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Let G be a group, let M and N be two normal subgroups of G. We denote by Aut}! (G),
the set of all automorphisms of G' which centralize G/M and N. In this paper we inves-
tigate the structure of a group G in which one of the Inn(G) = Auty (G), Auth (G) <
Inn(G) or Inn(G) < Autd (G) holds. We also discuss the problem: “what conditions on
G is sufficient to ensure that G has a non-inner automorphism which centralizes G/M and
N”.
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1. INTRODUCTION

Let G be a group. An automorphism a of G is called central if 2~ 'a(z) € Z(G) for all
x € G. The set of all central automorphisms of G, denoted by Aut.(G), is a normal subgroup
of Aut(G). Let M and N be two normal subgroups of G. By Aut™ (G), we mean the sub-
group of Aut(G) consisting of all the automorphisms which centralize G/M and Auty (G),
we mean the subgroup of Aut(G) consisting of all the automorphisms which centralize N. We
denote Aut™ (G) N Auty (G) by Autl (G). So by the definition, o € Auty (G) if and only if
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r la(x) € M forall € G and « fixes N elementwise. We recall that C* = Autggg; (G) and
Aut.(G) = Autggc)(G). Also for convenience, for any normal subgroup N of GG, we denote
by Cau.(a) (N), the group of all central automorphisms of G fixing N elementwise, in fact

Caun)(N) = Aud (@),

There are some well-known results about central automorphisms of finite groups (see [1, 2,
5-12]). For infinite groups the situation is much more complicated. In [3, 4] we characterized
all finitely generated groups G for which C* = Inn(G). Let M and N be two normal subgroups
of G. It is very interesting to characterize all groups G, in which Aut¥ (@) be equal to Inn(G),

the group of all inner automorphisms of G.

We remark that if M is a central subgroup of G' then Aut¥ (G) < Aut.(G), hence in this
paper we consider certain subgroups of Aut.(G). Also it is clear that if M < Z(G) < N then
Aut(G) < C~.

Our notation is standard. Let G be a group, by Z,,, G', Z(G) and Aut(G), we denote the
cyclic group of order m, the commutator subgroup, the center and the group of all automor-
phisms, respectively. If g € G then I; denotes the inner automorphism induced by g. For any
group H and abelian group K, Hom(H, K ) denotes the group of all homomorphisms from H
to K. A non-abelian group G that has no non-trivial abelian direct factor is said to be purely

non-abelian.

Let G be an abelian group, the elements of finite order of G form a subgroup 7'(G), the
torsion subgroup of GG. Furthermore, elements with order some power of a fixed prime p
likewise form a subgroup G, the p-primary component of . The torsion subgroup of G is
the direct sum of the primary components of GG. In particular if G is a finite abelian group,

G = l,cr(c)Gp Where 7(G) denotes the set of all prime number p dividing |G]|.

If p is a prime and G' an abelian group, respectively by r(G), r,(G) and ry(G) we denote
rank of GG, p-rank of G and O-rank (torsion free-rank) of G.

Our first result is the following:

Theorem A — Let G be a finitely generated non-abelian group. Let M and N be two
normal subgroups of G such that M < Z(G) < N. If AutXl(G) = Inn(G) then G is a
nilpotent group of class 2, N = Z(G), G' < M and M is infinite cyclic or M ~ Z,, x H X Z"
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in which Zyy, ~ e rqizq)yMp H = Wpgraiz(a)Mp. 7 = 0 is the torsion-free rank of M
and G/Z(G) has finite exponent.

Notice that as a consequence of Theorem A, we will prove that it is possible to replace the
hypothesis that “M < Z(G) < N with the hypothesis that “G is a nilpotent group of class 2”
or “M is a central subgroup of G” (cf. Corollary 2.2).

We remark that the converse of Theorem A is not true. For example if M = Z(G) then
there exists a finitely generated nilpotent group of class 2 with infinite cyclic center such that
Inn(G) < Autgggi(G) = C* (see Example 3.5 [3]). However, the converse of Theorem A

remains true when M is not torsion-free. In fact we have:

Corollary B— Let G be a finitely generated non-abelian group. Let M be a central sub-
group of GG which is not torsion-free and N is a normal subgroup of GG containing center. Then
Autd (@) = Inn(G) if and only if N = Z(G), G' < M and M ~ Z,, x H x Z" in which
L = UpenarzayMp, H =~ Wpgra/z(G)Mp, v = 0 is the torsion-free rank of M and
G/Z(G) has finite exponent.

