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A generalization for the symmetry between complete symmetric functions and elementary
symmetric functions is given. As corollaries we derive the inverse of a triangular Toeplitz
matrix and the expression of the Toeplitz-Hessenberg determinant. A very large variety of
identities involving integer partitions and multinomial coefficients can be generated using
this generalization. The partitioned binomial theorem and a new formula for the partition
functionp(n) are obtained in this way.
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1. INTRODUCTION
Let £ andn be two positive integers. Theth elementary symmetric function

er = ex(x1, o, ..., 2y) = E Tiy Tig - - - Tiy,
1<i1<12<...<1,<n
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and thek-th complete homogeneous symmetric function

hk:hk(xl,mg,...,xn) = E xilxh...xik

are well-known [5]. In particular, we hawg = 1 andhg = 1. Fork > n ork < 0, we set
e, =0 andhk = 0.

The following relations

e = det (hi*jJFl)lgi,jgk and hk = det (ei*j+1)1§i,j§k

are well-known. The first is a special case of Jacobi-Trudi identity [4, eq. 0.2] and the second
is a special case of#gelsbach-Kostka identity [4, eq. 0.3]. On the other hand, the relations

o ket ott t1 4+t t1 t ty

hi = E (=1)¥™ k< . " efey el
. 3 Lye-ostg

1+H2to+-+ktp=k

g, (Bt .
er = Z (—1)k it +tk< , t )htllh?,..hz:k’
t1+2to+-+kty=k Lotk

where
tid -t ()
t, ..., T t!- -ty

is the multinomial coefficient, can be found in [6, pp. 3-4]. Thus, we can write

det (fi—j+1)1§i,j§k =
ST (Rt <t1 et tk) T A (1.1)
t1+2t0+-+ktr=k Bt

wheref is any of these complete or elementary symmetric functions.

The starting point of this paper is the following generalization for the symmetry between
complete symmetric functions and elementary symmetric functions:

Theoreml — Let{ay, }»>0 and{b, },>o be two sequences such that

n

> (V) arbu—k = don . (1.2)

k=0
whered; ; is the Kronecker’s delta. Then

n _ > (—1)nthtetta (B A AR A
aq tl,...,tn bo bo

t14+2to+---+nt,=n
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and
t1 tn
bn = Z (—1)ttttin <t1 NI tn) (‘“) e (‘l”)
bo t1+2t2++ntn=n t, . tn ao ao

Theinverse of a triangular Toeplitz matrix is given by

Corollary 1 — Let A be a square matrix defined by

[ ag ] [ bo
a1 a by b
a=| 0 ,Withao #0. Then AL=| =
i (07 ar Qo i L bn bl bO i

whereby = 1/a¢ and

t tr
by — L Yoo (=pnEts <t1 Tt +tk> (al> L <a’“> "
ag t 42ty ot kit =k tl, ooy tk aq ag

fork e {1,...,n}.

This corollary is immediate from Theorem 1 because in accordance with the relation (1.2),

we can write
a6 b(_) b(] CL6
a’l a6 bl bo b1 bo a'l a’o I
pu— p— 5
a, ... da a b, ... b1 bo b, ... by b a, ... da aqa

wherea), = (—1)kak for 0 < k < n andl[ is the identity matrix. On the other hand, the
relation (1.2) can be rewritten as
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Applying Cramer’s rule to this matrix equation, we obtain

bo 1 b1 bo
1 b1 bo 0 n 1 b2
e | . . :(_1) n+1 .
by by %
b, ... by 0 b, ... by b

Thus, by Theorem 1, we deduce the expression of the Toeplitz-Hessenberg determinant:

Corollary 2 — Forn > 0

aq ao

a9 .
ao

an ... a2 Q1

PSRRI 8 7 T SRR o # ,
Z (—ag)" ™™ tn< " . ”)a’ilat;..-a;n-
AU

t1+2t2+-+ntp=n

This corollary is known as Trudi’s formula and the cage= 1 of this formula is known
as Briochi’s formula [7, Vol. 3, Ch. VII]. We remark that the relation (1.1) is a special case of

Corollary 2. Moreover, the next corollary follows immediately from Theorem 1 and Corollary
2.

Corollary 3 — Let{a, }»>0 be a sequences such thgt+# 0. If the sequencégb,, },>o is
defined by

ai ag b1 by
1 1 1 b
b():* and bn:TH = then an:Tﬂ 2
ao a’ | o g b | by
an ... as ap b, ... by by

Recall that the invert transform of a sequefeg},~¢ is a sequencéb,, },,~o defined by

1
1 b = ————
+nz>% e 1—2%1’”

n>0
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and its combinatorial interpretations can be seen in [2]. We remark that the invert transform of
the sequenc€(—1)"*1a, },o is the casey = 1 in Theorem 1.

Theorem 1 generates a very large variety of identities involving integer partitions and multi-
nomial coefficients. Some examples are presented in the last section of this paper.

