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1. INTRODUCTION

In R™, the entire solution of the following semi-linear equation
Au+uP =0, n >3, (1.2)

has received much attention. Whes- Z—fg, (1.1) is the famous Yamabe equation.

Gidas, Ni and Nirenberg [9] showed that all the positive solutions of (1.1) are
radially symmetric under the condition

u=0(z[*™"),  |a[ — +oo

and given the explicit radial solution. Caffarelli, Gidas and Spruck [3] obtained the
same results removing the above conditions. Recently Chen etc. (see [5, 6, 15])
simplified the proof and expand to high order elliptic operators by the method of
moving planes. Fot < p < Z—f%, Gidas and Spruck [10] introduced the vector
field for semi-linear elliptic equation iiR™ and in some manifolds and proved
that all nonnegative solutions of (1.1) are trivial by some identities obtained from
the vector field. In 1991, the results had been obtained again by Chen and Li [5]
using the method of moving planes. The basic form of vector field appeared in a
geometric result of Obata [19] to consider the deformations of the usual metric on
S™. By the idea, Chang, Gursky and Yang [4] classified the entire solutions of a

fully nonlinear equation.

Heisenberg groupl,,, derived from many objects such as quantum mechanics,
complex geometry etc., is the typical representative of noncommutative geometry.
The semi-linear equation on the Heisenberg group

Apu+h(€)u? >0, ¢eH, (1.2)

was also paid much attention, whetg; is the sub-Laplacian corresponding to a
class of left invariant vector fields. When= 224 h(¢) = 1, (1.2) is the famous
Yamabe equation. Jerison and Lee [13, 14] proved that the Yamabe equation has
a uniqueness cylindrical symmetric solution and gave the explicit solutions. After

that, Garofalo and Vassilev [8] obtained the similar results on the H-type group. For
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1<p< % Birindelli, Dolcetta and Cutri [1] proved that the only nonnegative
solution of (1.2) withh(§) = 1 is trivial by introducing a class of nonnegative
functional. Furthermore, the nonexistence for cylindrical symmetric solutions of
(1.2) has been studied by Birindelli and Prajapat [2] with the method of moving
planes. But for2zt2 < p < 224 nonexistence results for Eq. (1.2) is still an
open problem. Recently Xu [20] introduced the vector field method for Heisenberg
group and concluded that whén< p < 1 4 220 1 > 0, the following semi-

(2n+1)2°
linear equation

Agu+ h(§uP =0 (1.3)

does not have nonnegative solution. Specially, Xu [20] extends the results of

Birindelli, Dolcetta and Cutri [1] foP2t2 < 1 + (287?;%2 < 2ot

In this paper we will introduce the vector field method for generalized Greiner
vector fields. As an application, we can study the Liouville property of the follow-
ing semi-linear equation

Aru+ h(§)uP =0 (1.4)
on the generalized Greiner vector fields.

To state our result, we need to describe some notions and properties about the
generalized Greiner vector fields. Takgy € R",t € R,z = 2 + vV—1y,§ =
(z,y,t). Afamily of dilations is defined as

6r(2,t) = (rz,r*t) (1.5)

and the homogeneous dimension with respect to dilatiods is 2n + 2k. The
generalized Greiner vector fields are

0 0
X = — + 2ky;|2|?* 72T, V; = —— — 2ka;|2|?* 2T 1.6
Vi 8$]‘ + y]|z| 9 ] 6yj $J|z’ 9 ( )
wherej = 1,2,...,n,T = &, [2| = [Y (22 +y]2)2]%,k > 1. They satisfy the

=1
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following noncommutative relations:
[le X; ] ( 2)|z‘2k_4($iyj - wjyi)T7
Y5, Yj) = 2k(2k — 2)[2[*"H(wiy; — 24T,
(X, Y;] = —2k(2k — 2)|2)** " (wix; 4+ yiy)) T, i # 4,
(X3, Vi) = —4k[]2[*5 7% + (k = 1)|2**(@f + yDIT,

wherei,j = 1,2,...,n. Denote by

VL:(X17X27“'7Xn7}/17Y27"‘7Yn)7 (17)
Ap=> (X7 +Y7) (1.8)
j=1

the generalized gradient and the generalized Greiner operator respectively. We
define the normi¢| = (|z|* + 2)3 and the ball of radiug centered at origin

Br = Bg(0) = {¢ e R*" . |¢| < R}.

Whenk = 1, A becomes the sub-Laplaciaky, on the Heisenberg group
H,, (see Folland [7]). Ik = 2,3, ..., Ay is the Greiner operator (see [11]). As is
well known, the vector fields(;, Xo, ..., X,,Y1,Y5,...,Y, in (1.6) do not pos-
sess left translation invariance fbr> 1 and, ifk # 1,2, 3,..., they do not meet
the Hormander condition [12]. These are main differences with the left invariant
vectors onH,, and bring many difficulties in the application of the vector fields
method. We shall overcome them by introducing a special class of cut-off function
in the Section 3. Our main result is the following Liouville type theorem.