As a consequence of this result, we derive the Corollary 0.2 of [3] and Proposition 2.3
of Yadav [12]. Also we will characterize all finitely generated groups G, in which Aut%(G )

= Inn(G) or Cpy,()(IV) = Inn(G) where N is a normal subgroup of G containing center.

Furthermore, we also investigate when one of the Aut}! (G) and Inn(G) contains another
one and when Autd! (G) £ Inn(Q).

Let p be a prime number and G be a non-abelian finite p-group. A longstanding conjecture
asserts that G admits a non-inner automorphism of order p. According to a celebrated theo-
rem of Gaschutz [8], every finite p-group G has a non-inner automorphism of p-power order,
provided only that G is neither trivial nor cyclic of order p. In a sense, this theorem has been
generalized by Zalesskii [13], who showed that every infinite nilpotent p-group G has a non-
inner automorphism. However, in most cases the automorphism exhibited in [13] are in fact of

infinite order.

Also the existence of non-inner automorphism of order p which fixes a special subgroup of

(G elementwise, have been studied by many people (see for example [1, 7, 9 and 11]).
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We next pose the problem: “what conditions on G is sufficient to ensure that G has a

non-inner automorphism which centralizes G/M and N”.

Theorem C — Let G be a group and p be any prime. Let M and N be two normal
subgroups of G which M < Z(G) N N and M is a finitely generated group. Put Z(G /M)
= K/M. If one of the following holds, then G has a non-inner central automorphism which
centralizes G /M and N.

(i) G/N =~ Zy and rp(G' N M) # r,(M).

(ii) G/IN ~ Z" and G' N M # M. In particular in the case r(G' N M) # r(M) or
rp(G' N M) % r,(M) for some p = 0 or a prime.

(iii) G/N is a finitely generated abelian group which is not torsion and ro(G' N\ M) # ro(M)
orT(G'NM)<T(M).

(iv) G/N ~Zyand (KNCq(N))/Z(G) is not elementary abelian p-group of rank n.rp(M).

(v) G/N ~7" and (K N Cq(N))/Z(G) is not isomorphic to M".

It follows from Theorem C that if G is a finite p-group, in which (i) or (iv) holds then GG

has a non-inner central automorphism of order p which centralizes G/M and N.

2. PRELIMINARY RESULTS

We begin this section by recalling the Adney-Yen’s result. Adney and Yen in [2] proved that
if G is a purely non-abelian finite group, then there exists a bijection between Aut.(G) and
Hom(G/G', Z(@G)).

Let G be a group and let M and N be two normal subgroups of G. Here we establish a
bijection between Aut}! (G') and Hom(G /N, M). In Proposition 1.5(i) of [3], we proved that
if Z(G) < G’ then Aut.(G) ~ Hom(G/G', Z(@G)). Recall that Aut.(G) centralizes G/Z(G)
and G’. And Aut}! (G) centralizes G/M and N. In fact, by substituting G’ by N and Z(G)
by M, we have a similar result for Aut}! (G). Indeed, in any group G if M < Z(G) N N then
Auth (@) ~ Hom(G/N, M).
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Lemma 2.1 — Let G be a group. Let M and N be two normal subgroups of G.
(i) If M < Z(G) N N then Aut (G) ~ Hom(G/N, M).

(ii) If G is a finite purely non-abelian group and M is a central subgroup then |Autd! (G)| =
|[Hom(G'/N, M)|. Tn particular if Aut¥ (G') < Inn(G) then Aut}! (G') ~ Hom(G/N, Mn
G') ~ Hom(G/N, M).

(iii) Authd (G) NInn(G) ~ (K N Cg(N))/Z(G) where Z(G/M) = K /M. In particular, if
Autt (G) < Inn(G) then Autd! (G) ~ (K N Ca(N))/Z(G).

PROOF : Let § : Aut) (G) — Hom(G/N, M) defined by §(a) = a* where a*(gN) =
g 'a(g) for each a € Aut) (G). Since a is an automorphism fixing N elementwise, a* is a
well-defined homomorphism of G/N to M. Therefore 6 is a well-defined map. Clearly, 6 is

one-to-one.

() In the first place, 8 is a homomorphism: for if o, ag € AutJ]‘\,/[ (@) and g € G, then

(a102)*(gN) =g a1aa(g) = g~ a1 (a(yg))
=g on(gg " e2(9)) = 97 aa(g).a1(g ™ aa(g))

=g 'ou(g)-9 ' aa(g) = i (gN)as(gN).

