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In this paper we construct special types of Fontaine sheaves Ay, and A
study their properties, most importantly their localizations over small affines. They will
be used in sequel work to prove in a different manner a comparison isomorphism theorem

of Faltings [7]. We conclude with making several conjectures.
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1. INTRODUCTION

Let p > 0 be a prime integer, K a finite, unramified extension of @, with residue field k£ and
Of the ring of integers of K. Also fix an algebraic closure K of K, and denote by G the
Galois group of K over K. Let X be a smooth, proper and connected scheme over K (hence
X has good reduction). We denote by X the geometric generic fiber of X and by X the
special fiber X of X. We write Acs and Beis for the crystalline period rings defined by

Fontaine in [8].
The so called crystalline comparison conjecture was formulated by Fontaine in [8]:

Conjecture 1.1 — In the notations above for every n > 0 there is a canonical and functo-
rial isomorphism commuting with all the additional structures (filtrations, G x-actions and
Frobenii):

H (X%, Qp) ®q, Beris = Hibio(X/Ok ) ®0y Beris-
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The conjecture was fully proved by Faltings in [7] where he even proved more namely that
one can drop the assumption that K is absolutely unramified and allow certain non-trivial

coefficients.

Recently, Andreatta and lovita gave a new proof of the crystalline comparison isomor-

phism (with non-trivial coefficients) for smooth, proper connected schemes X over K (for K
\Y

unramified over Q) in [1]. They defined sheaves of Aqis-algebras A Y, and Agys on Faltings’

site X3 and proved the isomorphisms (compatible with filtrations, G g-actions and Frobenii):
HE (X7, Qo) ©Q, Beris = H'( X, Adtis) © Auusy Beris = Hiyio (X, K) @k Beris:

By taking G g-invariants one obtains that Deyis(H% (X7, Qp)) = H2, (X, K). Andreatta

cris
and Tovita replaced in [1] the computation of Faltings based on hyper-coverings by small affines
v

cris

H" (X, Agis) ® A, Beris 2 HY. (X, K) ®k Beris they provided an explicit acyclic resolution

cris

with a systematic use of the sheaves AY. and A.s. Moreover, in proving the isomorphism

of Acvﬁs. This allowed them to prove this isomorphism for X smooth formal p-adic scheme
over Ok (see [1, Theorem 3.15] for further details). Their Theorem 3.15 could not have
been proven with the methods used in [7] where the main technical tool to prove comparison

isomorphisms is Poincaré duality.

The ring Aeis 18 both algebraically and topologically complicated and one can use the
simpler ring Apax introduced by Colmez in [6] in order to define the notion of crystalline

representation.

The general aim of this work is to construct the families of sheaves (AY,

max,n)”Zl and

(A;nvax,n)nzl in §2 and the family of sheaves (Amax,n)n>1 in §3 on Faltings’ topology X7 on a
smooth proper model of X over O and to study their properties, especially their localizations
over small affines in order to simplify and may be extend the work of Andreatta-lovita. The
definition of Faltings’ topos is recalled in §2.2. Our main goal is to construct different types
of Fontaine sheaves, to prove a comparison isomorphism theorem (the "max” version) and to
generalize their results to the case when the ramification degree of K is larger then 1. For
this we use Faltings’ topology Xz associated to X and a smooth, proper model of it and
construct for the moment the specified new Fontaine sheaves of rings on this topology and

study their properties.

Let us briefly recall the definition of the site X7=. The objects of the underlying category

are pairs (U, W) where Y — X is an étale morphism and W — Uy is a finite étale morphism.
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Let U=Spec(Ry) be a "small” affine open of the étale site X of X (a small affine is
an object such that Ry ®o, k is geometrically irreducible over k and there are parameters
Tv,Ts,...,Ty € R}, such that the map Ry := O T, T3 ...,Tdﬂ} C Ry is formally étale).
Fix now an algebraic closure €2 of the fraction field of X7. Denote by Ry C € the union of
all Ry ®o,. K-subalgebras S of €2, such that S is normal and Ry ®0,. K C S[1/p] is finite

and étale.
Let AY,.(Ry) be the ring defined by Brinon in [5] (we recall its definition in §2.5).

Let W, = W, (O%/pO%) be the ring of length n Witt vectors with values in O/pOx%
(see §2.1 for details) and W, be a certain sheaf of Oz-algebras with ring operations defined

by Witt polynomials (see §2 for details)).
Let Ay, be the sheaf in Sh(X%)N defined by the family {AYxn}n With transition maps

max

induced by {r,11}n, where AY is the sheaf Apaxn @w, W, on X5 and 7,41 : Wy —

max,n

W,, are sheaf homomorphisms defined by the natural projection composed with Frobenius.

Similarly, A’Y. _is the sheaf defined by the family {A;Yax’n n With transition maps induced by
{rnt1}tn, where Ay, . is the sheaf Apax/p" Amax ®w, Wn (see §2.3 for details).

In §2.5 we construct maps g, : AV, (Ru)/p" ANiax (Ru) — Aoy n(Ry) which are essen-
tially the composition of the reduction modulo p”-map and a certain map induced by the
projection on the n + 1th component (see §2.5 for details). In §2.5 we also construct maps
¢ =1{d, ,F}” CAN — AV where q, x A em — AXax,n are associated to the map of pre-

sheaves induced by ¢}, : Amax/P" Amax — Amax,n and by Frobenius W, (U, W) — W, (U, W)
(¢, being induced by the natural projection W11 — Wy,).

The main result of §2 is the following theorem, which is the analogous result for the sheaf

AY. of [1, Proposition 2.28].

cris
Theorem 1.2 — a) For every n € N* the map
I+ Avax (Ru) /0" AN ax (Ru) — Ao (Ru) s injective;

max max,n

b) The map A (Ry) — AY,

max max

(Ry) defined by q’? is an isomorphism.

max max max,n

Corollary 1.3 — The induced map AY, (Ry) — AY.. (Ry) = @AV (Ry) is an

isomorphism.
Let Amax(Ry) be the algebra defined in [4, Remark 8.3.5] and recalled by us in §3.1.

In §3 we prove the following theorem, which is the analogous result for the sheaf A.ys of
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[1, Theorem 2.32] and [1, Proposition 2.35].

v

Theorem 1.4 — There exists a unique continuous sheaf Ayax on X5 of A,

-algebras
such that for every small affine U = Spec(Ry) of X we have a canonical isomorphism as

AV (Ry)-algebras: Amax(Ry) = Amax(Ru)-

max

The properties of the continuous sheaf A ,x are summarized in the following theorem,
which is the analogous result for the sheaf A5 of [1, Proposition 2.37] and [1, Proposition
2.38].

Theorem 1.5 — (1) The sheaf Amax has a decreasing filtration by sheaves of ideals
Fil" Apax := (Ker(0))", for all v > 0.

(2) There is a unique connection V := {V,}n>1 : Amax — Amax R0, Q;(/O such that
- K

(a) Viaw =0

max

(b) for every n > 0 and every small affine U of X with parameters Th,T5,...,Tq and
for every pair (V,W) in U, for the elements y1,y2,...,Ya € Amaxn(V, W) constructed in

~

section 3.1, one has Vy,(y;) = 1 ® dT; € Amaxn(V, W) Qr,, Q}%V/OK'

v

max

(8) The connection described at (2) has the property that it is integrable and A
V=0
= (Amax) .

(4) We have V(Fil" Apay) C Fil" 1 Apax ®0, Qk/o for every r > 1, i.e. V satisfies the
K

Griffith transversality property.
Our proof of Theorem 1.2 is similar to the proof of [1, Proposition 2.28] but we work with
different families of rings namely {Amaxn }n instead of {Acisn }n as [1] hence our results can

be viewed as an extension of theirs to the “Apay” case (since Acris C Amax); We prove a priori
v

several important results such as the fact that the ring AY .

is p-torsion free (see Proposition
2.10) and the comparison between a certain family of rings {Ay ., }n and {Amaxn}n (see

Proposition 2.4).