Theoreml.1— Letu € C?(L) be a nonnegative solution of

Aru+ h(§uP =0, n> 2, (1.9)

n(a?+2b)[(n+1)a®—2nb]
(n—1)(2n+1)%a*

withp > 1. Assumethat =n+k—1,b=n+k*>—1,e =
andh(¢) is a nonnegative function such that

ALh(€) > 0, (1.10)
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and for|¢| large,

Viogh(€)| < —

1.11
Gk (11D

01‘5’0 < h(£)7 g>—-m-— 27 (112)

wherem = (HA=2ACEDel] 19 ) < 4(n + 1)e, thenu(€) = 0.

Remarkl.2 : Whenk = 1, Theorem 1.1 is the result of Xu [20].

Remarlt.3 : Conditionl < p < 4(n + 1)e implies that constant(> 1) is
dependent on the integar Combining the softwar&latlab, we find thatk will
have a bigger range whenis bigger.

Remarkl.4 . Theorem 1.1 extends partly the Liouville theorems of Niu etc.
(see Theorem 5.1 of [17]). Indeed one of the results of [17] was that fop <
%, the only nonnegative solution of

Apu+uP <0, inR™H

is trivial. Since 5% < 4(n + 1)e whenk = 1, we can conclude thatZ;
< 4(n+ 1)eis true in[1,T] (T is a constant), which is a subdomain of the range

in Remark 1.3, because of continuity.

The plan of the paper is as follows. In Section 2, inspired by the vector
fields method, we introduce a class of functional, give some quantities through
the method of integration by parts and the noncommutative relations of the gener-
alized Greiner vector fields, and then obtain an identity, seen Lemma 2.1, which
is the main tool in the proof of Theorem 1.1. The last section is devoted to the
proof of our main result. Wheh > 1, the generalized Greiner vector fields are not
nilpotent of two step. And furthermore, they are not nilpotent whésn't integer.
These bring more information, such as the twelfth and the thirteenth items in the
right of (2.5), in the process of using the noncommutative relations. To overcome
them, we introduce a special of cut-off function in Section 3.
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2. AN INTEGRAL ABOUT THE GENERALIZED GREINERVECTORFIELDS

Now letu > 0 satisfy (1.9). Set. = v~*(s # 0), then

Apu=—sv " TApv 4 s(s + 1)v 52| Vo|?, (2.1)

7

where|Vv|? = S [(Xv)? + (Y;v)?], andv satisfies

=1

h
Ao = (s + Do Vo2 + =0T, (2.2)
S
Denote
2
n n 1 n
DB = X [(XGXa+YiYu— ) (X4 Y udy
,j=1 1,j=1 ~=1
2
n 1 n
+ ) (XY =YX u — =~ Xy Ylud;| . (23)

LetQ c R**l(n > 1) a bounded domain and takee C§5°(2) satisfying
0<ep<L

Now we consider the nonnegative integral functional as follows:
n
Z / ’EZ’FWUHQSH, (2.4)
ij=1"9
wheregq, s, r are to be determined. Next we will express (2.4) in two forms and

then give the following identity. For convenience, we omit the donfaim all
integrals below.

Lemma2.1 — (Main ldentity)
n
82 Z /’E;)’j’%oqu_i_)\l/,Ur—Q(pqva’4+/\2/h2vr+25+2—2ps(pq
ij=1
n
+)\3/vrgpq(Tv)2|z|4k_4 + A4 Z /Urgoq[(Xinv — Y;Yiv)?
ij=1

+(X,Yv + Yinv)2] + X5 / hvr+5_psg0q|VLv|2
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n
=6 Z/v’”—l\vw\?(xjvxj@q +Y0Y97) + A7/vaVLv12AL¢q
j=1

n
+ s ) /”T[(XiXJSOq + YiY;09) (XivXjv + YivYjo) — (YiX;p? — XiYje)
7,7=1

n
(Xao¥yo = YioXgo) 400 3 [0 (T0)PH (0¥ = YioXe)
j=1

n
+Xo0 Y / V" LRI[(XYiv 4 Y X0) (X oY + XjoYj0) + (X X0 — Y;Yiv)
ij=1

(XvXv = YoYv)] + An Z / ho" TIPS (X ou X + YiuYep?)
j=1

Zn: /”r [[Xi,Xj]v

n
+ A2 Z / vrghoU\z\%_A‘(ij}v —y; X;v) + A3
= Q=1

(Xiv X0 + YioYyh) + [X;, Yilu(XiwYie? — Yo X)), (2.5)
where
1
A =s2(s+D[(s+1) <3 + n> +2(r—=1)] —ns*(s+ 1)(r+s+1)

— 2 (r+2s+2)(r+2s+1)

_32[@_1—77) (8—1-1)2—(2+77)(8+1)7"—7"(7“_1)]7
/\2:—71;1—77,

1
A3 = 16k%s* [(n—l—k— 1)2 (1+n —77) —2(n +k* — 1)(1+n)] :
)‘4 282777

A“”:%(”i) (s41) - 2L M-

n

—s(r+2s+2)n
1

—s(r+2s+2) <1+>
n

:23<1+711> (s4+1) —s(r+2s+2)(2+7),
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Ao = —252(s+ 1)+ 3 (r + 25 +2) — s*(r +2s +2)(1 —n)
+82(r + 25 +2)
= s2[(r + 25 +2)(1 +n) — 2(s + 1)],
M=s% As=—s*(1-n),
Ao = —4ks? (1+711> (n+k—1)+ %s2k(n+k— 1)

+4s%kn(n+k —1) —4s’k(n+ k — 1)(1 —n)
= 8s%k(n+k—1)(n—1),
Ao = —25%(s +1) — s?>rn+ s2(r + 25+ 2) = s?r(1 — ),

A1 = 8—1—%4—577—5(1—77):2517,
Ao = —8ks*(k — 1)(2n + 2k — 1)n,

Az = —282(1 + T]).

