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A generalization for the symmetry between complete symmetric functions and elementary

symmetric functions is given. As corollaries we derive the inverse of a triangular Toeplitz

matrix and the expression of the Toeplitz-Hessenberg determinant. A very large variety of

identities involving integer partitions and multinomial coefficients can be generated using

this generalization. The partitioned binomial theorem and a new formula for the partition

functionp(n) are obtained in this way.
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1. INTRODUCTION

Let k andn be two positive integers. Thek-th elementary symmetric function

ek = ek(x1, x2, . . . , xn) =
∑

1≤i1<i2<...<ik≤n

xi1xi2 . . . xik ,
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and thek-th complete homogeneous symmetric function

hk = hk(x1, x2, . . . , xn) =
∑

1≤i1≤i2≤...≤ik≤n

xi1xi2 . . . xik

are well-known [5]. In particular, we havee0 = 1 andh0 = 1. For k > n or k < 0, we set

ek = 0 andhk = 0.

The following relations

ek = det (hi−j+1)1≤i,j≤k and hk = det (ei−j+1)1≤i,j≤k

are well-known. The first is a special case of Jacobi-Trudi identity [4, eq. 0.2] and the second

is a special case of N̈agelsbach-Kostka identity [4, eq. 0.3]. On the other hand, the relations

hk =
∑

t1+2t2+···+ktk=k

(−1)k+t1+···+tk

(
t1 + · · ·+ tk

t1, . . . , tk

)
et1
1 et2

2 · · · etk
k ,

ek =
∑

t1+2t2+···+ktk=k

(−1)k+t1+···+tk

(
t1 + · · ·+ tk

t1, . . . , tk

)
ht1

1 ht2
2 · · ·htk

k ,

where (
t1 + · · ·+ tk

t1, . . . , tk

)
=

(t1 + · · ·+ tk)!
t1! · · · tk!

is the multinomial coefficient, can be found in [6, pp. 3-4]. Thus, we can write

det (fi−j+1)1≤i,j≤k =
∑

t1+2t2+···+ktk=k

(−1)k+t1+···+tk

(
t1 + · · ·+ tk

t1, . . . , tk

)
f t1
1 f t2

2 · · · f tk
k , (1.1)

wheref is any of these complete or elementary symmetric functions.

The starting point of this paper is the following generalization for the symmetry between

complete symmetric functions and elementary symmetric functions:

Theorem1 — Let{an}n≥0 and{bn}n≥0 be two sequences such that

n∑

k=0

(−1)kakbn−k = δ0,n , (1.2)

whereδi,j is the Kronecker’s delta. Then

an

a0
=

∑

t1+2t2+···+ntn=n

(−1)n+t1+···+tn

(
t1 + · · ·+ tn

t1, . . . , tn

)(
b1

b0

)t1

· · ·
(

bn

b0

)tn
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and

bn

b0
=

∑

t1+2t2+···+ntn=n

(−1)n+t1+···+tn

(
t1 + · · ·+ tn

t1, . . . , tn

)(
a1

a0

)t1

· · ·
(

an

a0

)tn

.

Theinverse of a triangular Toeplitz matrix is given by

Corollary 1 — LetA be a square matrix defined by

A =




a0

a1 a0

...
... ...

an . . . a1 a0




, with a0 6= 0. Then A−1 =




b0

b1 b0

...
... ...

bn . . . b1 b0




,

whereb0 = 1/a0 and

bk =
1
a0

∑

t1+2t2+···+ktk=k

(−1)t1+···+tk

(
t1 + · · ·+ tk

t1, . . . , tk

)(
a1

a0

)t1

· · ·
(

ak

a0

)tk

,

for k ∈ {1, . . . , n}.

This corollary is immediate from Theorem 1 because in accordance with the relation (1.2),

we can write




a′0
a′1 a′0

...
... ...

a′n . . . a′1 a′0







b0

b1 b0

...
... ...

bn . . . b1 b0




=




b0

b1 b0

...
... ...

bn . . . b1 b0







a′0
a′1 a′0

...
... ...

a′n . . . a′1 a′0




= I,

wherea′k = (−1)kak for 0 ≤ k ≤ n andI is the identity matrix. On the other hand, the

relation (1.2) can be rewritten as




b0

b1 b0

...
... ...

bn . . . b1 b0







a′0
a′1
...

a′n




=




1

0
...

0




.
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Applying Cramer’s rule to this matrix equation, we obtain

a′n =
1

bn+1
0

∣∣∣∣∣∣∣∣∣∣∣

b0 1

b1 b0 0
...

... ...
...

bn . . . b1 0

∣∣∣∣∣∣∣∣∣∣∣

= (−1)n 1
bn+1
0

∣∣∣∣∣∣∣∣∣∣∣

b1 b0

b2
... ...