We also prove the existence of the sheaf Apax (see the construction of a certain projective
system of torsion sheaves {Amax,un}n>0 in section 3.1). We point out that in [1], Andreatta
and lovita proved the existence of the Ox-DP envelope Acris,nf of W XnE with respect to a
certain sheaf of ideals 7y ,, i that we won’t use (for the definition of the sheaf W X.n & We refer
the reader to §3.1). In §4 we also give a method of defining our sheaves for the special case

when K is ramified over Q, and X over Ok is a smooth, proper and connected scheme, such
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that there exists a scheme Xy defined over Ok, (Kp being the maximal absolutely unramified

subfield of K and Ok, its ring of integers), such that X = X X O, Ok.

In §4 we also make several conjectures. As a potential application of our work one may

try to prove the comparison isomorphism

Hgt(va Qp) ®Qp Biax = Hn(:{ﬁa AXax) ® Amax Bmax = ngis(y> KO) B Ko Biax-

The ring Bmax = Amax[1/t] has a better topology than Beis = Aeis[1/t], the advantages
of working with it instead of Beis being clearly emphasized in [6]. We expect that the study
of the comparison isomorphism theorems for the formal schemes X which are defined over
Ok (and not only for those which are base change of formal schemes defined over O, ) can

be done with A ax.

We hope that our rings will be used in sequel work to define a Riemann-Hilbert correspon-
dence between p-adic locally constant sheaves on X and F-isocrystals on the special fiber of

the fixed smooth model of X over Ok (see §4 for details).

This paper is based on the unpublished part of the author’s PhD thesis [9].

2. THE SHEAF AY

max

In this section we define a new type of Fontaine sheaf, AY.._ | we prove some properties of it and
we study its localization over small affines, the main result being that AY, (Ry) = AY. (Ry),

max
where AY

max 18 the ring defined by Brinon in [5] and recalled in this section.

Let p > 0 be a prime integer, K a finite, unramified extension of Q, with residue field k&

and Ok the ring of integers of K.
2.1 Mod p™ wversions of the ring Amax

The goal of this subsection is to introduce and review the basic properties of the rings Amax n,
Alpaxn and Apax. We point out that in [10] these rings (and only them) were also introduced

!/

along with an algorithm which relates the families of rings Amnax ., and AmaX’n.

However, in

this subsection we prove Proposition 2.4 in a different and easier manner than in [10]. Put

R(Og) =lim _ , Ox/pOx-

r—xP

We use the notation (z,)n>0 = (z0,21,---) € R(Of) where zP | = z, to denote its

elements. The reduction modulo p induces a bijection
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lim 6% ~ R(O%) given by 2™ = (™ (mod p)

where we use the notation («T(n))nzo €lim (7)% Note that its inverse map is given by

() = limy,— oo ai“ﬁ+m

where ; € 5% is an arbitrary lift of z; € O /pOz. Then R(Oy) is a perfect valuation ring
of characteristic p, its valuation v being given by v(z) = v,(z(?), = = (z,)n>0 € R(OF).

We identify R(O5) with lim 5% using the above bijection.

Let Al . = W(R(Oz%)) be the ring of Witt vectors of R(O%). We define the element

inf —

5:: [ﬁ]_p:(]570707'”)_(0’1707"') €A+ _W(E(OF»

inf

where p € R(Of) is such that 5©) = p. Let W,, = W,,(Ox/pO%) be the length n Witt
vectors of O /pO . One defines a ring homomorphism
1—2

O : Wy, — O /p" O given by (so,s1,---) — Z;‘:_()l piéf%

where §; € O/p" O is any lift of s; € O /pOs. We also define the projection of W(R(O))

on the first n-components
T+ Ay = W(R(Og)) — Wa(R(Og)) given by (so, 51, ) = (50,51, sn—1)
and the projection of R(O) on the (n + 1)th component Ox/pO%

qn : E(O?) — O?/pO? given by (xm)mZO = Tp.

Remark that the homomorphism 7, induces an isomorphism A . /p" Al ~ W, (R(O%)).

m

It is clear that m, is surjective. Since p” = (0,0,---,0,1,0,---) € A}, we have
————
n
ker(m,) = {(s0,81,-+) € At iso =81 ="+ =s,_1 =0} =p" A ,.

It follows that A ./pm Al

n

~ W, (R(O%)). This is also clear as R(O5) is perfect.

inf —

One also has the following:

Proposition 2.1 [10, Proposition 2] — The kernel of the projection ¢, : R(Of) = lim
Oz/pO% +— O%/pOz is the ideal of R(OF) generated by pP".

The homomorphism ¢, induces a surjective ring homomorphism:

an : Wn(R(O%)) — Wy = Wy (Ox/pO%) given by (so,s1,--- ,850-1) — (3(()”) (mod p), Sgn)

(mod p),--- s, (mod p)).
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Proposition 2.2 [10, Proposition 3]— The kernel of the ring homomorphism gy, o 7, is the
ideal in W(R(Og)) generated by {[p]”", V([p]""), VZ([B]""), ... V"M ([B]"")}-

Definition 2.3 — Let A be a p-adically complete Og-algebra. Then we define
A{T} = lim A[T]/p" A[T]

where T is a variable.

We define the rings

Amax,n = Wn [5]/(p5 - é.n)a Amax = liLnAmax,n (1)

n

where &, = [ﬁl/ p"_l] —p € W, and the transition maps in the projective system are induced
by F o pr, (with F' the Frobenius and pr, : W,y1 — W, the projection to the first n
components) and d — §. Note that (F o pr,,)(&n+1) = &, We then have that

Amae = WR(OR)E/P) = AL {0}/ (05— ©)
= (Y aile/p) a4 € W(R(Og)), ai — 0 as i — oo} (2)

>0

where we use the p-adic topology on W(R(O%)). We also define

Ainax n = Wn[(s]/(pd - prn(fn-i-l)) (3)

where pr,,(£n11) = pr,,([pY/P"] — p) € W,,. Then we observe that for i, 0 <i <n — 1,

Vi) = (P = P = e+ )

= P+ 1) =ptP " =0 (mod p" Amax),

—1

where for the first equality one uses the Witt coordinate (rg,r1,..) = S p"[rh |(or one

computes it directly). Using Proposition 2.2, we obtain that
ker(Qn © 7Tn) - Amax € " Amax- (4)
The map ¢, o m, : W(R(OF)) — W, define a homomorphism

7 Amax = W(R(O%)){0}/(p0 — §) = Afpaxn = Wald]/(p6 — prp,(€nt1))

991
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d— 0

This map is well-defined since ¢,, o m, : W(R(O%)) — Wy, sends & to pr,, (§nt1)-
Proposition 2.4 — For any integer n > 1, the map r], induces a ring isomorphism

Amax/pnAmax = A;nax,n‘

PROOF : Note firstly that ker(r],) = ker(g, o m,) + Amax. Since (gn o m,)(p") = 0 and r), is

a ring homomorphism, we obtain that p" Ayax C ker(gy, o mp) - Amax. Using (4) we get
" Amax = ker(gp o mp) + Amax = ker(7]).