Proof: Stepl : On the one hand, by (2.3) and (2.4),

n
5 [ gt
ij

,j=1

n
— Z /(Xinu+}/}nu)290qu+28+2

ij=1
n
+ Z /(Y]XZU _ Xjnu)2¢qu+28+2
3,7=1
i 2
_ / Z<X3“+Yv2“) S0111}7~+2s+2
n =
2
1 n
- / Z[X’Y’ ny]u Squr—i-Qs—l-Z
n
v=1

=1+ I11+1I1+1V.
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Because oft = v~ %, we have

n
I=s%s+1)? Z /vr_2g0q(vaXiv + Y;0Yv)?

i,j=1

n
+ 52 Z /vrgpq(Xinv +Y;Yv)?

ij—1
n
—2s%(s+1) Z /vrlcpq(vaXiv + YuYv)(X; X;v + Y;Yiv)
ij=1
= Il + I2 + 137
n
IT = s*(s +1)? Z /vr_2g0q(Yijiv — X,vYiv)?

ij=1

+ §° Z /vrgoq(Yinv — X,Yv)?

ij=1
n
—25%(s+1) Z /Ur_l(pq(YjUXi’U — X;vY0)(Y; X;v — X;Yiv)
ij=1
=111+ 115+ 113

and
2 1)2 2
7] — s (s+1) /vr2¢q’va|4_ S/vrwq(ALvy
n n
252 1
+ S(ZH/UT_HOQALUWLUQ
=111+ 1115+ 1115.
Thus
_ l 2 2 r—2 q 4
Lh+IL+11L+1113 = 1+n S(8+1) v QD|VLU|
2 1
+S(Z+)/hvr+5_5pg0q]VLv|2 (2.6)
and

n
LA+ IL+IIL+1V =5 / PR (2.7)
ij=1
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Using integration by parts, it gives

n
+1 = —25%(s+1)) / V"t (Xj<\VLv|2>vaH”j(IVLvP)m)
j=1

n
+25%(s + 1) Z /Urlcpq [(Yijiv — X;vX;v)(Y;Yv — X; X;v)
ij—1

+(YjuXw + XjuYw) (Y X + ij)}

1
_ 232(s+1){(s+r)/v’"‘2<pq\VLv4+ s/h““rs_psquLv!Q
n
+Z/UT1\VLUI2(XJUXjSOq +Yj”Yj¢q)}
7=1

+25%(s + 1) Z /lecpq [(Yij;v — X;vX;v)(Y;Yv — X; X;v)
ij=1

+H(YjuX + X;0Y0) (Y X + ij)} . (2.8)

From (2.6)-(2.8), we get

n
Z /‘Ey'|290qu+28+2
ij

ij=1
n
1
=52 /\Efjlzsoqv’” +25(1+—)(s + 1)/hvr+sps¢quwy2
ij=1

+ 8% (s + 1D)[(s+1)(3+ %) +2(r—1)] /UTQqu\VLv]4

n
P25 )3 [0 TP e + VoY)
j=1

n
+25%(s + 1) Z /legoq {(Yijiv — X;vX;v)(Y;Yv — X, X;v)
ij—1

+ (VioX + XjuYw) (YV;Xiv + ij)} .9
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Step2 : On the other hand, using the facts that are

n n

1
Z [(X]XZ -+ Y}E)u - E Z(X,?/ + Y,YZ)'LL(SU] (51']‘ =0,
ij=1 y=1
n 1 n
Z [(X]Y'z — Y}Xz)u — g Z(X% + Y,YQ)U(SZJ] (51']' =0,
ij=1 y=1
we easily get

n

Z |EZ§ ‘2(pqu+2s+2

ij=1
n 1 n
=y { [(Xle- +YjYi)u -~ > (X2 + Yf)uaij] (X, X; + Y;Y:)u
3,j=1 v=1

1 n
(Y = Vi Xou — = 371X, Y Judy] (X% - Y5 Xl.)u} Ry
y=1
(2.10)

