have

ρ (γ + δ) = ρ∗(γ ⊕ δ)∗ = (ρ¯ (γ ⊕ δ))∗

= ((ρ¯ γ)⊕ (ρ¯ δ))∗ = (ρ¯ γ)∗ + (ρ¯ δ)∗

= ργ + ρδ

giving the result.

Theorem 2.24 — Let γ, δ, ρ ∈ TC. Then (γ + δ) ρ = γρ + δρ.
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Proof : We have

(γ + δ) ρ = (γ ⊕ δ)∗ ρ = (γ ⊕ δ)∗ρ∗ = ((γ ⊕ δ)∗ ¯ ρ)∗

= ((γ∗ ¯ ρ)⊕ (δ∗ ¯ ρ))∗ = (γ∗ ¯ ρ)∗ ⊕ (δ∗ ¯ ρ)∗

= (γ∗ ¯ ρ)∗ + (δ∗ ¯ ρ)∗ = γ∗ρ∗ + δ∗ρ∗ = γρ + δρ,

giving the result

Thus we have proved the following theorem.

Theorem 2.25 — If C is an RR-category then the set TC, of all normal
cones, is a regular ring. ¤

3. Example

The ring of finite-rank operators of an infinite-dimensional space provides
a typical example of a regular ring without identity. Let X be an infinite-
dimensional vector space. An operator t on X is said to be a finite-rank
operator if R(t), the range of t, is of finite dimension. Let S be the set of all
finite-rank operators on X. Then S is a regular ring under the operations
of addition and multiplication defined below. For x ∈ X and t1, t2 ∈ S, we
define

(t1 + t2)(x) = t1(x) + t2(x) and (x)(t1t2) = (xt1)t2.

Thus the product t1t2 is defined in such a way that t1 acts first and then
t2. Since the range of 1X is X, it follows that 1 /∈ S.

Theorem 3.1 — Let X be an infinite-dimensional vector space, and let D
be the category with vD = {M : M is a finite-dimensional subspace of X}.
Suppose that, for M and N are in D, D(M, N) is the set of all linear trans-
formations from M to N . Then D is an RR-category.

Proof : For each A,B ∈ vD, the set D(A,B) is an additive abelian
group, and the zero element of the group D(A,B) is the zero morphism.
Since the set of all finite-rank operators forms a regular ring, it follows that
in D is an additive category. We give the verification of the conditions of a
RR-category.

(i) D is a category with subobjects, the subobject relation being the
usual set inclusion relation. So D satisfies the condition R1;
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(ii) Every inclusion in D splits. Indeed we have the following justification.

Suppose that M ⊆ N and that j : M → N is the inclusion. Then j is
in D. Let N = M ⊕M ′ for a subspace M ′ of N . Then there is e in D such
that e : N → M , where

xe =

{
x, if x ∈ M

0, if x ∈ M ′.

Therefore je = 1M . This proves that D satisfies the condition R2.

(iii) D has a zero object which is the subspace (0) generated by 0 and is
a subobject of each object. Hence D satisfies the condition R3.

(iv) vD with the partial order induced by the subobject relation is a
relatively complemented lattice. Indeed,

if M and N are finite-dimensional subspaces of X, then M ∧ N = M ∩ N

and M ∨N = M +N are finite-dimensional subspaces of X. Also, if M ⊆ N ,
then there is a finite-dimensional subspace M ′ of X such that M ′ ⊆ N and
N = M ⊕M ′ = M ∨M ′. Thus D satisfies the condition R4.

(v) If A and B are two finite-dimensional subspaces of X, then every
f : A → B in D has a kernel j : K → A such that j is an inclusion and every
complement of K in A is a cokernel of j.

If K is the kernel of the linear transformation f : A → B, then K ⊆ A

and j = j(K,A) is such that, for every x ∈ K, we have x(jf) = (xj)f =
xf = 0. This implies that jf = 0. Also, if there is some K ′ ∈ vD and
j′ : K ′ → A such that j′f = 0, then, for any x ∈ K ′, we have x(j′f) = 0
implies that (xj′)f = 0, so that xj′ belongs to the kernel of f . Therefore,
if we define γ : K ′ → K by xγ = xj′, then, for any x ∈ K ′, we have
x(γj) = (xγ)j = (xj′)j = xj′, which implies that γj = j′. Therefore j is a
kernel of the morphism f .

Further we have A = K⊕K ′ for some K ′. Therefore, if e1 is the projection
on K ′, then e1 = e(A,K ′) is such that, for any x ∈ K, we have x(je1) =
(xj)e1 = xe1 = 0, so that je1 = 0. Also, if there is M ∈ vD and e2 : A → M

such that je2 = 0, then, for any y ∈ K ′, we have ye2 ∈ M . Therefore, if we
define δ : K ′ → M by yδ = ye2, then y(e1δ) = (ye1)δ = yδ = ye2, for all
y ∈ K ′. Hence e2 = e1δ. Therefore e1 is a cokernel of the morphism f . This
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proves that D satisfies the condition R5.

(vi) Every f : A → B in D has an image (f ′, f(A), j) such that j :
f(A) → B is an inclusion and a coimage (v, T, θ) such that v : A → T is
a retraction. Further, this coimage (v, T ) is an image in the sense that for
some θ′, (v, T, θ′) is an image of f. To see this we proceed as follows.