The result follows because 7/, is surjective. O

!
max,n’

Note that, via the isomorphism Apax/p"Amax = A we have a surjective map of

rings:
dn, * Amax/P" Amax — Amax,n
induced by Frobenius on W,, and sending pr,,(£,+1) — &, and that we also have a map:
U, Amax;n1 = Amax/P" Amax

induced by the natural projection W, +; — W, and sending &,+1 — pr,,(&nt1)-
2.2 Faltings’ topology

The goal of this section is to review Faltings’ topology for the reader’s convenience, this being
a category of sheaves on a certain site Xy, constructed and studied in [1]. Let now X be a
scheme of finite type over Ok and also let M be an algebraic extension of K. One denotes by
X°* the small étale site on X and by Xt the finite étale site of Xy = X X Spec(Ox ) SPEC(M).
Further, one denotes by Sh(X*®) and Sh(X€) the categories of sheaves of abelian groups of

these two sites, respectively. We refer to [1, Section 2| for the detailed discussion.
Definition 2.5 ([1, Definition 2.1]) — Let Ex,, be the category defined as follows:

1) the objects consist of pairs (¢ : U — X, f : W — Uys) where g is an étale morphism
and f is a finite étale morphism. One further denotes by (U, W) this object to simplify the

notations;

2) a morphism (U',W') — (U,W) in Ex,, is a pair («, ), where o : U — U is a
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morphism over X and : W' — W is a morphism commuting with o ®, Idp;.

Definition 2.6 ([1, Definition 2.3]) — Let {(U;, W;) — (U, W) }ier be a family of morphisms
in Fx,,. We say it is of type « respectively 3 if either:
a){U; — U}ier is a covering in X¢ and W; & W x ¢ U; for every i € I, the morphism W — U
used in the fibre product being the composition W — Uy — U,

or
B) U; 2 U for all i € I and {W; — W}y is a covering in X'

One further endows Ex,, with the topology generated by the covering families described
in definition 2.6 and one denotes by X the associated site. One calls X, the locally Galois
site associated to (X, M).

Definition 2.7 ([1, Definition 2.4]) — A family {(U;;, Wi;) — (U, W)}ier jes is called a

strict covering family if:

i) For each i € I there exists an étale morphism U; — X such that one has U; = U;; over
X for all j € J;

ii) {U; — Utier is a covering in X°;

iii) For each i € I the family {W;; — W xy U;}jey is a covering in Xt

Each strict covering family is a covering family (see [1, Remark 2.5]).

Let now (U, W) be an object of Ex,,. Andreatta and lovita defined in [1, Definition 2.10]
the presheaf Ox,, on Ex,,, by requiring that Ox,, (U, W) consists of the normalization of
I'(U,Op) in I'(W, Ow). They also proved [1, Proposition 2.11] that the presheaf Ox,, is a
sheatf.

2.3 The construction of AY,

max

Let @X? be the sheaf of rings on X4 defined by requiring that for every object (U, W) in
X, the ring @x?(U, W) is the normalization of I'(U, Oy) in I'(W, Oy ). Note that @x? is a
sheaf of Op--algebras.

Let (’i)x? = lim @x?/pn@xf € Sh(Xz)N. Also, let R(@xf) be the sheaf of rings in
Sh(X7)N defined by the inverse system {@x?/ p@x?}, the transition maps being given by

Frobenius.

For every s € N we define now the sheaf of rings Ai—;f,s,F = limW_ 5 where W =
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W4 (Ox,/pOx.,.) is the sheaf (Ox__/pOx__)* with ring operations defined by Witt polynomials

and the transition maps in the projective limit are defined by Frobenius.

We further define the sheaf of rings AT _ :=limW_+ in Sh(X%)N, where the transition
inf, K — 'nK K
maps in the projective limit are defined as the composite of the projection W,z —-W &

and the Frobenius on Wn Vid

We also have a morphism 6 : A;;ff — Ci)xf of objects of Sh(f{?)N; we construct it at

the beginning of section 3.

A;f? and A;;fsf are endowed with an operator, ¢, which is the canonical Frobenius

associated to the Witt vector construction and are sheaves of Og-algebras.

We are able now to construct the sheaves AZaX,ﬁ and A’ Zax,?'
Firstly, let AZax,n,F = Amaxn Ow, W, 7 = Wi[6]/(p6 — &) ®w,, W, 7 Le. AZaX,nf is

the sheaf on X7 associated to the pre-sheaf given by
(Z/{, W) — Amax,n Qw, an(u, W) for (Z/{, W) S %?

Consider the map 75,41 : W 7 — W % given by the natural projection composed with

. . . . V o V -
Frobenius. This induces a natural map Thil K Amax,nH’K — Amax,n,K'

Let AZa + be the sheaf in Sh(X7)N defined by the family {AZax,n,F}” with transition

)

maps {r, +1’?}n. Secondly, let A;:ax,n,? be the sheaf on X associated to the pre-sheaf given

by (U, W) — Amax/P" Amax Qw, an(u, W) for (U, W) € X%.

/ VA s AV

V .
As for A 7> n+1 induces a natural map T & a1 T maxn K

max,n,
Similarly, let A;Yaxf be the sheaf in Sh(X%)N defined by the family {A;Xax,nf}” with

/
n+1,K

sheaf (U, W) — Ox_(U,W)/pOx._(U,W).

transition maps {r }n. Also, note that @xf/p@xf is the sheaf associated to the pre-

In order to simplify the notations denote by AY,_ = Azax e Xlax,n = zax W N =
v N AN A — O W — AT AT o
Amaxf’ Al axn = Amax,nf’ Ox := Oxpy Wy :=W, % and Ay, := Ainff'

Let r/! 41 ¢ Amaxntl — Amax,n be the map of rings defined by the natural projection
composed with Frobenius, where Ay,ax p is defined in (2.1). We denote by § the variable in

the definition of Amaxni1 and by « the one in Apaxn, and let r), (a) = d. Let also

Dn 1= Nl/pn_l] cW,.
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To check that the map is well defined, we have

p p p p

" <£n+1> _ Tg+1(5n+1) o TZ+1(5N+1 —p) . ﬁn - D fn
Tn—s—l P -

!/

Let us remark now that, since A = (O%/pO%)[0]/(pr1(&2)), we have a nice descrip-

max,l
tion of A’Y

max, 1> namely

At = Annax1 @y Wi = (O /pOg)[8]/ (1(62)) @0 /po (Ox/pOX)
= (Ox/pOx)[8]/(pr1(£2)) = (Ox/pOX)[6]/(p'/7).
We use this fact in the proof of the following lemma:
2.4 A short exact sequence

Lemma 2.8 — For every n we have an exact sequence of sheaves:

0 ANV f ANV 9 ANV

max,n max,n+1 max,1

where f is the map of sheaves associated to the Verschiebung V : W, — W, and g =

/

/ /
r.—=9o0or o...or —=.
n+1,K

2K~ '3,K

PROOF : Firstly, let us fix an object (U, W) of X and denote by S = Ox (U, W).

For (sg,S1,...,8n—1) € W,(S/pS), since (rg o r3 o ..rp41)(0, S0, ..., Sp—1) = (ra orzo

) (0,88, sh ) = o= (ra 013)(0, sgn_z,szl’n_Q) = TQ(O,Sgn_l) = 0, one obtains that

gof=0.
In order to check the exactness in the middle it remains to show that ker(g) C Im(f):

For this we consider the exact sequence of sheaves:

0 —- W, - W11 — W; — 0 where the first map is the map of sheaves associated
to the Verschiebung and the second one is the natural projection. By tensoring it with

Amax/P" T Apmax over W11, we obtain the exact sequence:
Amax/pn+1Amax®Wn+1Wn - Amax/pn+1Amax®Wn+1 Wn+1 - Amax/pn+1Amax®Wn+1 Wl — 0

One further identifies Ay ax/ P A ax ®Ww,,; W1 with the appropriate cokernel and also
proves the exactness on the left. Since tensoring is right exact, the exactness in the middle

for the sequence displayed in the statement of the lemma follows.
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Let us prove the surjectivity of g. Denote by h : W, 11 — W1 = Ox /pOx the natural pro-
jection and by A’ the induced map of sets Wn+1(S/pS)L>W1(S/pS) sending (so, S1, .-+, Sn)
to sg. Since ker(h') = {(s0,51,...,5,) € (S/pS)"1/sg = 0} =2 W,,(S/pS) = (S/pS)", it is
clear that ker(h) is identified with W,, via Verschiebung. Note that ker(h) is a W,,+;-module
via the projection map W,4+1 — W, composed with Frobenius on W, and since W, is a
W,-module. We obtain that