Integrating by parts,

n
Z /‘Ey'|2gpqu+25+2
)

ij=1
==Y [ XXX+ YjY)u - - D (Xu+ Yu)di) Xiu
ij=1 y=1

1 n
+ Yi[(X; X +Y;Y)u — - Z(Xgu + qu)&j]yéu
v=1
n

1
+ V(Y5 X = XY)u + — > IX, Yy Judy) Xiu

7=1
n

1
- XX - X¥ou+ - ) X, muaijm“}wvrwsw
n
7=1
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n n
1
- > /{ (XX + Y;Yi)u — — D (X2u+ Y u)di] XiuX o
y=1
1 n
+ [(X; X + Y;Y)u — - Z(X%u + qu)&j]nqugpq
=1
n
1 q
+ (X = XYi)u + — D [Xy, YaJudy| XjuYje
v=1
n
1 r+2s+2
— (VX = XYo)u+ — 3 [Xy, Yy Jud]YiuXe? bo
v=1

n 1 n
—(r+2s+2) Z /{[(Xin +Y;Yi)u — . Z(Xgu + Y,},Qu)(sij]Xi’LLXj’U
y=1

1,j=1

ij=1
1 n
+ [(X; X + Y;Y)u — - Z(X,%u + qu)&j]yiquv

=1
n

1
+ (X = XYiu + — 3 [Xq, YaJudy| XpuYjo

=1
n

1
— (Y} X; — X;Y))u+ - Z[Xfy, Yw]uéij]Yiquv}UrHusq
v=1
=V 4+ VI+VII. (2.11)

Exchanging, j two times through noncommutative relations and calculating
delicately, we have

n

(3

n
+2>° /(Xj (X, X JuX;u+ Y;[Y;, YiluYu
ij=1

1 n
V= < - 1) > /[Xj(ALU)XjU + Vi (Apu) Yiulplo 2o+
j=1

n
Z /(XZ [Xja YJ]UYVZU - }/i[Xj, Y}]’LLXﬂL) (pqu+2s+2
2,j=1

+Y5(X, YiJuXiu — XX, ViluYiu ) o 252, (2.12)
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Using integration by parts,we obtain

1 n
V=s (1 —~ n) > / h" TIPS (X0 X0 + VoY)
j=1

+ <1 . :L) /h2vr+2s+2—2ps¢q

1
+ s(r+2s+2) <1 — > /hv’"“pﬂva\Q(pq

n

1 n
+ 4ks? (1 + n> (n+k—1) g / 2|20 To(Yju Xl — XvY;07)
j=1
1

+ 16k2s? [Q(n +k2—1)—(n+k—1)> (1 + n>] /|Z|4k_4vr<pq(TU)2

n
—28 3 [ [ Xl Xset + Vi)
ij=1

+ [X5, Y Ju(XivYjef — Yiqu@‘I)]v’“. (2.13)

Calculating through the method of integration by parts and the noncommutative
relations,

n
VI = il Z/hvr+s+1—ps(vastpq + YjoYie) + 82/UT|VLU‘2ALQD(1
n
j=1
n
+ Z /[(XinU —Y;Yiu)(XuX;p? — YiuYje?)
ij=1
+ (Vi Xiu + X;Yu) (XuYje? + y;ququ)]ersw

4 n
sk k=13 [P To(XuYet - YoXe)
n

Jj=1

n
+52(r+2s5+2) Z/UT_IWLU\Q(XWX]«;)‘] +YjuYe?).  (2.14)
7j=1
In the above equality, we need to express the term
n
> 16X = YY) (XXt — YiuYe)

i,j=1
+ (Vi Xou+ X;Yiu) (XauYe? + YiuX ) 2542 = v
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in two kinds of the formV/I; and V' I,,. The reason will be pointed out in the last
part of Section 3. On the one hand, from integration by parts,

n
LU}:—z;/MN&Xm—%ﬂme—KN@&u—EE@EU
i,j=1

+ Y5(Y; Xou + X;Viu) Xou + X;(Y; Xou + X, Viu) Yiu|plo™ T2

n
-> / (X Xiu — YYiu)? + (Y Xpu + X;Yiu) 2 plo 2542

ij=1
-4r+%+a)z:/m@xm—yﬂmmeXw—ymmm
ij=1
+ (Y3 Xu + X;Yiu) (XyuYjo + YiuXjo)|pto 254
=0+@+0. (2.15)

Exchanging, j two times and calculating delicately, we have
@ =s(r+2s+2) / hvr+57psgpq|va|2 + /h2vr+2s+22ps(pq
n
+2 Z /([Xian]XjUXiU + Y3, Y;]YuYu

ij—1
+ [X;, Yy]YjuXu — [X;, Vi XjuYu) @l T25+2

n
- / (X[ X5, YiluYiu — Yi[X, ViuXu)pto+25-2

,j=1

n
+s Z / ho" TIPS (Xn X7 + YioY07)
j=1
=s(r+2s+2) / ho" TSPV Lo + /h20r+25+2_2psgpq
n
+s§:/hM““ﬂWXﬂXﬂﬂ+ywn¢%
j=1

n
—4ks*(n 4k — 1) Z/ 2|20 T (Yju X j¢? — X0Yj07)
j=1
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+ 4ks?(2k — 2)(2n + 2k — 1) Z / 2|4 (y; X v — 2 Yj0) "
j=1
+16k%* 2(n + k2 — 1) + (n+ k — 1) / 2| =T 1 (T)?