2. PROOF OFTHEOREM 1

We note that,zby = 1 and then we consider

Az) = ;Zanw’" and B(z)= bloz bpx™ .

n>0 n>0
Clearly
A(—z)B(z) =1
We have
Ao) = —p———
1= ;(—bn)x

= 1+Z ;()Z(—bn)x” : (2.1)

For eachy, the coefficient ofc™ in

J

> (i <_b>
t1+-tn=j t1,..ostn bo
t142t2+-+ntn=n
Sothe coefficient ofs™ in the right side of (2.1) is
> o (" <_b><_b>
J21  titettn=j i, tn bo bo
t1+42t2+-+ntp=n
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o (Cam )R
2ttty =n t1,...,1n bo bo

Thefirst identity is proved. The second identity follows easily from the relation

or

n

> P01 an—k = o

k=0

and from the first identity.

3. SOME APPLICATIONS

In this section, we use Theorem 1 to prove some identities involving integer partitions and
multinomial coefficients. We start with an interesting version of the well-known binomial
theorem.

3.1 Partitioned binomial theorem

Let{ay, }n>0 and{b, },>o be two sequences defined by

—y, ifn=0,
Ay, =
x,  otherwise
and
1 .
—=, if n =0,
by, = Y

(=) la(z +y)" ', otherwise,

with ¢y # 0 . It is an easy exercise to show that

Z(_l)kakbn—k = 5O,n

k=0

According to Theorem 1, we obtain.

Corollary 4 — [The partitioned binomial theorem] Far> 0

- th+---+t - o
(w " y)n = Z < lt . n> phttin lyn t1 tn
t1+2to+-+ntp,=n 1y::-5ln
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In the caser = —1 andy = 1 by Corollary 1, we have

-1

[ !
-1 1 20 1
-1 -1 1 2l 20 1
-1 -1 -1 1 22 9l 920 1
-1 -1 -1 -1 1 23 92 9l 90
L 4 nXxXn L nxn
By Corollary 3, we obtain
xr -y
X X —y
T T T -y = .’E(ﬂf + y)"‘l.
i o X X

nxn

By Corollary 4, we easily deduce

Corollary5 — Forn > 0

>

t1+2to+Fntn=n

n t1+---+¢ e
(r+y)" =y"+ i1 +---+t < i1 t n>xt1+ T "
n P A £

3.2 Sequence of natural numbers

Let{a,}n>0 be a positive integer sequence defined by

1, ifn=0
Ay —
n, otherwise
Because
anp —QAp—1 —Ap-2+Gn-q4+an—5 —Ap—7 — Qp-g+ -+ = 6O,n )

we consider the sequenégg, },,>o defined by

) 1, ifn=20
n—3[2|, otherwise

81
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where |z | denotes the largest integer not greater thapplying Theorem 1, we obtain the

identity

Z (—1)nHtrttattre (tl +-

t14+2ta+-4ntp=n
3, =0

that can be written as

Corollary 6 — Forn > 0

Z (_1)n+t1+t3+t5+“' (tl +-

t, ..

t1q1ttaqa+-+tngn=n

where
|3k —-1
qr = 5 .
By Corollary 1, we get
- - —1 -
1 1
1 1 -1 1
2 1 1 -1 -1
3 2 1 1 B 0 -1
4 3 2 1 1 1 0
5 4 3 2 1 1 1
6 5 4 3 2 1 1 0 1
|- 1o L

...

ot

=n
o)

.._|_tn>

:n7

S tn

1

-1 1

-1 -1 1

0 -1 -1 1

1 0 -1 -1

where on the diagonals of the right side, the matrix element is

(—1)* (k—3V;F1J> k>0

(the label of the first row is zero).

nxn
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Forn > 0 by Corollary 3, we have

and

3.3 Square numbers

We consider the sequenge,, },,>o defined by

The recurrence relation

S O s W N =

Tt = W N ==

=~ W N =

! 1
n +
=n—-—3
1 n { 3 J
2
3
nxn
1
1 1
-1 1 1 =n.
0 -1 1 1
1 0 -1 1
nxn
an:(n—i-l)z.

Gp — 3ap—1 + 3an_2 — Gp—-3 = 0

is well-known [8, A000290]. It is immediate from this recurrence that

n
tn —Aan 1+ Tan_2+8Y (—1)fan_ = don.
k=3

The following result is a consequence of Theorem 1.

83
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Corollary 7 — Letn be a positive integer. Then

>

(—1)ntt+tn (tl Tt t")4t1 7haglsttin — (n 4 1)2,
t1+2ta+---+ntp=n

Hyorotn

By Corollary 1, we get

[ | 1

22 1 -4 1

32 22 1 7T —4 1

42 32 922 = -8 7 -4 1 ,
52 42 32 92 8 -8 7 —4 1

62 52 42 32 22 | -8 8 -8 7 —4 1

L d nXxXn _... dnXxXn

where on the diagonals of the right side, the matrix elemept ig” - 8 for & > 2 (the label of
the first row is zero).