Amax/pn+1Amax ®Wn+1 ker(h) = Amax/pn+1Amax ®Wn+1 W,
Since W' (&ni2) = K (Ppio — p) = p*/P"" (mod p), it follows that

Amax/pn+1AmaX ®Wn+1 Wl = @X/pl/pn+1@X[5] (5)

Now, since S = Ox (U, W) is a normal ring, Frobenius to the n-th power " : S/pl/an —
S/pS is injective. On the other hand, by [2, Lemma 4.4.1 (v)], Frobenius on Ox/pOyx is
surjective with kernel p'/?Ox /pOx hence we have an isomorphism Ox/p'/?Ox = Ox /pOx.
Consequently, Frobenius to the nth power on Oy /pOx is surjective with kernel pl/P" Oy /pOx

hence we have an isomorphism
Ox/p"/?" Ox = Ox /pOx. (6)
From (5) and (6), one obtains that

Amax/pn+1Amax ®Wn+1 Wl = @X/p@X [6]

Since " oh =rg0orzo...orpy1 : Wy — Wy = @x/p@x is surjective, after tensoring
with Apax/ PP Ay over Wh+1, and since tensoring is right exact, we obtain a surjective

map A, . +1i>(@x /pOx)[8] = (Ox/p'/POx)[d] where the last isomorphism follows from

(6).

Also by (6) it follows that (Ox /pOx)[8]/(p'/P) = (Ox /p'/POx)[6], in other words AT, | =

max,l —

(Ox/p*/POx)[0] and so the right exactness of the displayed sequence is proved.

Now we need to prove the left exactness of our sequence. We will show that it is left

exact on stalks. For this, let « be a point of X. Recall that A! = W,[6]/(pd —pr,,(€nt1))-

max,n

Since S+l = Pntl _ 1 we have that A/ = W,[d]/(pé — pr,,(Pn+1)) where for the latest

P P max,n
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isomorphism we use the ring isomorphism: W,,[d] = W,,[6 + 1] induced by § — ¢ + 1.

Define B := W,,(Ox, /pOx,)[d], and similarly, denote by C := W, 11(Ox, /pOx,)[d] and
by D := (@xl/p@xl)[é]

Let us remark that B/(pd—pp+1)B is the stalk A’gax’n’x of A;Xam at x, that C'/(pd—pp42)C
is the stalk A’ryaxmﬂ’r of A;yax’nﬂ at x and that D/p,42D is the stalk A’Xax’l’m of A;nvax’l at
z (AN1e = D/p*PD = D/p, 12D by using the isomorphism from (6)) and note that for

the easiness of reading by the end of the section we don’t carry further the projection maps

Pty (Prt1), Pryi1(Pry2) and pry(Pni2) respectively.

The following diagram is commutative:

fac Sx

0 B C D 0
ilﬁ—ﬁnﬂ lp5—ﬁn+2i —Pnt2
0 B Lo p 0

where f, is the map sending § — § and inducing the Verschiebung W, (Ox, /pOx,)
Wpi1(Ox, /pOx,) and s, is the natural projection.

Since the Verschiebung is injective and since B (respectively C) is a free W,,(Ox, /pOx, )-
module (respectively W,,11(Ox, /pOx,)-module), one obtains that the map f, is injective.

Also D is a free Ox, /pOx,-module and the rows in the above diagram are exact.
Let us check now the commutativity of the two squares.

For the first square diagram, since § — ¢ it is enough to verify the commutativity
on coefficients. Let s € W,(Ox,/pOx,), s = (50,81,--,5n—1). We have that p,i1 s =
(pl/p"so,pl/p%151, ...,pl/psn_l) and since pp42- V(s) = (O,pl/pnso, ...,pl/psn_l), one obtains
that V(pn+1-5) = Pnt2 -V (s). The composition of the maps on the left lower side of the first
square diagram will then be V (pds—pp4+15) = poV (s) —Ppy2-V(s) = (p0—Pn+2)V (s), which is
exactly what the composition of the maps on the right upper side gives us. We obtain that the
first square diagram is commutative. Similarly, for the second one, if t € W,,11(Ox, /pOx, ),

t = (to,t1,...,tn), then:

(to,tl,...,tn)l to

P5—ﬁn+21 = Iﬁn-&-z

~ Sz -~ n
(P6 — Prt2) -t —= —Ppioty = —p/P" g
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With the same type of argument as for the first square diagram we conclude that the

second one is commutative.

Note that the sequence of cokernels B/(pd — pny1)B — C/(pd — pny2)C is the map on
stalks associated to f. We want to prove its injectivity. By the Snake Lemma in the main
diagram this is equivalent to showing that the kernel of the multiplication by pd — pnio
on C surjects onto the kernel of the multiplication by —p,12 on D. Let’s remark that

Pnto = pt/ P O /pO% and that, since -p itself kills D, the kernel of the multiplication

n+1 1
by pl/JD"+1 on Disp- p—l/p”+1D p D= pfl "'~1D. Take now v € D (so in particular

pn+l_1

p 7T v e ker(-p/P"")) and let 2 € C be the lift of v under s, defined by taking the
Teichmueller lifts of the coefficients of z with respect to a Ox, /pOx,-basis of D. Define
u = f;gl_lpiéiﬁfllgl_i_lv. We have that:

(PO — Prya)u = Y0y Lo e = T e,
n n n+1
:61) +lpp +l’U pﬁ+21)—0
since 67" pP""'v = 0 (mod p) and pp+2 v=p-v=0o0nD.
n+1 n+l_ p o1

On the other hand, s,(u) = Oéopp P ﬁfl_;; L.y =p » T .y hence the kernel of
the multiplication by pd — P2 on C' surjects onto the kernel of the multiplication by —pn 42
on D which is what we wanted. One uses further Snake Lemma in the main diagram. O
Consider now the map of sheaves u,, & : Axaxm I Anyaxn associated to the map of

pre-sheaves induced by up : Amaxn+1 — Amax/P" Amax (defined in §2.1) and by the natural
projection Wy, 1 (U, W) — W, (U, W).

Also consider the map of sheaves

IAY v
n7 Amax n Amax n

associated to the map of pre-sheaves induced by ¢/, : Amax/P" Amax — Amax,n (defined as well
in §2.1) and by Frobenius W,,(U, W) — W, (U, W).

Write qlﬁ = {q/ f}n A/nrYax - AXax and U = {un,f}n : max A;nvax
In order to conclude the comparison between Amax ,, and Amax . let us prove the following:
Lemma 2.9 — For any positive integers m > n + 2 we have an isomorphism of rings

n ~ n _ _ \v% AV
Amax/p Amax = Amax,m/p Amax m and the map un,K ° rn+27K ©...0 ij( Amax ,m Amax n

induces an isomorphism AY, ./ p”ArYlax AN n-
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PRrROOF : We defined at the beginning of the chapter the surjective maps ¢, and the

reduction 7,,. Their composition is the surjective map

(m=1) (

sending (s, s1,...) to (s 5;%_1)

mod p), ..., s,, 1 (mod p)), which induces the surjection:

W(R(Og)){6} = Win (O /pOg)[0] = Wi 9]

defined by » ;5 a;6" — >0 a;6', where @; = (qm o T™m)(a;) = gm(a; mod p™). Further we
get a surjective map ¥, 1 Amax — Amax,m and for any integers m > n + 2, ¥, (p" Amax) =
P Amax,m since ¥, (p" .50 a;6") = p" z;>0 a;0t = p" Z;>0 a;0" the last sum being finite
since the sequence (a;); Co;lverges to 0 for t_he p-adic topol(;gy (for the last equality remark
that ¢ (p" mod p™) = (0,...,0,1,0,...,0) € W,, for m > n + 2). The second isomorphism

theorem for rings gives us now:

Amax/pnAmax = Amax,m/pnAmax,m-

Remark that the finiteness of the sum appears since a; — 0 in the strong topology of
W(R(O%)) (the p-adic topology).