...
... ... b0

bn . . . b2 b1

∣∣∣∣∣∣∣∣∣∣∣

.

Thus, by Theorem 1, we deduce the expression of the Toeplitz-Hessenberg determinant:

Corollary 2 — Forn > 0
∣∣∣∣∣∣∣∣∣∣∣

a1 a0

a2
... ...

...
... ... a0

an . . . a2 a1

∣∣∣∣∣∣∣∣∣∣∣

=

∑

t1+2t2+···+ntn=n

(−a0)n−t1−···−tn

(
t1 + · · ·+ tn

t1, . . . , tn

)
at1

1 at2
2 · · · atn

n .

This corollary is known as Trudi’s formula and the casea0 = 1 of this formula is known

as Briochi’s formula [7, Vol. 3, Ch. VII]. We remark that the relation (1.1) is a special case of

Corollary 2. Moreover, the next corollary follows immediately from Theorem 1 and Corollary

2.

Corollary 3 — Let {an}n≥0 be a sequences such thata0 6= 0. If the sequence{bn}n≥0 is

defined by

b0 =
1
a0

and bn =
1

an+1
0

∣∣∣∣∣∣∣∣∣∣∣

a1 a0

a2
... ...

...
... ... a0

an . . . a2 a1

∣∣∣∣∣∣∣∣∣∣∣

then an =
1

bn+1
0

∣∣∣∣∣∣∣∣∣∣∣

b1 b0

b2
... ...

...
... ... b0

bn . . . b2 b1

∣∣∣∣∣∣∣∣∣∣∣

.

Recall that the invert transform of a sequence{an}n>0 is a sequence{bn}n>0 defined by

1 +
∑

n>0

bnxn =
1

1−
∑

n>0

anxn
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and its combinatorial interpretations can be seen in [2]. We remark that the invert transform of

the sequence{(−1)n+1an}n>0 is the casea0 = 1 in Theorem 1.

Theorem 1 generates a very large variety of identities involving integer partitions and multi-

nomial coefficients. Some examples are presented in the last section of this paper.

2. PROOF OFTHEOREM 1

We note thata0b0 = 1 and then we consider

A(x) =
1
a0

∑

n≥0

anxn and B(x) =
1
b0

∑

n≥0

bnxn .

Clearly

A(−x)B(x) = 1 .

We have

A(−x) =
1

1− 1
b0

∑

n≥1

(−bn)xn

= 1 +
∑

j≥1


 1

b0

∑

n≥1

(−bn)xn




j

. (2.1)

For eachj, the coefficient ofxn in


 1

b0

∑

n≥1

(−bn)xn




j

is ∑

t1+···+tn=j
t1+2t2+···+ntn=n

(
t1 + · · ·+ tn

t1, . . . , tn

)(
−b1

b0

)t1

· · ·
(
−bn

b0

)tn

Sothe coefficient ofxn in the right side of (2.1) is

∑

j≥1

∑

t1+···+tn=j
t1+2t2+···+ntn=n

(
t1 + · · ·+ tn

t1, . . . , tn

)(
−b1

b0

)t1

· · ·
(
−bn

b0

)tn
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or ∑

t1+2t2+···+ntn=n

(
t1 + · · ·+ tn

t1, . . . , tn

)(
−b1

b0

)t1

· · ·
(
−bn

b0

)tn

.

Thefirst identity is proved. The second identity follows easily from the relation

n∑

k=0

(−1)kbk(−1)nan−k = δ0,n

and from the first identity.

3. SOME APPLICATIONS

In this section, we use Theorem 1 to prove some identities involving integer partitions and

multinomial coefficients. We start with an interesting version of the well-known binomial

theorem.

3.1 Partitioned binomial theorem

Let {an}n≥0 and{bn}n≥0 be two sequences defined by

an =




−y, if n = 0,

x, otherwise

and

bn =




− 1

y , if n = 0,

(− 1
y )n+1x(x + y)n−1, otherwise,

with y 6= 0 . It is an easy exercise to show that

n∑

k=0

(−1)kakbn−k = δ0,n

According to Theorem 1, we obtain.

Corollary 4 — [The partitioned binomial theorem] Forn > 0

(x + y)n−1 =
∑

t1+2t2+···+ntn=n

(
t1 + · · ·+ tn

t1, . . . , tn

)
xt1+···+tn−1yn−t1−···−tn .
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In the casex = −1 andy = 1 by Corollary 1, we have



1

−1 1

−1 −1 1

−1 −1 −1 1

−1 −1 −1 −1 1

...




−1

n×n

=




1

20 1

21 20 1

22 21 20 1

23 22 21 20 1

. . .




n×n

.

By Corollary 3, we obtain
∣∣∣∣∣∣∣∣∣∣∣∣∣

x −y

x x −y

x x x −y

x x x x

...

∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

= x(x + y)n−1.

By Corollary 4, we easily deduce

Corollary 5 — Forn > 0

(x + y)n = yn +
∑

t1+2t2+···+ntn=n

n

t1 + · · ·+ tn

(
t1 + · · ·+ tn

t1, . . . , tn

)
xt1+···+tnyn−t1−···−tn .

3.2 Sequence of natural numbers

Let {an}n≥0 be a positive integer sequence defined by

an =





1, if n = 0

n, otherwise.

Because

an − an−1 − an−2 + an−4 + an−5 − an−7 − an−8 + · · · = δ0,n ,

we consider the sequence{bn}n≥0 defined by

bn =





1, if n = 0

n− 3
⌊

n+1
3

⌋
, otherwise,
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wherebxc denotes the largest integer not greater thanx. Applying Theorem 1, we obtain the

identity

∑

t1+2t2+···+ntn=n
t3k=0

(−1)n+t1+t4+t7+···
(

t1 + · · ·+ tn
t1, . . . , tn

)
= n

that can be written as

Corollary 6 — Forn > 0

∑
t1q1+t2q2+···+tnqn=n

(−1)n+t1+t3+t5+···
(

t1 + · · ·+ tn
t1, . . . , tn

)
= n ,

where

qk =
⌊

3k − 1
2

⌋
.

By Corollary 1, we get




1

1 1

2 1 1

3 2 1 1

4 3 2 1 1

5 4 3 2 1 1

6 5 4 3 2 1 1

...




−1

n×n

=




1

−1 1

−1 −1 1

0 −1 −1 1

1 0 −1 −1 1

1 1 0 −1 −1 1

0 1 1 0 −1 −1 1

...




n×n

,

where on the diagonals of the right side, the matrix element is

(−1)k

(
k − 3

⌊
k + 1

3

⌋)
, k > 0

(the label of the first row is zero).
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Forn > 0 by Corollary 3, we have

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1

2 1 1

3 2 1 1

4 3 2 1 1

5 4 3 2 1 1

6 5 4 3 2 1

...

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

= n− 3
⌊

n + 1
3

⌋

and ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1

−1 1 1

0 −1 1 1

1 0 −1 1 1

−1 1 0 −1 1 1

0 −1 1 0 −1 1

...

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

= n.

3.3 Square numbers

We consider the sequence{an}n≥0 defined by

an = (n + 1)2.

The recurrence relation

an − 3an−1 + 3an−2 − an−3 = 0

is well-known [8, A000290]. It is immediate from this recurrence that

an − 4an−1 + 7an−2 + 8
n∑

k=3

(−1)kan−k = δ0,n. (3.1)

The following result is a consequence of Theorem 1.
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Corollary 7 — Letn be a positive integer. Then

∑

t1+2t2+···+ntn=n

(−1)n+t1+···+tn

(
t1 + · · ·+ tn

t1, . . . , tn

)
4t17t28t3+···+tn = (n + 1)2.

By Corollary 1, we get




1

22 1

32 22 1

42 32 22 1

52 42 32 22 1

62 52 42 32 22 1

...




−1

n×n

=




1

−4 1

7 −4 1

−8 7 −4 1

8 −8 7 −4 1

−8 8 −8 7 −4 1

. . .




n×n

,

where on the diagonals of the right side, the matrix element is(−1)k · 8 for k > 2 (the label of

the first row is zero).

By Corollary 3, we have
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

4 1

7 4 1

8 7 4 1

8 8 7 4 1

8 8 8 7 4

...

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

= (n+1)2 and

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

22 1

32 22 1

42 32 22 1

52 42 32 22 1

62 52 42 32 22

...

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

= 8.

The last identity is true only ifn > 2.

3.4 Catalan numbers

In terms of binomial coefficients, thenth Catalan number is given directly by

Cn =
1

n + 1

(
2n

n

)
.

The Catalan numbers form a sequence of natural numbers that occur in various counting

problems, often involving recursively defined objects [3, Section 1.8]. For instance, Segner
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developed in 1761 a recursive formula forCn using the triangulation problem:

C0 = 1 and Cn+1 =
n∑

k=0

CkCn−k, n ≥ 0.

for n ≥ 0. According to this recurrence relation and Theorem 1, for

ak =





1, if k = 0,

(−1)k−1Ck−1, otherwise
and bk = Ck,

we obtain the following convolution identity for Catalan numbers

Corollary 8 — Letn be a positive integer. Then

Cn−1 =
∑

t1+2t2+···+ntn=n

(−1)1+t1+···+tn

(
t1 + · · ·+ tn

t1, . . . , tn

)
Ct1

1 Ct2
2 · · ·Ctn

n .

By Corollary 1, we get



C0

C1 C0

C2 C1 C0

C3 C2 C1 C0

C4 C3 C2 C1 C0

...