Our homomorphism is also surjective, for this let 3 € Hom(G /N, M), we define the map

a:G—G

g —gB(gN)

evidently « is a well-defined homomorphism. By Lemma 1.1 in [3], « is an isomorphism. Fur-
thermore « centralizes G//M and N and consequently o € Auth! (G). Also by the definition
of 0, we have o* = /3 and it follows that 6 is an isomorphism of Aut}! (G) to Hom(G /N, M),
as required.

(17) Let 5 € Hom(G/N, M), then o : G — G defined by a(g) = gB(¢gN) is a ho-
momorphism centralizing G/M and N. Now we show that « is an automorphism and this

concludes the proof of (ii). Since M is a central subgroup, « is a central endomorphism,
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hence G = kera® x Ima* for some positive integer k. Now induction on 7 shows that
kera” < Z(G). Therefore ker a¥ is an abelian direct factor of G. But G is purely non-
abelian, hence ker o = 1. Therefore kera = 1 and Ima = G or equivalently « is a
bijection. So o € Aut¥ (G) and consequently |Autd (G)| = |[Hom(G/N, M)|. Now sup-
pose that Auth! (G) < Inn(G). Then Autd (G) = Auth!"“(G). By using an argument
similar to (i), we may conclude that Aut)!"¢(G) ~ Hom(G/N,M N G’). Also, since
|Aut¥ (G)| = [Hom(G/N, M)|, Auth (G) ~ Hom(G/N,M N G') ~ Hom(G/N, M), as

required.

(#44) Tt is straightforward to see that g € K N Cg(N) if and only if I, € Autd(G). And
a quick calculation shows that the map ¢ : K N Cg(N) — Autd(G) N Inn(G) defined by
p(r) = I,—1, forall z € K N Cg(N) is an epimorphism with the kernel equal to Z(G), as

required. O
Another interesting property of Aut% (@) is indicated by the following result.

Proposition 2.2 — Let G be a group. Let M and N be two normal subgroups of GG such
that M < Z(G) N N and put Z(G/M) = K/M. If (K N C(N))/Z(G) ~ Hom(G/N, M)
then Aut}! (G) can be embed into Inn(G). In particular if G/Z(G) is finite, then Aut} (G) <
Inn(G) if and only if (K N C¢(N))/Z(G) ~ Hom(G/N, M).

PROOF : By Lemma 2.1(i), Aut) (G) ~ Hom(G /N, M). So by our assumption, Aut¥ (G
(K N Cg(N))/Z(G). On the other hand, Lemma 2.1(iii) implies that Aut}! (G) N Inn(G) ~
(KNCq(N))/Z(G), that is Autd! (G) NInn(G) ~ Aut¥ (G). But Autd (G) NInn(G) can be
embed into Inn(G) and the first part of the result holds.

In particular if G/Z(Q) is finite then Aut) (G) < Inn(G) if and only if Autl (G) =
Aut¥ (G) N Inn(G) or equivalently by Lemma 2.1, (K N Cg(N))/Z(G) ~ Hom(G/N, M)
and this completes the proof. |

Remark 2.3 : Notice that if G is a finite purely non-abelian group and M and NN are two
normal subgroups of G such that M is central then Auth! (G) < Inn(Q) if and only if (K N
Ce(N))/Z(G) ~Hom(G /N, M).

Before we state the next result, we need the following definition:

1
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Definition — Let G be a finitely generated nilpotent group of class 2. Put Z = Z(G) and
m=mn(G/Z), then G is called C*-group if Z is infinite cyclic or isomorphic to Z,, x H x Z"
in which Zy, ~ llyex Z),, H ~ Il,¢, Z,, r > 0 is the torsion-free rank of Z and G /Z has finite

exponent.
Note that by the main theorem in [3], G is a C*-group if and only if C* ~ Inn(G).

We recall that in a finitely generated nilpotent group of class 2 with infinite cyclic center,

G has the following presentation:
G=(x1,...,2q,: [, xj] = 2™ [1;,2] =1;1 <i < dand i < j).

In [4], to any finitely generated nilpotent group G of class 2 with infinite cyclic center
we assigned a skew-symmetric matrix Mg = (m;;) where m;; is defined by the equation
(@, 2] = 2™ forall 1 <4,j <d.

The following result is regarding to C*-group.

Proposition 2.4 — Let G be a C*-group. Let M and N be two normal subgroups of GG
such that M < Z(G) < N. Then Aut}! (G) can be embed into Inn(G). In particular if G is
not torsion-free, then Auty (G) < Inn(G).