One can write -p on W,,, as Vop where V is the Verschiebung and ¢ Frobenius. Recall that
¢ is surjective on Ox /pOx by [2, Lemma 4.4.1(v)]. As in Lemma 2.8 we get an isomorphism
W /"W, =2 W, induced by the natural projection on the first n components. One obtains
that, via this identification, the map u, o rpya0 ..oy : Wy, — W, is cpm_”_l and that at
the level of rings sends &, € Wy, to prp({nt1) € Wh.

n—s
n—s =P
m

We have that (V¥(p,,))P" = pP" - phy = p5p"+pnfs% =0 in Amax,m/P" Amax,m since
sp™ 4 p" S > n.

Now, ﬁf: (mod p) generates the kernel of @™ "1 on Ox/pOx. On one hand, gom_”_l(ﬁf:
(mod p)) = (p) = 0 on S/pS (recall that S = Ox(U,W)). For the other inclusion let

r € ker(™ ") so A p -y for some y € S. Since S is normal it follows that

m—n—1

-y, €8, hence x € (ph, ). We obtain that {V*(ph, )}o<s<n generates the

kernel of o™ "~! on W,,.

Similarly it follows that W, /p"W,, = W,, and that {Vs(ﬁf,?)}og s<n generates the kernel
of @™ "=1 on W,.
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Let us prove now that p"AY. =ker(u, % o7, 9O O )

max,m

Firstly, let = @w,, ¥ € Amax,m @w,, W (U, W). Since p™ € W,,, we have p"(z Qw,, y) =

p"T Qw,, Yy =T Qw,, p"y € ker(u, gor, szo...or, ) clearly.

Secondly, let >, x; ®w,, yi € ker(u,zor, ,zo..or, 7). The element ), z; @w,,
y; is mapped to Y. Z; @w, pra(¥i) = 0 € Amaxm/P" Amax,m Qw, Wy (U, W) (here we use
the isomorphism Amax/P" Amax = Amaxm /D" Amax,m). We conclude that ), z; ®w,, yi €
P (Amax,m @w,,, Wi, (U, W)) and so the second inclusion also holds. The second claim of the

Lemma follows.

2.5 Localization over small affines

v

max over small affines.

We study now the localization of A

Let U=Spf(Ry) be a small affine open of the étale site X on X. This is an object such
that Ry ®o, k is geometrically irreducible over k and there are parameters 71,75, ..., Ty € RLX{
such that the map Ry := OK{TIﬂ, TQﬂ, ey Tdﬂ} C Ry is formally étale. Fix now an algebraic
closure Q of the fraction field of X7 and denote by Ry, the union of all Ry ®0 K K-subalgebras
S of Q, such that S is normal and Ry ®o, K C S[1/p] is finite and étale.

Let R(Ry) := liinﬁu /pRy; where the transition maps are given by Frobenius.

We define AY,. (Ry) to be the p-adic completion of the sub-W(R(Ry))-algebra of

W(R(EL{))[%] generated by p~'ker(d) where the map ¥ is defined as follows:

For every n, let ¥, be the composition of the projection (reduction modulo p™ map):
W(R(Ry)) — W, (R(Ry)), of the map W,,(R(Ry)) — W,,(Ry/pRy) induced by the projec-
tion R(Ry) = @Eu/pﬁu — Ry /pRy on the nth component (see Proposition 2.1) and of
0, : W, (Ry /pRy) — Ry /p™ Ry (defined at the beginning of §2.1).

Then define ¥ : W(R(Ry)) — ﬁu = @Ru/pnﬁu to be the map x — limJ, (z).

In [4, §6] it is proved that ker(d)) is the principal ideal generated by £&. We also have
a Frobenius ¢ on AY_ (Ry) induced by the Frobenius on W(R(Ry)). Remark that if x €

W(R(Ry)) belongs to ker(d) and if n € Nsg, one can write z = pl"l(z/p)» € AY. (Ry)
(where z[™ is the n-th divided power of x i.e. z"/n!) and hence there exists a natural
homomorphism AY. (Ry) — ANax
AY. (Ry) is the p-adic completion of the W(k)-DP envelope of W(R(Ry)) with respect to

the kernel of the map ¢ defined above (see [1, §2.3] or [4, §6] for details).

(Ry) (which is injective according to [5, Proposition 2.3.2]).
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Note that ¥ makes sense since the following diagram is commutative:

_ Ol — _
W(R(Ry)) —= Ru/p™ ' Ry

k\ l( mod p™)

Ru/p"Ru.

Let g, be the composite of the projection (reduction modulo p" map) W(R(Ry)) —
W, (R(Ry)) and of the map v, : W, (R(Ry)) — W, (Ry/pRy) induced by the projection
R(Ry) = limﬁu/pﬁu — Ry /pRy on the n + 1th component (similar to ¢,). Denote by
R :=R(Ry). Since AY, . (Ry) = W(R(Ry))[6]/(pS — &) we have that:

. gT p a  WR)/ )
Apax (Ru) /0" Apax (Ru) - = (p", 0 — )W(R)[8]/(pd — &)
N W(R)[6]/p"W(R)[0]
(p ,pd —W(R )[ |/p"W(R)[0]
~ W, (R)[5)/(p5— & (mod p") @

50 ArYlax(Ru)/pnAXaX(Ru) =W, (R(EU))[é]/(p(s —£ (mOd pn)) and since gn(&) = &n+1, We
get a map gn AXaX(Ru)/PnAIYlaX(RM) - A;Yax n(RZ/{) = Amax/pnAmax Qw, (Wn(RU)) and
recall that W, := W,(Ox._/pOx__) is the sheaf (Ox._/pOx_)".

We have the following important result:
Proposition 2.10 — The ring AY.,.. (Ry) is p-torsion free.

PROOF : We observe that W,(R(Ry))[¢/p] has no p-torsion being a subring of
W, (R(Ry))[p~]. Consequently, its p-adic completion namely AY._ (Ry) is p-torsion free. O

We will use this result in the proof of Theorem 1.2:

PROOF : a) We have that Ry is a normal ring and that Frobenius is surjective on Ry, / pRy
by [4, Proposition. 2.0.1] and as in the proof of Proposition 2.1 we get that the kernel of the
projection R(Ry) = @Ry /pRyy — Ry /pRy on the n+ 1-th component is generated by pP".
As in the proof of Lemma 2.9 we have that (V*([p]))?" = (p*P" [p))P" " = p(Ltsp" "™ [g:;:s
= 0 in ArYlaX(Ru)/p"AZaX(Ru), 0 < s < n. Now, via Proposition 2.2, we obtain that

{V*([p]) }0<s<n gemerate the kernel of v,. Via Proposition 2.4, it follows that:

AY o (Rut) /9" AN (But) 2= Wi (Re/pRus)[6)/ (p6 — prp(€nsn)) (8)

where the isomorphism is induced by the map g, : W(R(Ry)) — W, (R(Ry)).

601
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We prove a) by induction on n. For n = 1 the map
AEaX (RU)/pAylax (EU) - A/rrYax,l

(Ru/pRu)[0]/(pd — pri(£2)) — ((Ox/pOx)(Ru))[0]/ (pr1(€2))

via the above isomorphism and the remark before Lemma 2.8. By using now [1, Proposition

(Ry) becomes

2.13] and [1, Proposition 2.14] we have an injective map
Ry /pRu = Ox(Ru)/pOx(Ru) — (Ox/pOx)(Ry) hence
(Ru/pﬁu)[é]/(pl/p) — ((@x/p@x)(ﬁu))[é]/(pl/p) is injective and so the case

n = 1 is proved.

