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Let R be a commutative ring with identity. A proper submodule N of an
R-module M will be called prime [resp. n-almost prime], if for » € R and
a € M withra € N [resp. ra € N\ (N : M)" 1N], either a € N or
r € (N : M). In this note we will study the relations between prime, primary
and n-almost prime submodules. Among other results it is proved that:

(1) If N is an n-almost prime submodule of an R-module M, then N is
prime or N = (N : M)N, in case M is finitely generated semisimple,

or M is torsion-free with dim R = 1.

(2) Every n-almost prime submodule of a torsion-free Noetherian module
is primary.

(3) Every n-almost prime submodule of a finitely generated torsion-free
module over a Dedekind domain is prime.

(4) There exists a finitely generated faithful R-module M such that every
proper submodule of M is n-almost prime, if and only if R is Von
Neumann regular or R is a local ring with the maximal ideal m such
that m? = 0.
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(5) If I is an n-almost prime ideal of R and F' is a flat R-module with
IF # F, then I F is an n-almost prime submodule of F.

Key words : Flat module; n-almost prime submodule; primary submodule;
prime submodule; Von Neumann regular ring.

1. INTRODUCTION

Throughout this paper all rings are commutative with identity and all modules are
unitary. Also we consider R to be a commutative ring with identity, M an R-

module, n > 1 a positive integer and N the set of positive integers.

For a submodule N of M, we consider (N : M) = {r € R|[rM C N}. The
set of zero divisors of M, denoted by Z(M) is defined by Z(M) = {r € R|30 #
x € M, re = 0}. Also we consider (M) = {m € M|30 # r € R, rm = 0}.
A module M is called torsion, if T'(M) = M. If T'(M) = 0, it is said that M is a

torsion-free module.

A proper submodule N of M is said to be prime [resp. primary], if for r € R
and ¢ € M withra € N, eithera € Norr € (N : M) [resp. r € \/m]
If N is a prime submodule of M and P = (N : M), then P is a prime ideal of R
and we say NN is a P-prime submodule of M. In recent decades, prime submodules
have been studied extensively in many papers (see, for example, [4, 6, 5, 9, 11,
12]).

Following [1], a proper ideal I of R is n-almost prime, if for a,b € R with
ab € I\ I", eithera € I orb € I. The case n = 2 simply is called almost prime
and it was introduced and studied in [7].

The concept of prime submodules and n-almost prime ideals are very strong

motivations for the following notion, which is studied in this paper:

Definition 1 — A proper submodule N of M will be called n-almost prime, if
forr € Randa € M withra € N\ (N : M)" !N, eithera € Norr € (N : M).
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A 2-almost prime submodule will be called almost prime.

According to the definitions, each prime submodule is n-almost prime, for any
n > 1.

2. n-ALMOST PRIME SUBMODULES

Recall that a module M is said to be a semisimple module in case M is an internal

direct sum of a family of its simple submodules.
Lemma 21. — Let N be an n-almost prime submodule of M.

(i) If there exist z € M \ N and r € R\ (N : M) with rz € N, then
rNU(N: M)z C (N : M)" N,

(i) Ifz € M\ N, then (N : z)N C (N : M)N.
(iii) (N : M)N = Z(M/N)N.
PROOF : See [10, Lemma 2.4].

Theorem 2.2 — Let N be an n-almost prime submodule of an R-module M.
If one of the following holds, then N is prime or N = (N : M)N.

(i) N = My N...N Mg, where M, ..., M, are submodules of M such that for
each 1 <i <k, (M; : M) is a maximal ideal of R.

(i1) M 1is a finitely generated semisimple R-module.

PROOF : (i) Without loss of generality we may suppose that for any 1 < j <

k
k, (M € M;.

=1
i#]

k

Consider = € ﬂMj \ M;. So for any s € (M; : M), sz € N, that is
j=1
JF#i

(M; : M) C (N : z). Now by Lemma 2.1(Gi), (M; : M)N C (N : )N C
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(N : M)N. Moreover Nj_,M; ¢ Mj, then consider y € ﬂ?zzMj \ M. If
(M : M) C (N : M), then (N : M) is a maximal ideal, which implies that IV is
a prime submodule.