PROOF : Since M < Z(G) < N, clearly Autd!(G) < C*. But by the definition of
C*-groups, C* ~ Inn(G). Therefore Auth! (G) is isomorphic to a subgroup of Inn(G). In
particular if G is not torsion-free, then C* = Inn(G). Consequently Aut} (G) < Inn(G), as

required. U

Remark 2.5 : Notice that in a torsion-free C*-group G, the center of G is infinite cyclic.
Therefore by Corollary 1.3 in [4] if det(M¢) = 1 then C* = Inn(G). Hence we may deduce
that in this case Aut} (G) < Inn(G) too.

In two previous propositions, we introduce some conditions which imply Aut% (G) <
Inn(G). In the following lemma, we find a necessary and sufficient condition on normal sub-
groups N and M of G that implies Inn(G) < Auth! (G).

Lemma 2.6 — Let GG be a group and let M and N be two normal subgroups of G. Then
Inn(G) < Autd (G) if and only if G’ < M and N < Z(G).
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PROOF : First assume that Inn(G) < Autd! (G); thus I, € Autd (G) for all g € G. Since
z7 1, (x) = [z,9] € M forallz € G, G’ < M. And equality [z, g] = 1 for all z € N implies
that IV is central. Conversely since N is central, [z,g] = 1forallz € N and g € G and
hence I, fixes N elementwise. Also z711,(z) = [z,g] € M forall z € G, since G’ < M.
Consequently Inn(G) < Auth! (G), as required. O

Let GG be a group and let M7, Mo, N1 and N5 be normal subgroups of G such that M7 < My
and Ny < Nj. Clearly Aut%l(G) < Autjj\\é2 (G). Also in any group G, Inn(G) < AuthG)(G).
Now by Lemma 1.6, it is easy to see that Inn(G) < Autd!(Q) if and only if AutgéG) (G)
< Auth/(G) where M and N are two normal subgroups of G. In fact Aut(Z;EG)(G) is the

smallest Aut® (G'), which contains Inn(G).

Remark 2.7 : Let G be a group. Let M and N be two normal subgroups of . By using

Lemma 2.6, we list below some elementary facts about Aut}’ (G).

() If M = N = Z(G) then Autd (G) = C*. So Inn(G) < C* if and only if G’ < Z(G)

or equivalently G is a nilpotent group of class 2.

(i) If M = Z(G) and N = G’ then Aut) (G) = Aut.(G). So Inn(G) < Aut.(G) if and
only if G’ < Z(G) or equivalently G is a nilpotent group of class 2.

(iii) If M = Z(G) then Autd (G) = C gut.(c)(N). Hence Inn(G) < Cyyy () (V) if and
only if G’ < Z(G) and N < Z(Q), or equivalently G is a nilpotent group of class 2 and
N is a central subgroup of G.

(iv) If M < N then Inn(G) < Aut%(G) ifandonly if @ < M < N < Z(G) and then G is

a nilpotent group of class 2.

(v) If M < N = Z(G) then Inn(G) < Aut]g[(G) (G) if and only if G’ < M and so G is a

nilpotent group of class 2.

It is not valid in general that if a group G, which contains two normal subgroups M and
N, satisfying Inn(G) < Autd! (@), is nilpotent of class 2. For instance let G = (z,y : 2®
= y* = 1,2Y = 271). In fact G is the semidirect product of Zg by Z,. Let M = G’ and
N = Z(G). We have Z(G) = (z*,y?) and G’ = (?). So G is not nilpotent group of class 2

but Inn(G) < Autgzg)(G).
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3. PROOF OF MAIN RESULTS
To prove the Theorem A, we need the following Lemma.

Lemma 3.1 ([4, Corallary 1.4]) — Let A and B be two finite abelian groups and exp(A)|exp(B).
Then Hom(A,B) ~ A if and only if B ~ Z;, x H in which Z,, =~ Il,c;(4)B}, and
H ~ Tl,gra)Bp. In particular, if m(A) = 7(B) then this is equivalent to B is a cyclic
group.

Now we are able to prove Theorem A.

Proof of Theorem A —

First we prove that “if H and K are two finitely generated abelian groups and exp(T(H)) |
exp(T(K)) then Hom(H, K) ~ H if and only if K is infinite cyclic or K ~ Z,, x L x Z"
in which Zy, ~ e m) Kp, L >~ Wygr ) Ky, v > 0 is the torsion-free rank of K" and H has
finite exponent.” For this, let H = A x B and K = C' x D where A and C are finite and B
and D are torsion-free parts of H and K, respectively. Since B and D are finitely generated
torsion-free abelian groups, B and D are free abelian groups of finite rank ro(B) = s and
ro(D) = r. We have

Hom(H, K') ~ Hom(A, C) x Hom(A, D) x Hom(B, C) x Hom(B, D)
~ Hom(A,C) x C* x Z"°.
So Hom(H, K') ~ H if and only if Hom(A4,C) x C* x Z™ ~ A x B.
We proceed with a series of steps.