By Proposition 2.10, AY. (Ry) has no p-torsion hence we have the exact sequence:

Azax (ﬁﬂ) P AZax (Eul AZax (EL{) 0
pnAIZax(Ru) pn+lArvnax(RU) pArZax(RU)

This is compatible with the exact sequence obtained by taking the localizations in the

exact sequence of Lemma 2.8 i.e. we have the commutative diagram:

AZax (EU) P AZ(L?: (El/l) AZax (EM)
O pnArZax (EZ/{) pn+1A1¥ax(§U> pAXax(EU) 0 (9)

gn l Int1 i ' l
! !

00— A;Yax,n (Ru) - A;nvax,nJrl (RU) L> Alv

max,1

(Ru) —=0

where the maps f/ = fﬁu and ¢’ = 9gg,, are induced by f and g respectively (see Lemma 2.8).

The second square diagram of the main one is commutative since:

> bi(5)" (mod pm ) > bi(5)" (mod p)
QLHI = Igﬁ
S bi(prn%g&lm)i (mod p"1) @ 11 Zbi(p”f"'))i (mod p) ® 1

where the bottom map is induced by Frobenius to the n-th power ¢" composed with the
projection and we have that (projo ¢™)(pr,;1(§n+2)) = pri(§2) and for the vertical maps we
use the fact that g/, (¢ (mod p™)) = pr,,(&nt1)-

The first square diagram of the main one is also commutative since:
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S i(5)7 (mod p) ——2 T p- bi(S) (mod p+)

QLLI = 19%4_1

S () (mod ) 5 p - by (P2 (mod 7).

For the commutativity of the above diagram one uses the fact that f’ induces the Ver-

schiebung at the level of the Witt vectors.

Now we apply the inductive hypothesis (g/, injective) and use the Snake Lemma in the

main diagram, (9), so at the level of kernels we get:

0 — ker(g;,,;) — 0 hence g, is injective (one can also see this directly by diagram

chase). Claim a) follows.

/ /

* / R — — =
b) We prove that for every n € N* we have 0, %°Un K = Tni1 K and Un KOl 1 K = Tni 1 T

For the first relation, let’s remark that the following diagram is commutative:

un,K

Amax,n+1 ®Wn+1 Wn+1 (RZ/I) Amax,n ®Wn Wn (RL{)

!
q —
p K
Tl K l ™

Amax/pnAmax Qw, W, (RZ/{)

. Un K u
since §nt1 Ow,yq 1 — > o (€ns1) @w, 1 and also (S0, 81, ..., Sn) ——> (50, 51, e Sn_1)

q = ¢
Tn+1,? K Tn+1 "

&n Ow, 1 (sh,s),..,sb 1)

For the second relation, we obtain similarly that the following diagram is commutative:

/
qn+1,?

Amax/pn+1Amax ®Wn+1 Wn+1 (EL{) — Amax,n—i—l ®Wn+1 Wn—H (RM)

Tn+1,? o

Amax/pnAmax Qw,, Wn<Ru)

By taking now lim, the two above mentioned relations give us: q’?o uzz = id and uzo q’? =

id respectively. Claim b) follows; uz defines the inverse of q’?. O

Corollary 2.11 — The induced map AY, (Ry) — AY. (Ry) = liLnAV (Ry) is an

max max max,n

isomorphism.
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PROOF : From [1, Lemma 2.17] the image of the map (Ox /p" ™1 Ox)(Ry) — (Ox/p"Ox)(Ry)
factors via Ry/p"Ry C (Ox/p"Ox)(Ry). By using now the description we provided in
(8) and since the transition maps A’Y, (Ry) — AN . (Ry) are induced by the map

max,n+1 max,n

Wpa1(Ry) — W, (Ry) given by the the natural projection composed with Frobenius, we

obtain that the maps A;Xax,n +1(Ry) — Agax’n(ﬁu) factor via AY, (Ry)/p"AY. (Ry) for
v

all n > 1. By taking projective limit and further using the fact that AY, (Ry) is com-

plete, one obtains that AY, (Ry) = ALY

AN (Ry) =AY, (Ry) and consequently we obtain that AY. _(Ry) =AY, (Ry). O

max

(Ry). By Theorem 1.2b) we have the isomorphism

3. THE SHEAF A ax

Let p > 0 be a prime integer, K a finite, unramified extension of Q, with residue field &, O
the ring of integers of K and denote by K" the maximal unramified subfield of K and by

Opunr its ring of integers.

We have a morphism 605 : A:;f? — 6)(? of objects of Sh(X7%)N constructed as follows:
let (U,V) be an object of X4. Denote by S = @x?(u, W) and for fixed n € N, consider the

diagram of sets:

(S/p"S)r —— S/p"S

b A
\ i3l

(S/pS)"

_ . n—1—1
where b,, is the natural projection and ay(sg, 1, ..., Sp—1) = Z:‘L:ol p's?

There exists a unique map of sets, call it ¢, : (S/pS)" — S/p™S making the diagram
commutative i.e. ¢, o b, = a,.

n—1 i ~J)'rr,flf'z'

We have that c,(so,51,...,50-1) = Y i o P'Si , where §; € S/p"S is a lift of
s; € S/pS for all 0 < i <n —1 and let us remark that ¢, is well defined:

Then cfn_l_i =

n—1—i

that p'cl = p'st ~ (mod p") for all 0 < i < n — 1. It follows that E?:_[)l piéP
= Z;:ol Pigipnilii

The map ¢, induces a ring homomorphism ¢, /) @ Wn(S/pS) — S/p™S, which is

For this, let (co,c1,...,cn) € (S/pS)™ such that ¢; = s; (mod p) for all 0 < i < n — 1.
s (mod p"~%) and by multiplying the latest relation by p’ we obtain

n—1—i

—~

mod p"), in other words ¢, is well defined.

functorial in (U4, W), in other words a morphism of presheaves W, s (’jx?/ p"@x? .

One denotes by 60, % the induced morphism on the associated sheaves and let:
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0z =1{0,%}: Af =1 W, %z — @Xf = liil(@x?/p"@xf)

inf, K =~ —

Assume that X is a smooth scheme over O.
Let Ox be the sheaf on the site X5 defined by Ox (U, W) := Ox(U).

For every n > 1 one defines the sheaf Wy & := Wn(@x?/p@x?) ®o, Ox of Ogunr-
algebras and also the morphism of sheaves of Ogunr ®o, Ox-algebras ex,nf : mef —
@xf / p”@xf associated to the following map of presheaves: firstly take an object (U, W) of
X5 such that U=Spf(Ry) is affine (i.e. Ry = Ox(U,W)). Clearly S = (’_)X?(Z/{,W) has a

natural Ry-algebra structure. Define now:

On ) : Win(S/pS) @0y Ru — S/p"S by (x @ 1) — cp(z)r.

Let now U=Spf(Ry) be a small affine open of the étale site X' of X, with parameters
T, Ty, ...,Ty € Rj; (recall the definition of small affines from the previous chapter). Further,
for n > 0, let Ry, = Ru[Cn,Tll/pn,...,T;/pn], where Ry o = Ry, (, is a primitive p"th
root of unity with ¢? 41 = Gp and such that Til/ P s a fixed p"th root of T; in Ry with
(Til/ P nH)p = Til/ " for any 1 < i < d. Moreover, consider the category ﬂnR consisting of
morphisms (V, W) — (U, Spf(Ry,n) ®@oc,] K) in Xz The morphisms of this category are
the morphisms as objects over (U, Spf(Ryn) @0, (¢, K) and the covering families of an object
(V, W) are the covering families of (V, W) regarded as object of X7-. Given a sheaf F on X,

one writes Fly .. for u.(F) where u : {f, = — X5 is the forgetful functor.