Now suppose that r € (My : M)\ (N : M) = nf_,(M; : M). Thus r €
(N : y), hence by Lemma 2.1(i), BrN C (N : y)N C (N : M)N. Since
rg (N:M)=nk_ (M : M), forsome?2 <i<Fk, r¢(M:M). Note that
(M; : M) is a maximal ideal, so R = Rr + (M; : M). Therefore N = RN C
RrN + (M; : M)N C (N : M)N andso N = (N : M)N.

(ii) By [2, Corollary 10.16], M is an Artinian module and so for any proper
submodule K of M the set of maximal submodules of M containing K is finite.
Moreover as M is semisimple, then for any proper submodule K of M, % is
semisimple. So by [2, Proposition 9.10], we have

A {J|J is a maximal submodule of M containing K}

0
K

Therefore K is a finite intersection of maximal submodules of M. Since for any
maximal submodule L of M, (L : M) is maximal, then by part (i), we have the
result. ]

Lemma 2.3 [10, Lemma 2.1] — Let ¢ be a non-zero element of an R-module
M with ann(c) = 0. Then Rc is a prime submodule of M if and only if it is an
n-almost prime submodule, for any 2 < n € N.

Let M be an R-module and S be a multiplicatively closed subset of R, N a
submodule of S™'M as S~!R-module. We consider N¢ to be N N M, that is
N¢={xec M|{ € N}

Theorem 2.4 — Let R be an integral domain.

(i) If M is a torsion-free R-module and R is a valuation ring, then every n-

almost prime submodule of M is prime.

(ii) If M is a torsion-free R-module and R is a Priifer domain, then every n-
almost prime submodule of M is contained in a prime submodule.
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(iii) If T'(M) # M, then R is a field if and only if every proper (cyclic) sub-

module of M is n-almost prime, for some positive integer n > 2.

(iv) If M is a torsion-free [-module and R is a Priifer domain, then a proper
submodule of NV of M is prime if and only if N is primary and n-almost prime.

PROOF : (i) Let N be an n-almost prime submodule of M and let r € R\
(N : M), x € M\ N and ro € N. As N is almost prime, we may assume
re € (N: M)N. Thus re = > | a;x;, for some a; € (N : M), x; € N. Since
Rr & (N : M), (N : M) C Rr. Then for any a, there exists an element k; € R
with a; = rk;, and so z = ZZZI k;x; € N. Therefore N is prime.

(ii) Let P be a prime ideal of R containing (N : z). Since Np # Mp, Np
is an n-almost prime submodule of Mp and Rp is a valuation ring, so by part (i)
Np is a prime submodule of Mp and (N : M) C P, therefore (Np)© is a prime
submodule of M containing V.

(ii1) Suppose that every proper cyclic submodule of M is n-almost prime, for
some positive integer n > 2. Consider z € M \ T(M). Thus ann(z) = 0. For
any t € R, the cyclic submodule Rtz is an n-almost prime submodule of M, and
it is easy to see that Rtz is an n-almost prime submodule of M’ = Rzx. Therefore
since ann(tz) = 0, by Lemma 2.3, Rtz is a prime submodule of M’. Hence as
M ~ an%@ = R, so every cyclic submodule of M is prime, which implies that
every proper principal ideal of R is prime. Hence R is a field.

(iv) Let N be a primary submodule of M, which is also an n-almost prime
submodule. Consider P = (N : M). We know that Np is a primary submodule
of M and N = (Np)°. Hence Np is an n-almost prime submodule of M and
so by part (i), Np is a prime submodule. Consequently N = (Np) is a prime
submodule of M. |

Let I be an ideal of aring R and P a prime ideal of R. We use Sp(I) to denote
the ideal Usep\p(1 : 5) = (Ip)“.
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Corollary 2.5 — Let R be a Priifer domain and I an n-almost prime ideal of
R.

(i) For any prime ideal P of R containing I, Sp(I) is prime.

(ii) For any minimal prime ideal P over I, Sp(I) = P and P is the only
P-primary ideal containing /.

(iii) [ is a radical ideal.
PROOF : (i) The proof is similar to that of Theorem (2.4)(ii).
(ii) Clearly I C Sp(I) C P and Sp(I) is a prime ideal, so Sp(I) = P.