n
— 25> Z /[[Xi,Xj]v(Xivngoq + YuY;p9)
ig=1

+ [Xi, Yjlu(XvY0? — YivoXp?)|o". (2.16)
A direct computation gives
@ =+ 1 [ 2Vl
=52 30 [V X0 = YY) + (XYoo + Y X))
ij=1

n
+25%(s +1) ) / V" [(X5 Y0 + Y Xi0) (XoYie + XpoYio)
ij=1

+ (XinU — Y}Y;’U)(XjUXiU — YYJUYVZU)] (2.17)
and

@ =s*(s+1)(r+2s+2) /UT2g0q|VLv|4

n
=242 Y [ TIOG Y+ Y X) (XeYio + XaoYo)
2,7=1

+ (X X5v = YY) (XjuXv — YjoYv)l. (2.18)
Finally, we obtain from (2.15) to (2.18) that

VI; = 32(3 +1)(r+s+1) /UT2<pq\VLv4

n
= 30 [ K = YY)+ (X¥iw + Y3 X))
ig—1

n
—s%r Z /vrlgoq[(XjYiv +Y; X;v)(XvYv + XvY,v)
ij=1
+ (X; Xiv = Y;Y0)(XvXv — YuYiv)]
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+ / R2y"TRSTETIS O0 g + 25 + 2) / ho" TSRS 1N L2
n
+5 Z / ho" TSRS (X n X0 4 YioYp7)
j=1
n
— 4ks*(n+k—1) Z/ 12|20 To(Yiu X7 — X0Y507)
j=1
+16K%%[2(n + k* — 1) + (n 4+ k — 1)7] / | 2| =4y o1 (T)?

n
+ 4ks?(2k — 2)(2n + 2k — 1) Z/ 2[4 (y; X o — 2 Yj0) 0"
j=1

n
— 252 Z /[[Xi,Xj]v(Xivchpq + Y;vY;07)
ij=1

+ [ X5, Yiu(XvYp? — YioXp?) [v". (2.19
j j J

On the other hand, exchangiing and integration by parts for subindéx

7j=1

n
= X, Vilu(XjuYe? — YiuX ) o7t
=1

n
- Z /[(XinSDq + VYo" (XjuXju + YyuYju)
1,j=1
— (YiX;9? — X;Yj01) (XjuYju — Yiquu)]ererQ

n
_ (’r‘ + 2s + 2) Z /(XZquU + Y;uYﬂ})(Xqujqu + Y}-u}/j(pq)ur+2s+1
ig=1

=—5 Z / ho" PSHLTPS (X ou X 07 + YiuYip?)
j=1

n
-5 /”T[(XinWq +YiYj¢") (XivXjv + YivYjo)
ij—=1

— (VX9 — X,Yj0")(XnwYjo — YivX;0)]



SEMI-LINEAR LIOUVILLE THEOREMS 327

n
— 2 (r+2s+2) Z / "NV LA (X0 X0 + YiuYip?)
j=1

+Aks*(n+k—1)) / 12|20 To(Yju X! — XoY97).  (2.20)
j=1

Thus combining (2.19) and (2.20) with (2.14),

n
S _
VIi=—3 / B (X0 X0 + Yot + 57 / o |VLoPA L
j=1
n
+5°(r+25+2)) / VTV Lo (XGu X et + YieYje?)
j=1

4 n
— —ks?(n+k—1) Z / 12|20 To (Yo X 07 — X0Y;07)
n
j=1

+ VI, 4 (1 =)V, (2.21)

wheren is to be determined.

Finally in Step Il, we calculate VIl as follows

VII=—s*(s41)(r + 25 +2) / v 2V ot

2542
+s(r—i— s+ 2)
n

/ hvr+sfps(pq|va‘2

—(r25+2)) / PGV Lul) Xjo + Yi(|V puf?) Yyolpto 25+
j=1

n
+ 22542 Y / 0" [(X Vi + Y Xow) (XjuYiw + XwYjo)
i,7=1

+ (X; Xov = Y;Y0)(XvXv — YjoYv)).
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Through integration by parts, we obtain
VII=3s*(r+2s+2)(r+2s+1) /vr_2¢q]VLv\4
1 r+s—ps 2
+s(r+2s+2)(1+— ho" TP |V Lo
n
n
+82(r + 25 +2) Z/UTHVLUF(vaXjapq + Y;0Y;07)
j=1
n
+ §%(r + 25 + 2) Z /vr_lgoq[(XjYw +Y; X0)(Xj0Y0 + X;0Yv)
ij=1
+ (X Xjv = Y;Y0) (XjuXv — YjoYw)]. (2.22)
From Steps | and Il, we obtain the following identity