Let now (V,W) € 4, % with V = Spf(Ry) affine and let S := @xf(v, W). Remark
that Til/pn € Ry, C S forall 1 <i <dsince S is the normalization of I'(V, Oy) = Ry in
I'(W, Ow). Also denote by:

Ty o= (T3, [T}7), . IT7"), .)€ ln Wi (R /p R )

the inverse limit being taken with respect to the map W, 1 (Rt n+1/PRutn+1) = Wi (Run/pRun)

defined as the composition between the natural projection

W1 (R nt1/PRun+1) — Wo(Ruypns1/pRuns1) and the map induced by the Frobe-
nius: Ry p+1/PRun+1 — Run/PRun. Note that the image of T; in W (Rt n/pRuy) is
(Til/pn7 0,...,0) i.e. the Teichmueller lift of Til/pn. For all 1 <14 < d, define now:

X;:=1®T; —T;®1 € Wy (Ryn/pRun) ®0, Ru
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and remark that these elements also live in W,,(S/pS) ®o, Ry.
Recall now that &, =p, —p = [pl/pnil] — p. We will need the following:

Lemma 3.1 ([1, Lemma 2.28]) — The kernel of the map 0, (v y) : W, (S/pS) @0, Ry —
S/p™S is the ideal generated by (&, X1, ..., Xq).

3.1 The existence of Amax and its localization over small affines

We are ready now to prove the main theorem of this section, Theorem 1.4, restated below:

\Y

Theorem 1.4 There exists a unique continuous sheaf Amax on Xi of Ap .

-algebras
such that for every small affine U = Spec(Ry) of X we have a canonical isomorphism as
AV (Ry)-algebras: Amax(Ry) = Amax(Ry). Here the algebra Anyax(Ry) is the one defined in

[4, Remark 8.3.5]: the separated completion for the p-adic topology of W(R(Ry)) QW (R) Ry-
subalgebra of W(R(Ry)) @w (r) Rulp™'] generated by p~! -ker(bg,,)-

PROOF Let us fix a small affine U = Spec(Ry) and a choice of Ry. Let us now fix n > 0
and let us recall that we defined at the beginning of this section a certain category Uz -
Fix T1,T5, ..., Ty parameters of Ry let us recall that we have chosen for every 1 < i < d
a compatible family of p-power roots (Til/ P n);’f:o and also a compatible family of p-power
roots on 1, € := ()%, With these choices let us recall that we have defined the elements
Xi=10T - T,®1 € Wy, (V,W) for any (V,W) in tig,. We define the presheaf Ay,
on ilKn by

VW) — Ayn(V, W) =Wy (VW) [Yo, Y1, Y2, ..., Yal /(Y0 — &, PYs — Xi)1<i<d,

for (V, W) in Uz ,,- If we denote by ygn), yén), - y((j") the images of Y1, Ya, ..., Yy in Ay n(V, W),
let us remark that AY,. ,,(V,W) C Ayn(V,W) and moreover we have that Ay, (V, W) =
AY e n (VW) [y%n), oy yc(l")]. In fact Ay, (V, W) is a free AY,. ,,(V, W)-module with basis the

max,n
monomials in ygn),ygn), . y((jn), therefore the presheaf Ay, is in fact a sheaf on U .

Let us first remark that we have a natural morphism of Og-algebras:

Ry == O[T T, . TEY) — Ayn(V, W) given by T; v T, @ 1 + X, for 1 <4 < d.
We remark that as 7} is a unit in W, (Ox/pOx)(V, W) and as X; = py; in Ay ,(V, W) and
therefore nilpotent in that ring, it follows that T,@1+X; € Ay n(V, W) and so the definition

makes sense.

We extend the morphism 6,, : AY

max,n‘uf’n — (Ox/p”Ox)\UKn to a morphism
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O = Aup — ((’)x/p"OX)\UKn by sending y(n) to 0, for all 1 < i < d.

i

For each (V,W) in Uz, we have a diagram of rings and ring homomorphisms

fn,l
—

Au,n(va) AM,I(V7W)
T T
Ry — Ry

Let us recall that Az 1 (V, W) = AXaX,l(V, 14%) [y%l), s y((il)] = (Ox../pOx.)(V, W) [y%l), - yc(ll)]

and so the morphism Ry — Ay, in the diagram is the natural one. With this definition

the diagram is commutative and moreover Ker(fy 1) is a nilpotent ideal of Ay ,(V,W). As

Ry is étale over Ry, there is a unique Rgp-morphism

RV I AU,H(V7W)7

making the two triangles commute and so we obtain a morphism of sheaves on Uz, hyp :

WX,n,F | Ug,, — Avin-

Now let us denote by 5 the full subcategory of X4 consisting of pairs (V, W) such that

the map V — X factors through ¢/. We endow Uz with the topology induced from X and

consider iz as a sub-topology of it. Our construction proceeds in several steps, as follows:

Step 1 : The sheaf Ay, on U, extends uniquely to a sheaf which we denote Ayaxun on

the whole of Uz

For this let us fix an étale open V of X° such that the structure map ¥V — X factors

through ¢ and let V' (respectively V) denote the sub-site of Uz consisting of pairs (V, W)

(respectively consisting of pairs (V, W) such that the structure map YW — V factors through
SPf(Ryn) @0y (c.] K- We recall that Ry, = Ry[(a, Tll/P", - le/p"]).

To prove the claim it is enough to prove that the restriction of Ay, to Vi extends

uniquely to V. for all V as above. Let Ay := ﬁﬂg (Vi,7), and by A,, its open subgroup of

elements which fix Ry ,,.

We have the following natural diagram of categories and functors:

Sh(Vfet) = gn(Vket)
1L L Ly
Rep(Ay) = Rep(An)
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where £ and £,, are the localization functors: if F is a sheaf on V!, respectively on V', then
L(F) := F(Ry), respectively L,,(F) := F(Ry). Therefore we have L, (Res(F)) = Res(L(F))
and so the diagram is commutative. Both £ and L£,, are equivalences of categories, therefore
in order to prove that Ay, (seen as sheaf on V) extends uniquely to a sheaf on Vet it is

enough to show that the Ap-action on Ay, := L,(Ay,,) extends uniquely to a Ayp-action.

Let us remark that AY, . (Ry)[Y1, .- ¥d] = Aveaxn(BV)[Y1, .-, ya], where until the end of

max,n max,n

this section we put y; := y(n), 1 <i<d AsAY. . (Ry) has a canonical action of Ay, we

7 max,n

only need to define the action on y;, 1 <14 < d. For this let us denote by ¢; : Ay — Z, the
cocycle defined by: if o € Ay

U((T;/Pm)oo 0) _ (Tll/pm)oo gci(a)'

% m= 7 m=0

Let us remark that after we fixed the choices of p-power roots of T; and of 1, the cocycles
¢; are uniquely determined for every 1 < ¢ < d. Let us denote for every such ¢ and every

o € Ay by €i(0) € Amax,n the image under the natural map Amax — Amax,n Of the element
(1= [€%))/p € Ama.
Then, for every o € Ay, we define
o(yi) = yi + ei(0)T; ® 1 € Ay

By the definition above, Ay, is now a representation of Ay and so let us denote by
Anax,un the unique sheaf on U such that for every V as above we have natural isomorphisms

as Ay-representations Apax un(Ry) = Ay . It follows that AmaX,U,n|U?n = Aun-
Step 2: extension of the morphisms hyn and Oy p

We show that hysn : Wi (Ox../pOx.)

extend uniquely to morphisms of sheaves hyy : Wn(Ox?/ pOx?)|U? — Amaxun and Gy,

— Alxl,n and 9u,n : AM,n — (Oxg/PnOXYNUf

|U?,n

Amaxun — (Ox/P"Ox..)|u, respectively.

a) The extension of hy,. As the natural inclusion Wy (Ox_/pOx..) — AYaxn s in
fact defined over all X, it is enough to show that the natural morphism induced by hy p,
OX’Ufn — Ay, extends to the whole of Uz. Let us fix V as above, then it is enough to
show that the map induced by hy n, Ry — Ay, is Ay-invariant. But this map is completely

determined by the map Ry — Ay ,. In the end we have to prove that the images of T;,

K,n
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1 <i<d, are Ay-invariant. Let us recall, hy,(T;) = IN“Z 1+ X; = ﬁ ® 1+ py;. Therefore,

o(hun(T)) = o(T) @1+ po(y) = [€]"T, @ 1+ ple(0)T; ® 1+ y;)
[5]Ci(g)ﬁ ®1+(1— Lﬂq(ff))ﬁ @1+ X; = hyn(Th).

b) The extension of Oy .