Since f is a finite-rank operator from A to B, f(A) is a finite-dimensional
subspace of B, so that j : f(A) → B is an inclusion. Also f = f ′j, where
f ′ : A → f(A) is f with codomain restricted to f(A). If there is some C ∈ vD
and g : A → C with f = gj1, where j1 : C → B, we define γ : f(A) → C

by (xf)γ = xg. Then, for any x ∈ A, we have (xf)(γj1) = ((xf)γ)j1 =
(xg)j1 = x(gj1) = xf = (xf)j, so that j = γj1. Therefore (f ′, f(A), j) is the
required image of f .

Further, if f ∈ D, then f admits a normal factorisation of the form
f = e1u1j, where e1 is a retraction with the null space of e1 as the null
space of f and the range of e1 as a complement of the null space of f .
Further, u1 is the restriction of f on R(e1), so that it is an isomorphism,
and j is the inclusion im f ⊆ cod f. If f = e2f

′, with e2 is a retraction
and f ′ : im e2 → cod f , define γ : im e2 → im e1 by γ = f ′eu1

−1, where
e : B → im f is a retraction. Then e2γ = e2f

′eu1
−1 = feu1

−1 = e1 since
f = e1u1j. Also, u1 is an isomorphism of the coimage of f and the image of
f . This proves that D satisfies the condition R6.

(vii) For each A ∈ vD, there is a cone γ ∈ D with γ(A) = 1A.

For this, consider the linear transformation tA : X → X defined by
tA = 1A on A and tA(B) = 0, where X = A⊕B. Now, for each D ∈ vD, we
define γ(D) = tA|D. Clearly, γ is a cone and γ(A) = 1A. That is, R7 of the
RR-category is satisfied.

(viii) Since the objects are finite-dimensional subspaces of X, every sub-
set of vD, which has an upperbound contains a maximal element. Indeed,

if F is a collection of objects with an upper bound D, then dimA ≤
dimD for all A ∈ F . Since D is finite-dimensional, there is no infinite chain
in F . Hence, by Zorn’s Lemma, F contains a maximal element. This proves
that D satisfies the condition R8. ¤
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Theorem 3.2 — Let S be the set of all finite-rank opertors on an infinite-
dimensional vector space X. Then S is isomorphic to TD, where D is the
category defined in Theorem 3.1.

Proof : Since any finite-dimensional subspace of X is the range of
an idempotent operator of finite rank, vD = {R(e) : e is an idempotent
operator in S}.

For a ∈ S, define ρa : vD → D by ρa(M) = a|M . If M ⊆ N in vD, then

j(M, N)ρa(N) = j(M, N)a|N = a|M = ρa(M).

Therefore ρa is a cone in D. Also, if W is the complement of the null
space of a, then a|W is one - one and onto, so that ρa(W ) is an isomorphism.
Hence ρa is a normal cone. Also the vertex of ρa is R(a).

Now define φ : S → TD by φ(a) = ρa. Then

(i) φ is well defined. For a = b in S implies that a|M = b|M for any
M ∈ vD, so that ρa = ρb.

(ii) If ρa = ρb for a, b ∈ S, then ρa(M) = ρb(M) for all M ∈ vD. Hence
a|M = b|M for all M ∈ vD, so that a = b. That is, φ is one - one.

(iii) By definition, ρab(M) = (ab)|M = (a|M) (b|R(a)) . Also by the
definition of the product of cones,

(ρaρb)(M) = ρa(M)ρb(R(a))◦ = (a|M)(b|R(a))◦ = (a|M)(b|R(a)).

Therefore (ρaρb)(M) = ρab(M) for all M ∈ vD. This proves that φ(ab) =
φ(a)φ(b).

(iv) By definition, ρa+b(M) = (a + b)|M = (a|M) + (b|M)) .

Let D0 = max {im (ρa ⊕ ρb)(A) : A ∈ vD}. Then D0 = R(a) ∨R(b).

So e(R(a) ∨R(b), D0) = 1. Also, by definition of addition of cones, we
have

(ρa + ρb)(M) = (ρa ⊕ ρb)∗(M)

= (ρa ⊕ ρb)(M)e(R(a) ∨R(b), D0)

= (ρa ⊕ ρb)(M)

= ρa(M)j(R(a), R(a) ∨R(b)) + ρb(M)j(R(b), R(a) ∨R(b))

= (a|M)j(R(a), R(a) ∨R(b)) + (b|M)j(R(b), R(a) ∨R(b))

= (a|M) + (b|M)
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Therefore (ρa + ρb)(M) = ρa+b(M). That is, (ρa + ρb)(M) = ρa+b(M)
for all M ∈ vD. This proves that φ(a + b) = φ(a) + φ(b).

(v) Let B be a basis of the infinite-dimensional vector space X. For each
b ∈ B, let eb ∈ E(S) be such that R(eb) = Mb is the subspace generated by b.
Let ρ be a cone in D. Set ρ(Mb) = ub. Then ub is a linear transformation from
Mb. Define u on X by u(b) = ub(b) for all b ∈ B. Then u extends linearly on
X, and ρ(Mb) = ub = u|Mb = ρu(Mb) for all b ∈ B. Let L ∈ vD. Since L is
finite-dimensional, let us suppose that L is generated by (say) b1, b2, ..., bn.

But Mbi is the subspace generated by bi. Therefore L = Mb1∨Mb2∨· · ·∨Mbn .

Let ρ(L) = v. Since ρ is a cone in D, we have j(Mbi , L)ρ(L) = ρ(Mbi). But
ρ(Mbi) = ρu(Mbi). Therefore j(Mbi , L)ρ(L) = ρu(Mbi), so that v = u|Mbi ,

for all bi. That is, v = u|L.

That is ρ(L) = ρu(L). Since L ∈ vD is arbitrary, it follows that ρu = ρ.

This shows that φ is onto.

Hence S isomorphic to TD.
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