−1

n×n

=




1

−C0 1

−C1 −C0 1

−C2 −C1 −C0 1

−C3 −C2 −C1 −C0 1

...




n×n

and by Corollary 3, we can write

Cn−1 = (−1)n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

C1 C0

C2 C1 C0

C3 C2 C1 C0

C4 C3 C2 C1 C0

C5 C4 C3 C2 C1

. . .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

.

3.5 Fibonacci numbers

Recall that the sequence{Fn}n≥0 of Fibonacci numbers [3, Section 2.6] is defined by the

recurrence relation

Fn − Fn−1 − Fn−2 = 0 ,
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with seed valuesF0 = 0 andF1 = 1. We consider two sequences{an}n≥0 and{bn}n≥0

defined by

an =





1, if n = 0

n mod 2, otherwise
and bn =





1, if n = 0

Fn, otherwise.

It is an easy exercise to show that

bn − bn−1 − bn−3 − bn−5 − · · · = δ0,n.

According to Theorem 1, the Fibonacci numberFn can be expressed as a sum over integer

partitions with odd parts.

Corollary 9 — Letn be a positive integer. Then

Fn =
∑

t1q1+t2q2+···+tdn
2 eqdn

2 e=n

(
t1 + · · ·+ tdn

2 e
t1, . . . , tdn

2 e

)
,

whereqk = 2k − 1 anddxe denotes the smallest integer not less thanx.

By Corollary 1, we have



1

F1 1

F2 F1 1

F3 F2 F1 1

F4 F3 F2 F1 1

...




−1

n×n

=




1

−1 1

0 −1 1

−1 0 −1 1

0 −1 0 −1 1

...




n×n

.

In accordance with Corollary 3, we can write
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

F1 1

F2 F1 1

F3 F2 F1 1

F4 F3 F2 F1 1

F5 F4 F3 F2 F1

. . .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

= n mod 2 and

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1

0 1 1

1 0 1 1

0 1 0 1 1

1 0 1 0 1

. . .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

= Fn.
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3.6 Euler’s partition function

The pentagonal number theorem relates the product and the series representations of the Euler

function,
∞∏

n=1

(1− xn) =
∞∑

k=−∞
(−1)kxk(3k−1)/2.

In other words,

(1− x)(1− x2)(1− x3) · · · =
∞∑

k=0

(−1)d k
2exqk ,

wherethe exponentsqk are called generalized pentagonal numbers. By the pentagonal number

theorem, we have

∞∑

n=0

p(n)xn =
1

∞∏

n=1

(1− xn)

=
1

∞∑

n=0

(−1)dn
2 exqn

.

We consider the sequence{an}n≥0 defined by

an = p(n)

and the sequence{bn}n≥0 wherebn is the coefficient ofxn in the Euler function

(x)∞ =
∞∏

n=1

(1− xn) ,

i.e.,

bn =





(−1)m, if n = 1
2(3m2 ±m), m ∈ N,

0, otherwise
.

It is clear that
n∑

k=0

(−1)kakbn−k = δ0,n .

Taking into account that

bqk
= (−1)d k

2e ,

anew formula forp(n) follows easily from Theorem 1.
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Corollary 10 — Letn be a positive integer. Then

p(n) =
∑

t1q1+t2q2+···+tnqn=n

(−1)t3+t4+t7+t8+···
(

t1 + · · ·+ tn
t1, . . . , tn

)
,

where

qk =
1
2

⌈
k

2

⌉⌈
3k + 1

2

⌉

aregeneralized pentagonal numbers anddxe denotes the smallest integer not less thanx.

According to Corollary 1, we can write




1

p(1) 1

p(2) p(1) 1

p(3) p(2) p(1) 1

p(4) p(3) p(2) p(1) 1

p(5) p(4) p(3) p(2) p(1) 1

...




−1

n×n

=




1

−1 1

−1 −1 1

0 −1 −1 1

0 0 −1 −1 1

1 0 0 −1 −1 1

...




n×n

,

where on these diagonals, the matrix element is(−1)d k
2e or 0. The only non-zero diagonals of

this matrix are those which start on a row labeled by a generalized pentagonal numberqk. The

label of the first row is0.

Finally, by Corollary 3, we have

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

p(1) 1

p(2) p(1) 1

p(3) p(2) p(1) 1

p(4) p(3) p(2) p(1) 1

p(5) p(4) p(3) p(2) p(1)

. . .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

= (−1)n · bn
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and

p(n) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1

−1 1 1

0 −1 1 1

0 0 −1 1 1

−1 0 0 −1 1 1

0 −1 0 0 −1 1 1

−1 0 −1 0 0 −1 1 1

0 −1 0 −1 0 0 −1 1

. . .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

where on these diagonals, the matrix element is(−1)k · bk. The label of the first row is1.
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