Step 1 : Let K be a torsion group, that is D = 1. Then H ~ Hom(H, K) if and only if
A x B ~Hom(A,C) x C* or equivalently B = 1 and Hom(A, C') ~ A. And by Lemma 3.1,

this is equivalent to H is torsion and C' ~ Z,,, x L.

Therefore “if K is torsion, then H ~ Hom(H, K) if and only if H is torsion and K ~
Ly, x L.

Step 2 : Let K be a torsion-free group, that is C = 1. Then H ~ Hom(H, K) if and
only if A x B ~ 7" or equivalently A = 1 and » = 1. Thus “if K is torsion-free, then
H ~ Hom(H, K) if and only if H is torsion-free and K is infinite cyclic”.
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Step 3 : Let K be a mixed group (that is, neither torsion nor torsion-free, hence C, D # 1).
In this case, H ~ Hom(H, K) if and only if A ~ Hom(A,C) x C* and B ~ Z'*.

First assume that  ~ Hom(/, K). Then A ~ Hom(A,C) x C*® and B ~ Z"5. Let
exp(A) = n. We show that B = 1. In order to obtain a contradiction, assume that B # 1.
Hence C*° # 1, so exp(C) = exp(A) = n, since exp(Hom(A,C)) | exp(C). Let C =
Zy, x C7 where C1 is an abelian group. Then Hom(A, C') ~ Hom(A, Z,,) x Hom(A, C1). It
follows that A ~ A x Hom(A, C}) x C®. Hence Hom(A,C;) = 1 and C* = 1. Since C
is not trivial, s = 0 and B = 1, a contradiction. Hence B = 1 and H is torsion. Therefore
A ~ Hom(A, C) and by Lemma 3.1, C' ~ Z,, x L and consequently K ~ Z,, X L x Z" and

H has finite exponent.

Now suppose that K ~ Z,, x L x Z" and H has finite exponent dividing m. Therefore by
Lemma 3.1, Hom(H, K) ~ Hom(H, Z,,) ~ H.

Consequently, “if K is a mixed group then H ~ Hom(H, K) if and only if K ~ Z,, x

L x 7" and H has exponent dividing m”.

Put H = G/Z(G) and K = M. First notice that since Aut¥ (G) = Inn(G), by Lemma
2.6, we have G’ < M and N is central, so N = Z(G). Furthermore, since Aut%G)(G) =
Inn(G), it follows from Lemma 2.1 that Hom(G/Z(G), M) ~ G/Z(G). Consequently M is
infinite cyclic or M =~ Zy, x H X Z" in which Zy, ~ Uyera/zc)Mp, H = Wpgrc/z(c) Mp
r > 0 is the torsion-free rank of M and G/Z(G) has finite exponent. Hence the proof of

Theorem A is complete. O
As immediate consequences of this result one readily gets the following corollaries.

Corollary 3.2 — Let GG be a finitely generated non-abelian group. Let M and N be two
normal subgroups of G' such that Aut¥ (G) = Inn(G). If G is a nilpotent group of class 2 or
M is central then N < Z(G), G' < M and G’ is infinite cyclic or G’ ~ Z,, x H X Z" in
which Z, ~ e rc/2(6)Gpr H ~ Mpgriayz(c)) Gy 7 2> 0 s the torsion-free rank of G and
G/Z(G) has finite exponent.

PROOF : Since Aut) (G) = Inn(G), by Lemma 2.6 we have G’ < M and N < Z(G).
Hence Aut(Z;EG)(G) < Aut¥(G). On the other hand Inn(G) < AuthG)(G) and so Inn(G)
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= AuthG)(G). Now by our assumption and by applying Theorem A, we conclude that G’ is
infinite cyclic or G’ >~ Z,, x H x Z" in which Zy, ~ I,erc/2(6))Gpr H = Wpgr(/z(c)) G
r > 0 is the torsion-free rank of G’ and G/Z(G) has finite exponent. O

Note that the converse of Theorem A is not true, as the example 3.5 [3] demonstrates.

