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ON SIZE, ORDER, DIAMETER AND MINIMUM DEGREE !
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Let GG be a finite connected graph. We give an asymptotically tight upper
bound on the size of GG in terms of order, diameter and minimum degree.
Our result is a strengthening of an old classical theorem of Ore [Diameters in
graphs, J. Combin. Theory, 5 (1968), 75-81] if minimum degree is prescribed
and constant.
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1. INTRODUCTION

Let G = (V, E) be a finite, connected, simple graph. We denote the order of G by
n and the size by m. The degree of a vertex v in G is denoted by degq(v), and

the minimum degree of G by 6. For two vertices u, v in G, d(u,v) denotes the
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usual distance between u and v in G, i.e., the minimum number of edges on a path
from u to v and the diameter of G is the number d = max{dg(u,v) : u,v € V}.
The diameter, apart from being an interesting graph-theoretical parameter, plays a
significant role in analyzing communication networks (see, for example [2]). In
such networks, the time delay or signal disgradation for sending a message from
one point to another is often proportional to the distance between the two points.

The diameter can be used to indicate the worst-case performance.

Several bounds on the size of a graph in terms of other graph parameters, for
example, order and radius [8, 4], order and degree set [7], and order and domination
[3] have been investigated. An upper bound on the size in terms of order and
diameter was determined by Ore [5] as early as 1968. Recently, several authors,
for example [6, 1], have presented simple and short proofs to Ore’s theorem. In
this work, we present an upper bound on the size in terms of order, diameter and
minimum degree. Our bound, for a fixed minimum degree, is a strengthening of
Ore’s theorem [5] which we state below.

Theorem 1 [5] — Let G be a connected graph of order n, diameter d and size
m. Then

(n—d—-1)(n—d+4)+d.

N =

m <

We will make use of the well-known handshaking lemma.

Lemma 1 — Let G be a graph of order n and size m. Then 2m = >y, degq(z).

2. RESULTS

The following result is a strengthening of Ore’s theorem if minimum degree is

prescribed and constant.

Theorem 2 — Let G be a connected graph of order n, diameter d, minimum

degree § > 2 and size m. Then

m<;[n—;d(5+l)r+(26+1) <n_éd(5+2)>,
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and the bound, for fixed 0, is asymptotically tight.

PROOF : Let P = wp, vy, ..., vy be a diametral path of G. Let P; C V(P) be

the set
P = {U3i+1 |i=0,1,..., {d;lJ}
For each vertex v € Pp, choose any § neighbours w1, us, . . . , ug of v and denote
the set {v, u1,u2,...,us} by M[v] and set P’ := U,ecp, M[v]. Then

IP'| = (6+1) Qd;lJ +1>. (1)

Claim 1: 3 v (prydegg(z) < 2(0 +1)n — (36 +2) (%] +1).

PROOF OF CLAIM 1 : Partition P, as P, = P U Ps, so that for each u,v €
P, i = 2,3, dg(u,v) > 6. Precisely, let P, C P; be the set P, = {v; €
Py |j=1(mod6)}, and P3 = P; — P,. Write the elements of P, as P, =

{w1,wa, ..., wp, }. Foreach w; € Py, let M[w;] = {wj, u{,ué, o ,ug}, where
ui, ub, ..., u} are neighbours of w;. The fact that for each u,v € P, dg(u,v) >
6, yields

n > (degg(wi) +1) + (degg(wa) +1) + -+ - + (degg(wip,)) + 1)

H P+ ) (degg(v) + 1),
vEP3

andfort =1,2,...,9,
n > (degg(uf) + 1) + (degg(u?) + 1) + - + (degg(w,™) + 1) + | Py].
Summing, we get

G+n> > degg()+ (6+ )[R+ (26 +1)|Ps[. ()
vE(Uyer, M)
Similarly,

(6+1)n> > degg(v) + (6 + 1)|Ps| + (26 + 1) | Pol.
vE(Uyepy M[y))
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Combining this with (2), we get

Z degg(z) = Z degq(v) + Z degq(v)

zeV(P’) ve(Uyep, M[y]) vE(Uyepy My])

< 2004 Dn— 0+ D12 + |Bs]) = (20 + 1)(|1 2| + | B3])

- 2(5+1)n—(35+2)(V;1J +1>,

and the claim is proven.

Now let Q := V — P’. Then from (1),

Q|:n—(5+1)qd_lJ+1). 3)

Claim2: Letv € Q. Then degg(v) <n — (5§ +1) (|52 ] + 1) + 26.

PROOF OF CLAIM 2 : Assume that v € (). Since P is a shortest path, v can
only be adjacent to at most 2§ + 1 vertices in P’. Hence

-1
degi(v) <n—|P|—|{v}+20+1=n—(6+1) <\‘ng —1—1)—1—1—2(5—1—1

and so the claim is proven.

By Claim 2, and from (3), we have

) degg(z) < Q] <n—(5+1)Qd;1J +1)+25)

zeQ
= e (|52

(e

S
|
—_
| I | I
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Combining this with Claim 1, we get

Z degg(z) = Z degg(z) + Z degq(z)

x€V z€V(P’) z€Q

205+ 1)n — (36 +2) Qd;lJ + 1)

e (5]
() ]

d—1
Using the fact that {3J +1> %, we get

IN

d
;/degg(x) < 20+ 1n—(30+2)3

—I—[n—;l(é—l—l)] [n—i(é—%l)—k%}

_ {n— L5+ 1)]2 20+ 1) <2n— ;d(5+2)> .

An application of Lemma 1 yields

m < ;([n_;d(aﬂ)rﬂzaﬂ) <2n—§d(5+2)>>

_ ;[n—;d(5+1)r+(2é+1) (n—éd(H?))’

as desired.

To see that the bound is asymptotically tight, consider the graph G with di-
ameter d, d = 2 mod 3, constructed as follows: V(G) = Vo U Vi U--- UV,
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where

and
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1 if 7 =0 or 2 mod 3,
Vil = n—3d(0+1)+36—% ifi=1,
R ) ifi=d—1,
6—1 otherwise

two distinct vertices v € Vj,v' € V; are joined by an edge if and only if

|7 — 4| < 1. Then

m(G) > (" — 5d(6 +21) +26- §>
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