I+I1T+1IT+1IV=V+VI+VII

and then complete the proof. a

3. PROOF OFTHEOREM 1.1
Now we deal with\s [ ho"™*~#*7|V Luf? firstly. Since
n
Z /[Xj<hup)Xju + Yj(hup)Yju](pqu-s—Qs-f—z
j=1
n
- Z / (X uX;h + YjuYjh)uPplo™ 2512
j=1

n
30 DXl + (Vg 2+
=1

n
:pSZ/hvr+sps(pQ|vLU‘2 . 52 :/Ur+s+1ps<pq
J=1

(Xj0Xjh + YjvY;h) (3.1)
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and
n
Z /[Xj(hup)Xju + }/}(hup)}/}u](pqu+28+2
j=1
n
=—(r+2s+2) Z /(XqujU + YjuYjv)ho" T2 TIPS o0
j=1
n
— /hALuSquT+2s+2—ps _ Z /(XjSOquU + ngquju)th“S“_ps
j=1
n
_ /h2vr+2s+2—2pswq +s Z / h'UT+S+1_pS(XjSOqX]'U + Y}'(quij)
7=1
+ s(r +2s +2) / ho" TSP L), (3.2)

we have

/ hvr+s—ps¢q|va‘2

1 - / r4+s+1—ps, q
=— v 1 (XjvX;h + YjvYjh)
r+25+27psj:1

1

o h2 r+2s+2—2ps, q
S(r+28+2ps)/ ! 4

1 . rTSs —ps
B o Z/hv TIPS (X v XG0 4+ YiuYet).  (3.3)
j=1

Putting (3.3) into\; [ ho"t¥ P59V Lu|?, Main Identity (2.5) is changed into

n
s Z /’Ezp,j|2g0qu+)\1/vrquVLU|4

ij=1

o /hQUHQSHzpsSDq Y / 0" (Tw)?|z| 4

n
+ha D / oI (X; X0 — Y3¥i0)® + (X, Yiw + ¥, X;0)?]

2,j=1
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n
= A6 Z/”r_lvav\z(vaXWq + YjoYje?) + A?/UTVLUIQALW
j=1

n
+As > / V(X X507 + YY) (XivX v + YioYu)

ij=1
— (YiX;p? = XiY;9") (XivYjv — YivX;v)]

n
#203 [ TP (XY - Vo)
j=1
n
+ 10 ) /Ur_lwq[(XjYW + Y Xi0)(XjvYiv + XivYjo)
ij=1

n
+ (X X0 — YY) (XX — YiuYiv)] + A Z / oy TeHLps
j=1
n
(ot + Ypoye) + X Y [0 (o Xh + Vo)
j=1

+ A2 Z/vrghov\z|2k4(a:jY}v —y; X;v) + \i3 Z /v’" [[Xi, X;lv
j= ij=1

(Xio Xy + YY) + [X, ViJo(XawYje" — YioX00)], (3.4)

where

1
s(r+2s+2—ps)

)\/2:/\2— )\5

1 1
1+ = 14+n— =
(14 )r+ (L= )ps

=X+ A =
2+ r+2s+2—ps

!/ /
)\11 == )\]_]_ — 8)\5,

1= —5X;
and the others as before.

Proof of Theorem 1.1 Now we choose

s#0, p>1, h>0.
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It is easy to prove: = 0 if we getv = 0 concluded from the identity (3.4).
To realize our goal, we shall make the left-hand side of (3.4) to be positive, which
need\;, A, A3 and)\4 all be nonnegative, and at the same time, the exponent of
in positive integrals to be nonnegative at least, which needd) at least sine the
first term is positive fos # 0. On the other hand, we need that the right-hand side
of (3.4) can be controlled by the terms in the left-hand side and the cut-off function
o with its derivatives. In the sequel, we will use repeatedly the Young’s inequality

ab<e— 4+ - — 4= =1, (3.5)
€

wherea, b, t ande are positive numbers. As the first application, we have
n
A6 Z / "NV v (X0 X900 + YiuYiep?)
j=1
n
ey [0 VLR (XX + VoY)
j=1

< / 2V ol 4 O / N (3.6)

wheree is a sufficiently small positive number addis a positive constant which
may vary from line to line. Since < 1, thenp?~! < ¢4~2 and

)\7/UT\VL1)]2AL¢
— / IV L0 lget A + 2q(g — 1)tV 1)
< e/vr2¢q]VLv|4 + C/UT+2g0q4(\ALg0] + |VL<p|2)2. (3.7)

Similarly

n
As Y / V(X X907 4 YiYi0?) (XvX 0 + YivYjv)

ij=1
— (YiX;9" — XiV;97) (XivYjv — Yiv X))

<e / "2Vt + O / VPV + [Vie))? (3.8)
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Owing to
2.2 2 1 2
Ay:MksKn+k—1)u+Efﬂn—2m+k -1)(1+mn)]>0

and

A\ = 5% >0,

we get

1
1+-)n+k—-1)72—-2(n+k*—1)
0<n< n

1.
- (n+k—12+2(n+k>—1) <

At the same time we neexj > 0 to control the terms [ v" 27|V v|* both
in (3.7) and (3.8). Thus > 0 and them\;y # 0. Using (3.5),

n
Ao Z /vrlcpq[(XjYiv +Y; X;v)(X;vYv + X;vYjv)
ij=1

+ (X Xiv = Y;Y0)(XvXv — YjoYiv)]
n
<o Y [0 X~ YY)+ (XYoo + Y X
ij—1

+b’/vr_2<pq|VLv]4 (3.9)

valid for somea’ > 0,5’ > 0, especially we choos€ = s%n, b = W To
control the positive term

n
. / o I(Xj Xiw — ViYoo) + (X;Yio + Y Xiw)?),

,j=1

it needs\y > 0. So

(1+%xn+k—n2—%n+k?—m

1
Mtk 12t k21

0<n<
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and then\g # 0. By (3.5), we have
23 [0 TP (XYt - VX
j=1