Nevertheless if M is not torsion-free, then a satisfactory result is available, as we see in

Corollary B.
Proof of Corollary B.
Suppose that Auth! (G) = Inn(G). Then the result follows from Theorem A.

Conversely, suppose G is a group satisfying the hypotheses. Since G < M, by [3, Lemma
2.3 (iD)], exp(T(G/Z(G))) divides exp(T(M)), so Hom(G/Z(G), M) ~ G/Z(G). There-
fore Authw(G)(G) ~ Inn(G). On the other hand since G’ < M, it follows that Inn(G) <
Autgf(G) (G). But Inn(G) is finite and hence Aut%G) (G) = Inn(QG), as required. O

Next we provide two examples of groups satisfying the conditions of Corollary B.

Example 33 : Let G = (z,y : 2/ = y*""" = 1,[z,y] = 2¥°). We have G’ = (2#) ~
Lye, Z(G) = (2" y7") = Lye x Ly and (G5 = Lpe X Lye. Let M = G’ and N = Z(G), then
M is a finite cyclic central subgroup of GG. Therefore GG satisfies the conditions of Corollary
B. Hence Autgzg)(G) = Inn(G). But in this case, Inn(G) < C* since the center of G is not

cyclic.

Example 3.4 : Let G = (z,y,z : x* = y*" = 1,[x,y] = 22, [2,2] = [y,2] = 1), n > 2.
We have G’ = (2?) ~ Zo, Z(G) = (22,42, 2) =~ Zy X Zgn—1 x Z and % ~ 7o X Zo. Let
M = (2%,2) ~ Zy x Z and N = Z(G). Therefore G satisfies the conditions of Corollary B.

Hence Aut]}/f(G)(G) = Inn(G). Also in this case, Inn(G)) < C* since the rank of T'(Z(G)) is 2.

Notice that the converse of Theorem A is not necessary true when M is torsion free, as the

following example demonstrates.

Example 3.5 : Let G = (x1,22,y1,2 © [y1,92] = a3, [21,22] = [ws,y;] = 1;1 < 4,5 <
2). We have G = (23) ~ Z, Z(G) = (71, 79) 2 Z X Z. Let M = (x1) ~ Z and N = Z(G).
Then Autg(G) (G) # Inn(G), since o € Autgﬁg) (G) defined by a(x;) = x;, a(y;) = y;x1 for

387
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1 <4 < 2, is a non-inner automorphism of G

We shall exhibit next a group G that contains an infinite cyclic subgroup and the equality
Aut%[(G)(G) = Inn(G) holds.

Example 3.6 : Let G = (z,y,z : [x,y] = z,[x,2] = [y, 2] = 1). Let M = G' = Z(G) =
(z) ~ Z. Therefore AutJZV[(G) (G) = C* = Inn(G) (see Example 3.4 [3]).

Turning next to finite p-groups, we record the following interseting result.

Corollary 3.7 — Let G be a finite non-abelian p-group. Let M and N be two normal
subgroups of G such that M < Z(G) < N. Then Aut¥ (@) = Inn(G) if and only if Z(G) =
N, G < M and M is cyclic.

Notice that the Corollary 3.7 is a generalization of the Proposition 2.3 of [12].

As an immediate consequence of this result, we derive the main theorem of Shabani Attar
in [10].

Corollary 3.8 — Let G be a finite p-group. Then C* = Inn(G) if and only if G is abelian
or nilpotent group of class 2 and Z(G) is cyclic.

Let G be a finitely generated group. Let N be a normal subgroup of G such that Auty (G) =
Inn(G). Then by Lemma 2.6, G’ < N < Z(G). So G is nilpotent of class 2 and consequently
AutY(G) = Inn(G) < C*. Clearly AutY(G) = Aut]ZV(G)(G) = Inn(G) and by Theorem A,
N is infinite cyclic or N ~ Z,, x H x Z" and G/Z(G) has finite exponent. But the converse
is not true. For example if in the Example 3.4, we put N = G’ then it is easy to show that
AutN(G) = AutG,(G) # Inn(G). Nevertheless this is true in particular case Z(G) < N.

More precisely, one can say that:

Corollary 3.9 — Let GG be a finitely generated non-abelian group and N be a normal sub-
group of G.

(i) If Aut)(G) = Inn(G) then G’ < N < Z(G) and N is infinite cyclic or N =~ Z,, x H x
Z" in which Zy, ~ Uperc/za)Nps H >~ Wpgrcz(c))Np, 7 = 0 is the torsion-free
rank of NV and G/Z(G) has finite exponent.