By Corollary 3, we have

4 1 22 1
7 4 1 32 22 1
8 7 4 42 32 922 1
=(n+1)? and =8.
8 8 7 52 42 32 92 1
8 8 8 62 52 42 32 922
nxn nxn

The last identity is true only i > 2.
3.4 Catalan numbers
In terms of binomial coefficients, theh Catalan number is given directly by
1 2n
Cp = .
"4l ( n )

The Catalan numbers form a sequence of natural numbers that occur in various counting

problems, often involving recursively defined objects [3, Section 1.8]. For instance, Segner
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developed in 1761 a recursive formula fof using the triangulation problem:

Co=1 and Cpy1=)» CpCpy, n>0.
k=0

for n > 0. According to this recurrence relation and Theorem 1, for

1, if k=0,
ar = and bk = Ck,
(-1)*1Cy_4, otherwise

we obtain the following convolution identity for Catalan numbers

Corollary 8 — Letn be a positive integer. Then

t1+---+1t
Cor= Y,  (=pHat ”n( o ") Cpey -Gy
t1+2to++ntn=n Ly--oabn

By Corollary 1, we get
— -4 -1 - -

Cy 1

C1 Gy —Cy 1

Cy Cp Gy | -G —Co 1

Cs Cy C Co - -0 -y 1

Cy C3 Cy C1 (O —-C3 —-Cy —C1 —Cy 1

s | I I

and by Corollary 3, we can write

Cy Cp Co

Cs Cy C1 Cy

Cy C3 Cy C1 Cy
Cs Cy C3 Cy

nxn
3.5 Fibonacci numbers

Recall that the sequendé, },,>o of Fibonacci numbers [3, Section 2.6] is defined by the
recurrence relation
Fn_Fn—l_Fn—2:O7
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with seed valueg;, = 0 andF; = 1. We consider two sequencés,, },,>o0 and {b, },>o
defined by

1, ifn=0 1, ifn=0
an = and b, =

n mod 2, otherwise F,,, otherwise.

It is an easy exercise to show that
bn - bnfl - bn73 - bn75 - = 50,n'
According to Theorem 1, the Fibonacci numid&rcan be expressed as a sum over integer
partitions with odd parts.

Corollary 9 — Letn be a positive integer. Then

o 5 <t1+m+t{’ﬂ>7

tiquttagetttrniarn)=n tl""’t(%w

whereg,, = 2k — 1 and [z | denotes the smallest integer not less than

By Corollary 1, we have

- 4 -1 - -

1 1
Fo1 11

L Pl o1

s B 1 -1 0 -1 1

[N 2 | 0 -1 0 -1 1
. | I

In accordance with Corollary 3, we can write

Fy 1 1 1
Fy, F 1 0O 1 1
F; Fy F 1 1 0 1 1
o0z = n mod 2 and = F,.
Fy, F3 Fy, Fj 1 O 1 0 1 1
Fs F, F3 F, I 1 0 1 0 1
nxn T nxn
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3.6 Euler’s partition function

The pentagonal number theorem relates the product and the series representations of the Euler

function,
H(l _ xn) — Z (_1)kxk(3k71)/2.
n=1 k=—00

In other words,

(1—2)(1—2%)(1—2%) i Wﬂsq’“,

k=0
wherethe exponents;. are called generalized pentagonal numbers. By the pentagonal number
theorem, we have

Zp(n)x” = 1 = — 1 .
n=0 H (1—2z") Z(_l)(ﬂxqﬂ
n=1 n=0

We consider the sequenge,, },,>o defined by

ap = p(n)

and the sequend@,, },,>0 whereb,, is the coefficient of:™ in the Euler function

(o)
H 1—2"),
n=1

. {(1)m, if n = 1(3m2 £ m), m € N,

0, otherwise

It is clear that

n

> (—1)Farby—k = don -

k=0
Taking into account that
k
bl]k = (_1)(5-| ’

anew formula forp(n) follows easily from Theorem 1.
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Corollary 10 — Letn be a positive integer. Then

p(n) = Z (_1)t3+t4+t7+t8+--- <751 + .-+ tn> ’

t1,...,t
tiqittage+-+tngn=n 1 o

where

SRS

aregeneralized pentagonal numbers and denotes the smallest integer not less than

According to Corollary 1, we can write

1 1
p(l) 1 -1 1
p(2) p(1) 1 -1 -1 1
p(3) p(2) p(1) 1 = 0 -1 -1 1 ,
p(4) p3) p(2) p(1) 1 0 0 -1 -1 1
p(5) p(4) p(3) p2) p(1) 1 1 0 0 -1 -1 1

where on these diagonals, the matrix elemefitis) (21 oro. The only non-zero diagonals of
this matrix are those which start on a row labeled by a generalized pentagonal nyibee

label of the first row ig).

Finally, by Corollary 3, we have

p(1) 1

p(2) p(1) 1

p(3) p(2) p(1) 1 (1),
p(4) p(3) p(2) p(1) 1

p(5) p4) p3) p2) p(1)
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and
11
-1 1 1
-1 1 1
0 0 -1 1 1
pn)=|-1 0 0 -1 1 1

0 -1 0 -1 0 0 -1 1

nxn

where on these diagonals, the matrix elemefitis)* - b,. The label of the first row ig.
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