<e [orpr@opltta e [ ot VLR el
< 6/Urcpq(TU)le]A‘k_‘L—l—e/vr_gtpq\VLv]4+C’/vr+2<pq_4VLg0]4.
(3.10)

We need\; > 0 to controle [ v"¢?(Tv)?Z|**~4, and then

(1+%)(n+k—1)2—2(n+k2—1)

0
S S T k— 122t =)

<1, (3.11)

which tells us why we should express the térifl asnV I+ (1—n)V 1. Applying
(3.5), we deduce that

n
M2 D [Tl Yo - g X0)
j=1
<e [t o 10 [ o2Vl
< e/|z|4k_4vT<pq(Tv)2+€/vr_2g0q|VLv|4+C/\z|_4vr+2<pq (3.12)
and

n
Mis ) /“T[[Xian]v(XﬂXj@q + YivYjp?)
ig—=1
+ [Xi, YjJo(XwYje? = YivX;o7)
<e [t ToP + € [t VLR el
< e/|z|4k_4UT<pq(Tv)2+e/vr_290q|VLv|4

+C/v’"+2<pq4vLso!4. (3.13)
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Using integration by parts,

n
55 s

)‘/11 q
— X r4+s+2—ps Y. qY r4+s+2—ps
R pSZ/ XX (07 4 Yy )
A +s+2—p
=— st 2SN (XS hX o 4 YihYje?) + hALg?
r—i—s—l—?-pS/v []Z:;( shXjp YY"+ hALet]
= XUQZ/ s t2opspa-l X0 X (logh) 4 YiepY(logh))
T r+s5+2 ps 4 i® & 3PEiL08
SR FR— /v”s“‘psh[qwq‘%w +q(g — D¢ Vipl].
r+s+2—ps
(3.14)
If
i Arh >0 3.15)
rrsr2—ps 20 (-
we have
>y / hT TIPS (X0 X h 4 YjuYh)
— 11q r+s+2— —PS 1
T4 s+2—ps Z/ 7
[Xj¢X;(logh) + Y;pY;(logh)]
_ 2)‘/111 /UT+S+2_pstquLh
r4+s+2—ps
)‘11q / +54+2—p 1
r+s sh q—
r+s+2— ps Z ?
(X0 X;(logh) + Yj<ij(logh)]. (3.16)
Noting A2 < 0 and\{; = —sA;, we make\] > —\y > 0 to ensurely =
A5 + Ay > 0. Then assumption (3.15) is equivalent to
5 Arh <0. (3.17)

r+s+2—ps
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Under the condition (3.17), we obtain
)\/11 zn: / hvr+s+1_p5(vaXj<pq + YuYje?)
+ A% i / ho" TIPS (Xu X h + YiuYh)
< C/vr+s+2‘p5hwq‘2(|VLloghlle +ALpl + [Vieel?).  (3.18)

Putting (3.6)-(3.18) into (3.4), we get

QZ/ LR+ = =) [l

i,j=1
+)\2/h2vr+28+2—2ps¢q+ ()\3 —6)/UT§0q(T’U)2|Z|4k_4

+ (A —d) Z/vcp [(X;Xiv — Y;Y0)? + (X, Yo + Y Xv)?]
i,j=1

<c / P2 (Y Loghl|V Lol + ALl + [V iel?)
e / (V0] 4+ V0P + (ALgl + VL2 + Vgl

+C/|z|4v”2cpq. (3.19)

Following, we deal with the right-hand side of (3.19) by Youngs inequality

again. Choosing; = 2522200 > 1,5y = M2 > 1 we have

/Ur+s+2p8h(pq2(‘VLlogh|VLg0| + Ao+ |[Viel?)
< 6/h2vr+28+2_2p8@q

stz
+C/h s @ |V plogh||V | + |Are] + |V Lel’]™

wherep = (¢ — 2 — {)s:.
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Choosingt, = M25£22208 > 1 g = 1) = % > 1, it gives

/ TR (V2 0]+ [Voel?)? + (Argl + [Viel)? + [Viel!

< 6/h2vr+28+2_2p$g0q

*C/h o2 [([V2 | + [Vipf?)?

+(1Azg] + VLol + [VLpl!)

whereus = (g —4 — tg sy = p1. Here, to ensurey, s1,t2, 59 > 1, we need
2

s < 0. And moreover, condition (3.17), i.e. condition (3.15), is equivalent to (1.10)
whens < 0.

The third term in the right side of (3.19) can be changed into

/’Z‘—4vr+2¢q < €/h2UT+25+2_2p5(pq

_r+2 _ 2(r+25+2-2ps)
_|_ C h s5—ps (pq‘z‘ 5—ps .
Here, we need the condition

2(r+2s+2—ps)
s(1—p)

to ensure the integrability of the second integral in the right side of the above

formula. A direct computation shows that (3.20) is equivalen ta » + 2 <

(n —2)(1 — p)s, and then equivalent te > 2 under the conditios < 0.