(ii) If Z(G) < N and N is not torsion-free then Aut\(G) = Inn(G) if and only if G
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is a nilpotent group of class 2 and N = Z(G) ~ Z,, x H x Z" in which Z,, ~
Uperna/ze)Nps H = Wygrazc)Nps 7 = 0 is the torsion-free rank of N and
G /Z(@G) has finite exponent.

PROOF : This follows from the above discussion and Corollary 1.3 of [4]. O

Remark 3.10 : Notice that if N = Z(G) then there exists a finitely generated nilpotent
group of class 2 with infinite cyclic center such that Inn(G) < Autgggg (G) = C* (see Example
3.5 [3]) and so the condition “N is not torsion-free” in part (ii) of above corollary is necessary.
Nevertheless if IV is torsion-free then by Theorem A, N = Z(G) is infinite cyclic and hence

by Corollary 1.3 in [4], Auty(G) = C* = Inn(G) if and only if det(Mg) = 1.

By using again Theorem A, we obtain the following characterization of all finitely gener-
ated groups G for which Cpy, () (N) = Inn(G) when Z(G) < N.

Proposition 3.11 — Let G be a finitely generated group. Let N be a normal subgroup of
G.

(i) If G is non-abelian and Cpy, () (V) = Inn(G) then N < Z(G) and G is a C*-group.

(i) If Z(G) < N then Cpy, (o) (N) = Inn(G) if and only if G is abelian or C*-group for
which N = Z(G) and furthermore if Z(G) is an infinite cyclic group then det(Mq) = 1.

PROOF : (i) Since Inn(G) < Cpy()(N), G' < Z(G) and N < Z(G). Hence G is a
nilpotent group of class 2 and N is central. So Inn(G) < C* < Cyy () (IN) and therefore
C* = Inn(G). This shows that G is a C*-group.

(i1) First assume that Cp () (/) = Inn(G). If G is not abelian then by Theorem A (with
M = Z(G)), Z(G) = N and by the definition, G is a C*-group and the rest of the results
follows from Corollary 1.3 in [4].

Conversely if G is an abelian group, then clearly Z(G) = N = G. Therefore Cpy () (V)
=C*=Inn(G) = 1.

Finally if G is a C*-group satistying the conditions of Proposition 3.11(ii) then by
Corollary 1.3 in [4], Cay, () (V) = C* = Inn(G) which completes the proof of the proposition.0
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Remark 3.12 : Let G be a finitely generated group. Let N be a normal subgroup of G
such that Z(G) < N then by Corollary 3.9 and Proposition 3.11, AutY(G) # Inn(G) and
Caue(@)(N) # Inn(G). Furthermore if G is a C*-group satisfying the conditions of Proposi-
tion 3.11(ii) then Cpy () (N) < C*.

2c

Example 313 : Let G = (z,y : 2P = y?" = 1,[z,y] = 2?°). We have Z(G) =
(xP° yP°) =~ Zype x Zp. Let N = G’ = (2P°), then N is a normal subgroup of G such that
N < Z(G). Since G is not C*-group, by Proposition 3.11(i), Inn(G) # Cay, () (V). In fact
Inn(G) < C* = Cpy()(N) = Aut.(G), since G is a p-group of class 2 for which Z(G) is

not cyclic.

Example 3.14 : Let G = (z,y : a?"" = y? = 1,[x,y] = 2?") where n > 2. We
have Z(G) = (aP) ~ Zyn. Let N = (z), then N is a normal subgroup containing Z(G). It
is clear that Z(G) < N and by Proposition 3.11(i), Cau,(@)(N) < C* = Inn(G). In fact
Caute(@)(N) =~ Zyp and Inn(G) =~ Zy, X Zy.

Let G be a group and M and N be two normal subgroups of GG. In the above discus-
sions, we have classified the groups in which Aut (G) < Inn(G), Inn(G) < Autd(G) or
Inn(G) = Aut} (G). We may adopt the opposite point of view, asking when G has a non-inner
automorphism which centralizes G /M and N. In Theorem C, we show that if the subgroups of
G satisfy certain conditions, then Aut}! (G) # Inn(G). And finally to illustrate the applications

of this theorem, some examples are given.
Proof of Theorem C —

It is easy to see that if M < Z(G) N N and Autd! (G) < Inn(G) then (K N Cq(N))/Z(G) ~
Hom(G/N,G' N M). Also by applying Lemma 2.1, we conclude that if Aut}! (G) < Inn(G)
then
Aut¥ (@) ~Hom(G/N, M)
~Hom(G/N,G' N M)
~(K N Ca(N))/2(G).
First assume that G/N is an elementary abelian p-group of rank n. Then