Now let J be a P-primary ideal containing I and € Sp([). Then there exists
t € R\ Psuchthattx € I C Jandsox € J. Therefore P = Sp(I) C J C P.
Consequently P is the only P-primary ideal containing /.

(iii) Clearly I = N{S,,(I)|m is a maximal ideal containing I}. Thus by part
(1), I is aradical ideal. |

Lemma 2.6 — Let N be a submodule of an B-module M. If P is a minimal
prime over (N : M), then P C Z(M/N).

PROOF : We have \/(N : M)p = Pp. To see the proof, let () be a prime ideal
of R Containing (N : M)p. Then evidently (N : M) C (N : M)p)* C Q° C P,
and since P is a minimal prime ideal over (N : M), we have Q¢ = P, and so

Q= (Q%)p = Pp.

Letr € P. Then there exist a positive integer k and s € R\ P with 7¥s € (N :
M). Since s & (N : M), there exists x € M such that sz ¢ N. Without loss of
generality we may suppose that 7*~1s ¢ (N : M). Hence r € (N : r*~lsx) C
Urernw (N : @) = Z(M/N). n

Proposition 2.7 — Let N, N’ be non-zero finitely generated submodules of
an R-module M with N ¢ N', N’ ¢ N and ann(N) = ann(N') = 0. If
NN N'is almost prime, then /(N : M) = \/(N’: M) and (N : M)(N': M) C
(NNN'": M)(NNON'): M).
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PROOF : If (N’ : M) < /(N : M), then there exists a minimal prime ideal
P over (N : M) such that (N’ : M) ¢ P. Considerr € (N’ : M)\ P.

We have N & (((N : M)N)p)©, otherwise Np C ((N : M)N)p C Np, that
is Np = (N : M)pNp. Now by Nakayama’s lemma Np = 0. Suppose that N
is generated by 1, z2, -+ ,xy,. So for each 1 < ¢ < n, there exists s; € R with

siz; = 0, and thus 0 # s182 - - - 8, € ann(N), which is a contradiction.

Nowif N C N'U(((N : M)N)p)¢, then N C N or N C (((N : M)N)p)©,
which is impossible. Hence N ¢ N’ U (((N : M)N)p)°. So choose an element
y € N\N'U(((N: M)N)p)¢. Theny ¢ N N N’ and sincer € P and (NNN':
MYC(N:M)CP,rd(NAN :M).

Ifry € (NON : M)(NNN'),thenry € (NN N' : M)(NNN') C
(N : M)N. However r ¢ Pandsoy € (((N : M)N)p)¢, which is impossible.
Therefore ry € (NN N )\ (NNN": M)(NNN'),y € NN N and r ¢
(N NN’ : M), which is a contradiction with the fact that N N N’ is almost
prime. Whence (N’ : M) C /(N : M). Similarly (N : M) C /(N": M).

Consequently /(N : M) = /(N': M).

For proving the second part, leta € (N : M),b € (N': M) and z € M. Then
abr € NN N'. If abx ¢ (NN’ : M)(N N N'), as NN N'is almost prime,
eithera € (NNN': M)orbz € NNN'.

Now we consider two cases.

Case 1:bx € NN N and a ¢ (N(YN': M). Since a € /(N : M) =
(N": M), Thus a € \/(NNN': M), soby Lemma (2.6),a € (NN N’ : z),
for some 2 € M \ N N N’. Consequently by Lemma (2.1)(ii), a(N N N') C
(NAN' :2)(NNN') C(NNN' : M)(NnNN'). Now since bz € NN N,
abr € (NNN': M)(NNN').

Case2:a € (NNN': M) and bz ¢ NN N'. Then the proof is given by

replacing a with b, b with a and 2z with x in the Case 1. ]

Corollary 2.8 — Every n-almost prime submodule of a torsion-free Noetherian
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R-module M is primary.

PROOF : Suppose that N is an n-almost prime submodule of M, and assume
that ﬂf”’lei be a minimal primary decomposition of N. If £ > 1, then by putting
N=Q,N = ﬁszQi, we get a contradiction according to Proposition (2.7). W

In the following we show that the converse of Corollary (2.8), is not correct.