M — >0 (3.20)

Combining the above three estimates of the right side of (3.19), we have

s> Z /| j\Zap v+ (N —b/—e)/vr2g0q|VLv|4

i,7=1

+ ()\2 —6)/h2 r+2s+2— 2ps ()\3 —6)/Urg0q(TU)2|Z|4k4

+ (M —ad) Z/v PU(X; Xv — Y;Yiv)? + (X;Yiv + Y X,0)?)
i,5=1
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42
SC/h =05 o ([ Llogh||V Lol + |Are| + [VLel?)™
_r+2 s
" C/h =2 [(IVEel + [Veel)? + (1ALel + [Viel*)? + [Vl
2(r+2s5+2—2ps)
+C/h P s (3.21)
We choosé) = B andy € C§°(Bg) with

pE =1 forlg<

0<p(E) <1 for§<|g|gR,

C C
ViUl < 5o VRIS

Setp = (1 — 1), thengo € CgO(BR\Bg) has the following properties

for% < |[¢| < R.

0<p©) <1 fort <l <R, (3:22)
C C R
Vigl< T Vil < o forg <ldl <R (323)

Let ¢ large enough such that = po > 0to makepHt = pH2 < 1. Applying
the polar coordinate transformation on generalized Greiner vector fields referred to
Niu, Ou and Han [18] (a general formula see Luo [16]), combining (1.10), (1.11)
and (1.12), we get

the right side of (3.21x C R "+ s t2n+2k (3.24)
on the assumptions < 0. Takinga’ = 5?1, b = % in (3.21), we have
$212(1 — 1)2
52 Z /’ ]| et + A — W_E]/UT—QW(I‘VLU’4

2,7=1

< CR—zsl—;’jp?S o+2n+2k (3.25)
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From above it gives = 0 asR — oo, by the conditions

2,201 _ )2 )
Al—”<4n77)>o, Xy >0, Ag>0, (3.26)
2
9 — L2 ook <0, (3.27)
s —ps

In order to complete the proof of the theorem, we only need to pick suitable
k <0,r>0,p > 1,nandtherr so that (3.26) and (3.27) hold. Set= 1+1,5 =
—+ > 0,then); — W >0 and)\'2 > 0 are respectively equivalent to the

following two inequalities:

(1 - %)gﬂ — (14 )0y + [(1177”)252 — 5] <o, (3.28)
[—Oﬁﬁ35+(1+n—%)4ﬂ—6+%rﬂﬂ>0. (3.29)

It is easy to know that (3.29) is equivalent to

n+nn—1 .
o> —— if 2y <§
> ntl D Y +p,
—1 .
5<wp, if 2y >4+ p.
n+1

It is needed to choose suitabiesuch that the discriminant of the quadratic
polynomial more than zero to realize (3.28), that is

— 252 Iy +m) o
Ay._(1+17)5—4<1+17—n)[ 50 =9 >0 (3.30)

which deduces that
4(n+nn—1)n
(n—1)(1+n)?

At the same timey must be between the two roots of the quadratic polynomial,

i.e.
A+mo—yA, A +mi+ A,
2(1+n— 1y 2(1+n—-21)

0<d<

(3.31)

Y1 = Y2-
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Let Wi = 2(%32) (145~ L) = (1+ ). From (3.31),

wesin )

4n ]

oo Dl i

(I+Hn+k-1)2-2n+k*-1)
(n+k—-124+2(n+k%2-1)

ically decreasing w.rt.k. So,n < Z—jr% is true because of (3.11). Also set

Leta = and note thaty is monoton-

n . . . . .
= and find that3 is monotonically increasing w.r.t;. Thus,
P Haeap Y yinereasng wit
n(n + 2)
0 < m and then
Wis (14q-2)[1- At
! (2n +1)2
(1 +n— l) 2
— n’(An? —
Gnroz =T
> 0> —/Ay,

o o
which impliesy; < %. Set

Wo =W7 - A,

[ (- DB (- D 2

2 1y2
+p (1+n——) .
n

Similarly, we can concludg, < 5#. Till now we can choose s.t. y1 <

Yy <ya < 5%, and anys satisfying (3.31). Finally we obtain the rangeyoés in
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Theorem 1.1
L<p< n fr—;}l— 1 (n Zi(Tll)—é_llj—nn)Q
_ 4n + 1ﬂ
n
_ 4n(n + 1)(a® + 2b)[(n + 1)a® — 2nb)
(n—1)(2n + 1)2a*

=4(n+1)e (3.32)
witha =n+k—1,b = n+ k? — 1. Indeed we can choose= We—e,
whered is sufficiently smally = We, 5 = T 1?522319(@2 et

8(na® — b) a® +2b
0. At last, the
2(2n + 1)a%e — (a® + 2b) et 2(2n + 1)a2e — (a® + 2b)

. . k—2)4 e—1
range of o as in Theorem 1.1 is that > —(n+ 2)[ (n1+ Je—1]
e _

—2:=—-—m-2. O

andr = —
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