Following the same line of arguments as above, after fixing a small affine V, we need to
prove that the map induced by 6,5, Ay — (Ox,./ p”Ox?)(Ev) is Ay-equivariant. It is
then enough to look at the images of y;, 1 < ¢ < d. Let us choose such an ¢ and let o € Ay,.
We have

Ot (oY1) = Oun(yi + €i(0)Ts @ 1) = O (i) + Oun(€i(0))0un(T; @ 1) = Tib(e:(0)).

Now €;(0) € Amax,n and we have (1 — [E]Ci("))/p = a;(0)(&/p) in Amax, with a;(o) € Ai‘;f,

we have that e;(0) = b;(0)d,, where b;j(0) € W, is the image of a;(0) and §,, € Apaxp is the
image of Yy. Therefore 6,,(e;(c)) = 0,,(bi(0))0r(5,) = 0 and s0 Oy (0 (yi)) =0 = (60 (vi))-

609

Now let us remark that for every n > 0, we have natural morphisms of sheaves A ax unt1 —

Aax,u,n induced by the natural morphism AEaX’n +1lu — AV nlu, which make the fam-

ily Amax,u = {Amax,un}n>0 into a projective system of torsion sheaves, i.e. a continuous
sheaf. Moreover, the family of maps {hy,}n>0 induces a morphism of continuous sheaves
hy @ Oy — Apaxy and the family {611 n }n>0 induces a morphism of continuous sheaves
O Amaxu — @Uf. Here we have denoted by Oy, the continuous sheaf {Oy/p" Oy }n>0 and

(’A)U? is the continuous sheaf {(Ox?/ p”OX?) [
Step 3: Gluing of Amax,un-

We choose a covering {U; }; of X by small affines. For each j, we have defined unique con-
tinuous sheaves Apax u; on ilj 7%- By uniqueness, these sheaves glue to give a unique continu-
— LA

max

ous sheaf Ap,.x on X4, together with morphisms of sheaves h : Aifnc — Amax, Azax

and 6 : Ao — @xf, such that for every j, their restrictions to 4, 7= are the ones defined

above. a
3.2 Further properties

The continuous sheaf A, constructed above has nice properties summarized in Theorem

1.5, which we restate and prove below:
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Theorem 1.5 — Let us fiz n > 1.

1) The sheaf Amax has a decreasing filtration by sheaves of ideals Fil" Apax := (Ker(0))",
for allr > 0.

2) There is a unique connection V := {Vy}tn>1 1 Apax — Amax R0y Qk/o such that
- K

() V|av =0

max

(b) for every n > 0 and every small affine U of X with parameters Ty, T, ...,Ty and for
every pair (V, W) in Uz . if we denote as before the elements y1,y2, ..., Yd € Amaxn(V, W),
then Vo (y;) = 1® dT; € Amaxn(V, W) ®p,, O 10"

v

max

3) The connection described at 2) has the property that it is integrable and A
V=0
(Amax) .

4) We have V(Fil"Apax) C Fil" ' Apax R0, Q?(/O for every r > 1, i.e. V satisfies the
K

Griffith transversality property.

PROOF : Let us first remark that the properties 2) a) and b) define a unique connection
on the restrictions of the sheaf Ajac., to ilKn. We show that it extends uniquely to a
connection on the whole of {z. For this it is enough to show that if we fix an affine open V of
X*® such that the structure map ¥V — X factors through U, the connection V,, : Ay, —
Avn @Ry, ﬁ}%v 0K induced by V,, is Ay-equivariant. It is enough to check on the elements
yi, 1 <i <d. Let 0 € Ay. Then on one hand we have o(V,,(y;)) = 0(1®dT;) = 1®dT;. On
the other hand V(o (y;)) = V(y; + ei(0)T; ® 1) = V(y;) = 1 ® dT;, which shows that indeed

V., is Ay-equivariant.

Properties 3), 4) are local therefore it is enough to verify them on the restriction Ay, of
Anaxn to U, and in that case Ay, is a free Azaxmfn—module with basis the monomials

in y1,¥2, ..., yq. Therefore everything follows from the local definition of V,,.
4. OPEN QQUESTIONS

Let X be a smooth proper scheme over Ok with geometrically connected fibers. We would
like to construct a functor which makes a (Riemann-Hilbert) correspondence between the
category of locally constant sheaves on X$ and the category of sheaves of Ox,-modules
endowed with an integrable connection, a filtration and a Frobenius endomorphism on X ,

where by X we mean the completion of X along the special fiber X.
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Let u : X — X% and v : X — X be the functors defined by: u(l,W) = W and
v(U) = (U,Uz) respectively.

One further defines the morphisms u, : Sh(X$%) — Sh(X) and v, : Sh(X) — Sh(X*")
analogous to the push-forward in the following way: w.(L)(U, W) = L(W) and v.(F)(U) =
F(U,Uz) respectively, where L is a sheaf on X%t and F a sheaf on X.

Denote now by L a locally constant Q,-sheaf on X¢ which we view via base change as a

sheaf on X%t and then applying u, as a sheaf on X. Put:
Dg{ax(L) = Ux (L ® AmaX)GK .

We then make the following:

Conjecture 4.1 — We have an isomorphism D' (L) = D2,

< (IL) as sheaves of Oy, -modules

et
on Xg.

The sheaf D2t

cris

= 04(L ® Aeris) K and Ay is a sheaf on X also constructed in [1].

(L) was defined by Andreatta and Iovita in [1] by setting D2 (L)

cris

This conjecture is supported by the fact that if V' is a p-adic representation of G then
(V ®Qp BmaX)GK = (V ®Qp Bcris)GK - Dcris(v)

(¢f 6, Theorem 2.3.13]).

Moreover, we believe that the sheaves Apa., and AY, can be defined even when K is

ramified over @), our theory from the previous sections can be extended and one can prove

”localization over small affines”-equivalent theorems for this general case. Concretely, we

expect that the localizations AY, (Ry) and Apa.x(Ry) are respectively isomorphic to the

rings AY. (Ry) and Apax(Ry) for a 7small” affine U = Spec(Ry). If X over O is a smooth,

max
proper and connected scheme, such that there exists a scheme X, defined over Ok, (Ko
being the maximal absolutely unramified subfield of K and Ok, its ring of integers), such

that X = Xo X0, Ok then one can define AY and Ap., by extending scalars to K. We
v

vax and Ap .y for the case when X is not obtained

leave open the problem of constructing A

by base change from a scheme defined over Ok, .
Finally, we make the following:

Conjecture 4.2 — There are isomorphisms (compatible with filtrations, G g-actions and

611



612

RADU GABA

Frobenii):

Hgt (X?7 Qp) ®Qp Bmax = Hn(‘}:? Azax) ®Amax Bmax = ngis (Y7 KO) ®K0 Bma'X'

One obtains in this way a new proof of Faltings’ theorem (see [7]). By taking G-

invariants, one has:

Corollary 4.3 — Deyis(HZ (X7, Qp)) = HZ (X, Ko).
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