Example 2.9 : Let K be a field, and R = K[X,Y]. Then R is a Noetherian
domain and I = (X, Y?) is a primary ideal, since \/(X,Y?2) = (X,Y), which is
a maximal ideal of R. Note that (X + Y)Y € I\I?, X +Y ¢ I and Y ¢ I, then
for any positive integer 2 < n, [ is not n-almost prime.

Theorem 2.10 — Let R be a Noetherian domain and M an R-module.

(i) If R is a Dedekind domain and M a finitely generated torsion-free R-

module, then every n-almost prime submodule is prime.

(ii) If dimR = 1 and N is a submodule of M such that \/(N : M) is a non-

zero n-almost prime ideal, then N is primary.

PROOF : (i) Let N be an n-almost prime submodule of M. Clearly N is almost
prime. If (N : M) = 0, then since R is integral domain and ) is torsion free, so
N is prime. Therefore assume (N : M) # 0. By Corollary (2.8), N is primary.
Assume /(N : M) = P. Then by Lemma (2.6), P C Z(M/N) and so by Lemma
(2.1)(Gii), PN = (N : M)N.

As R is a Dedekind domain, for some positive integer h, (N : M) = P".
Therefore P"~1PN = PN. Then by Nakayama’s lemma, there exists € P!
such that (z + 1) PN = 0. Since M is torsion free and P # 0, then P"~! = R, so
h = 1. As P is a maximal ideal of R, so [V is prime.

(ii) By Corollary (2.8), /(N ) is primary. Then /(N \/

is a maximal ideal of R and so N is primary.

Proposition 2.11 — Let N, K be proper submodules of an R-module M,
where N is n-almost prime. If one of the following holds, then N = (N : M)N
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or N is primary.

(1) There exists a minimal prime ideal m over (N : M) which is a maximal

ideal of R. In particular if dim (N:LM) =0.

(2) M is torsion-free with dim R = 1.

PROOF : (1) Note that N is almost prime. If \/m = m, then N is
primary. Now assume \/m # m. Thus there exists a minimal prime ideal
P over (N : M) such that m # P. So choose an element » € P \ m. Then
Rr+m = R.

Since m, P are minimal prime ideals over (N : M), by Lemma (2.6), m, P
contained in the set of zero divisors of % So by Lemma (2.1)(iii), rN C PN C
(N : M)N and mN C (N : M)N. Thus N =rN +mN = (N : M)N.

Q) If (N : M) = 0, since M is torsion-free and R is integral domain, then
N is prime. Now assume (N : M) # 0. By part (1), N = (N : M)N or N is
primary. |

Recall that a ring R is called a Von Neumann regular ring, if for any ¢ € R,
Ra = Ra?.

It is said that a ring R decomposable, if R is a direct sum of two proper ideals
of itself.

Theorem 2.12 — Let R be a ring. Then the following are equivalent.

(i) There exists a finitely generated faithful R-module M such that every proper

submodule of M is n-almost prime.

(ii) R is Von Neumann regular or R is a local ring with the maximal ideal m
such that m? = 0.

PROOF : (ii) = (i) Put M = R. Clearly M is a finitely generated faithful
R-module. If R is Von Neuman regular, then for any ideal J of R since J = J7,
clearly every proper ideal of R is n-almost prime.
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Now let (R, m) be a local ring with m? = 0 and I a proper ideal of R. Let
rsel\I"

If » ¢ m or s ¢ m, then in this case r or s isunitandsos € I orr € I.
If r,s € m, then rs € m? = 0 = I™, which is impossible.
Consequently [ is n-almost prime.

(i) = (ii) Let m be a maximal ideal of R. Since M is a finitely generated
faithful R-module, then 0,,, = (0 : M),,, = (0, : M,,). This shows that M, is a
faithful R,,,-module.

Now let a, b be two arbitrary elements of m,, and suppose that x € M,,. If
Ryabr = M,,, then M, = (Rppa)Rpybx C R,,bx C My, thatis (Ry,a)R,bx =
R,,bx, and so by Nakayama’s lemma R,,bx = 0. Therefore assume R,,abx #
M,,,. Hence as R,,abx is almost prime, Ryax C Rpabx or Ry,b C (R,abx :
M,,) or Ryabx C (Ry,abx : Myy,)Ryabx C R,,a?b*x. Therefore by Nakayama’s
lemma in all of the above cases we get R,,abx = 0 and so m?an = 0, and since
M, is faithful, m?2, = 0.