Hom(G/N, M) ~ [[ Hom(zZ,, M) ~ z"*™"
=1
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and
Hom(G/N, G’ N M) =~ [[Hom(Z,, G' 0 M) ~ 2 "» ™™
i=1
Consequently Hom(G /N, M) ~ Hom(G /N, G' " M) if and only if r,(M) = r,(G' N M)
and this proves part (i) of theorem. Furthermore Hom(G/N, M) ~ (K N Cx(N))/Z(G) if
and only if (K N Cg(N))/Z(G) is elementary abelian p-group of rank nry,(A/). This implies
that (iv) holds.

Now assume that G/N is a free abelian group of rank n. Then

Hom(G/N, M) ~ | [ Hom(Z, M) ~ M"

i=1
and

Hom(G/N,G' N M) ~ [ [Hom(Z, G'n M) ~ (G’ n M)"™.
=1

Consequently Hom(G /N, M) ~ Hom(G/N,G’' N M) if and only if M"™ ~ (G' N M)".
Evidently, if r(G' N M) # r(M) or r,(G' N M) # rp(M) for some p = 0 or a prime number,
then M % (G’ N M) or equivalently M™ 2 (G’ N M)". This implies that Aut} (G) is not

contained in Inn(G), which gives (ii).

Let G/N be a finitely generated abelian group which is not torsion. Then G/N = A x B
where A is torsion and B is non-trivial torsion-free part of G/N. So B is a free abelian group
of finite rank s. Put M = T(M) x Hand M NG’ = T(M NG’) x K where H and K are
torsion free part of M and M N G’, respectively. Then

Hom(G/N, M) ~Hom(A,T(M)) x T(M)* x H®

and

Hom(G/N,G' N M) ~ Hom(A, T(M NG")) x T(M NG")* x K*,
which completes the proof of (iii).

To finish off the proof we assume that (K N Cg(N))/Z(G) is not isomorphism to M™.
Hence Hom(G/N, M) # (K N Cg(N))/Z(G), this implies that G has a non-inner automor-
phism which centralizes G/M and N. This completes the proof of theorem. O
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Example 315 : Let G = (z,y : 22" = 9% = 1,2Y = 2~ ') where m,n > 2. In fact G
is the semidirect product of Zom by Zon. We have Z(G) = (22" ", y%) and G’ = (22). Let
N = (x,y?), then N is a normal subgroup containing Z(G). Itis clear that 7(Z(G)) # r(G'N
Z(@)). Therefore by part (i) of Theorem C, Cpy, (o) (N) £ Inn(G). In fact Cpy (i) (V) =~
Hom(Zs, Zon—1 X Zy) = 73 and G/Z(G) is the semidirect product of Zs by Zgn-1.

Example 3.16 : Let G = (x1,29,y1,92 : [y1,y2] = 2%, [21,22] = [m4,9;] = 1;1 < i,j <
2). We have G = (z3) ~ Z, Z(G) = (v1,72) ~Z x Z. Let N = (w1, x9,%1). Then G/N =~
Zand r(Z(G)) # r(G'NZ(G)). Therefore by part (ii) of Theorem C, Cay, () (N) £ Inn(G).
Furthermore N/Z(G) = (Z2(G) N Cq(N))/Z(G) is not isomorphic to Z(G). Also by part
(v) of Theorem C, it follows that Cy (V) £ Inn(G). In fact o : G — G defined by
a(z;) = x5, a(yr) = 11, a(y2) = yarg for 1 < ¢ < 2 is a non-inner central automorphism of

G which fixes NV elementwise.

Example 317 : Let G = (v,y,2 : 2" = y*" = 1,[z,9] = 272, [2,2] = [y,2] = 1),
n > 2. We have G' = (22) ~ Zs, Z(G) = (22,42, 2). Let M = N = (2%,4?), then
G/N =~ Zsy x 7o x Z. Therefore G’ " M = (2%) < M and so by part (iii) of Theorem C,
Autt(G) £ Inn(G).

Example 318 : Let G = (z,y,z : 2* = y* = 1, [x,y] = 2%, [x,2] = [y, 2] = 1). We have
G' = (22) ~ T, Z(Q) = (2%,94%,2) ~ ZoxZoxZand G/ Z(G) ~ ZyxZy. Let N = Z(G),
therefore G satisfies the conditions part (iv) of Theorem C. But in this case, Inn(G) < C* since

G/Z(G) is not elementary abelian of rank 4.
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