Now let d € R be an arbitrary element. If d € m, then (Rd?),, € m2, = 0,
and so (Rd?),, = (Rd")m. If d ¢ m, then (Rd?),, = Ry, and again (Rd?),, =
(Rd*),,. So (Rd?),, = (Rd*),, for any maximal ideal m of R, and this implies
that Rd?> = Rd*.

Suppose that d> = d*l, where | € R, Put e = d?[, then it is easy to see that e is
an idempotent element of R and Rd?> = Re. Now we consider the following two

cases:
Case 1 : R is indecomposable.

Then R has no non-trivial idempotent element and so Rd? = 0 for every non-
unit d € R. Therefore (R,m) is a local ring, because for each maximal ideal m’ of
Rand d € m', we have Rd”?> = 0 C m and so d € m. Now since (R,m) is a local

ring and (m?),,, = 0, we have m? = 0.
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Case 2 : R is decomposable. Then for some non-trivial idempotent f € R,
R=Rf® R(1— f) ([2, Lemma 5.6]). If M = fM, then by Nakayama’s lemma
forsomet € R,1—t € Rfandt € ann(M)=0,andso1 =1—1t¢ € Rf. Hence
f =1, which is a contradiction. Also if (1 — f)M = M, then f = 0, which is
impossible. Then for M; = fM and My = (1 — f)M, we have M = M, © M.

We show that Ry = Rf is Von Neumann regular. On the contrary suppose
that Ry is not Von Neumann regular. Then for some ¢ € Ry, Ria # Ria®. If
aM, = M, then there exists s € R such that (sf — f) € Riaand 0 = sfM; =
sf2M = sfM. Thus sf € ann(M) = 0and so a = fa = (f — sf)a € Rya?.
Hence Ria = Rya?, which is impossible. Thus aM; x {0} is an almost prime
submodule of M.

If aMy = (aM;y : My)aM, thensince (aMy : My)aM; = a® My, Nakayama’s
lemma implies that there exists s’ € Rsuchthats'f —f € Rijaand 0 = ' faM; =
s'fafM = s' faM. Therefore s’ fa = 0 and hence a = fa = (f — s'f)a € Rya?,
which is a contradiction.

Now consider az € aMy \ (aMy : My)aMy. Since My # M, we have My #
0. So assume that 0 # y € My. Thus (a,1 — f)(f,0)(z,y) € aM; x {0} \
(aMy x {0} : M)(aM; x {0}) implies that (a,1 — f) € (aM; x {0} : M) or
(£,0)(,y) = (f2,0) = (,0) € aMy x {0}.

Since afz = az ¢ (aMy : My)aMy = a® My, we have (2,0) ¢ aM; x {0}.
Hence (a,1—f) € (aM;x{0} : M). Then (az,y) = (a,1—f)(z,y) € aM; x{0}
and so y = 0, which is a contradiction. Consequently R; is Von Neumann regular
and similarly R2 = (1 — f)R is Von Neumann regular and so R = R; X Ry is Von
Neumann regular. |

Corollary 2.13 — Let M be a finitely generated R-module such that every
proper submodule of M is n-almost prime, for some positive integer n. Then
R/ann(M) is a Von Neumann regular ring, or R/ann(M) is a local ring with
the maximal ideal m such that /m? = 0.

PROOF : Note that M is a finitely generated R/ann (M )-module Now follow
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the proof of Theorem (2.12)(i) = (ii). |

Let F' be an R-module. Writing ¢ to stand for a sequence ... — N’ —
N — N” — ... of R-modules and linear maps, we let F' ® ¢ stand for induced
sequence ... — FQN — FQN — FQN" — ...

The R-module I is called flat, if for every sequence ¢,

@ is exact = F' ® ¢ is exact.

According to [8, p. 45], F'is called faithfully flat, if for every sequence ¢,
@ is exact <= ' ® ¢ is exact.

Lemma 2.14 — Let N, K be two submodules of M and » € R. Then for every
flat R-module F, we have:

QD) (F@N:r)=F® (N :r).

If F' is faithfully flat, then we have the following:

IfF®NCF®K,then N C K.

(i) FON : F®@ M) = (N : M).

(V) ( FON: FoM)" Y (FeN)=F& (N:M)"IN.

PROOF : (i) See [4, Lemma 3.2].

() AsFONCF®K,0— F® N — F ® K is an exact sequence and
since F' is faithfully flat, 0 — N — K is an exact sequence. So N C K.

(iii) Clearly (N : M) C (F@ N :F@ M). Nowlets € (FQ N : F@ M).
Thus for any y € M we have F @ Rsy = s(F ® Ry) C F'® N. Hence by part
(ii), Rsy C N andso s € (N : M). Consequently (F®QN : FQ M) = (N : M).

(iv) Part (iii) implies that (F® N : F@ M)" Y (F®@ N) = (N : M)" {(F ®
N)=F® (N :M)"N. ]
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Lemma 2.15 — Let N be a proper submodule of M. Then the following are
equivalent.

(i) N is n-almost prime.
() (N:r)=NU(N:M)" N :r) foreveryr € R\ (N : M).

(i) (N :7) = Nor (N :r)=((N: M)"IN :7), foreveryr € R\ (N :
M).

PROOF : (i) = (ii) Letz € (N : )\ (N : M)"'N : r). Then ra €
N\ (N : M)"1N.Now since r ¢ (N : M) and N is n-almost prime, x € N.

(1) = (417) The proof is clear, since a submodule cannot be written as the
union of two distinct submodules.

(iii) = (i) Letr € R\ (N : M), y € M withry € N\ (N : M)""!N.
Theny € (N :7)\ (N : M)" N :r)andso (N :7) # (N : M)" 1N : 7).
Therefore (N : ) = N. Consequently y € (N : r) = N. [ |

Theorem 2,16 — Let N be a submodule of M.

(i) If F'is a flat R-module and N an n-almost prime submodule of M such that
F®N#F®M,then F @ N is an n-almost prime submodule of FF & M.

(ii) Let F' be a faithfully flat R-module. Then N is an n-almost prime submod-
ule of M if and only if ' ® N is an n-almost prime submodule of F' @ M.

PROOF: (i) Letr €« R\ (F®@ N : F® M).Henceas (N : M) C (F®N :
F® M), r ¢ (N : M).By Lemma (2.15), (N : r) = Nor (N : r) = ((N :
M) IN 7).

If (N :r) = N, then Lemma (2.14)(i) implies that (F @ N : r) = FF® N.

Incase (N : 7) = (N : M)»'N : r), by Lemma (2.14)(i), (F ® N :
N =(F&(N :M"N:r)=(N:M"FaN:r)C (F®N :
FQM)"'F®N :r) C (F®N :r). Therefore in this case (F @ N : 1) =
(FeN:FoM)"'F®N :r).
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Consequently by Lemma (2.15), F' ® N is n-almost prime.

(ii) (=) Let N is an n-almost prime submodule of M. By Lemma (2.14)(ii),
F®N # F ® M. Now by part (i), F ® N is n-almost prime.

(<=) Suppose that F' @ N is n-almost prime. Since '@ N # F ® M, clearly
N #M.Letr € R\ (N : M). By Lemma (2.14)(iii), (F®@ N : F®@ M) = (N :
M),thenr € R\ (FQN:F®M).

According to Lemma (2.15), (FQN :r) = FONor (FQN :r) = (F®N :
FoM)" Y (F®N):r).

So by Lemma (2.14)(i),(iii), F @ (N : r) = (F® N : r) = F® N or
Fo(N:r)=(FN:r)=((F®N:FeM)" Y F®N):r)=((N:
M"Y FQN):r)=(FR(N:M)"'N:r)=F® (N :M" N :r).

Hence by Lemma (2.14)(ii), (N : 7) = Nor (N : ) = (N : M)""IN : 7).

Now Lemma (2.15) implies that N is n-almost prime.
Corollary 2.17 — Let F be a flat R-module and [ an ideal of R.

(1) If I is an n-almost prime ideal of R and I F' # F| then I F' is an n-almost
prime submodule of F.

(ii) If F' is faithfully flat, then I is an n-almost prime ideal of R if and only if

I F is an n-almost prime submodule of F.

PROOF : Having that /F = F ® I, we put M = R. Now the proof follows
from Theorem (2.1).
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