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In this paper, we devote our research to theB-essential spectra of the sum of two bounded linear

operators defined on a Banach space by means of theB-essential spectra of each of the two

operators where their products are finite rank operators.
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1. INTRODUCTION

Let X be a Banach space. We denote byL(X) be the algebra of bounded linear operators onX. For

U ∈ L(X) we will denote byN(U) the null space ofU andR(U) the range ofU . The nullityα(U)

of U is defined as the dimension ofN(U) and the deficiencyβ(U) of U is defined as the codimension

of R(U) in X. If the rangeR(U) of U is closed andα(U) < ∞ (resp.β(U) < ∞), thenU is called

an upper semi-Fredholm (resp. a lower semi-Fredholm) operator denoted byΦ+(X)
(
resp.Φ−(X)

)
.

A semi-Fredholm operator is an upper or a lower semi-Fredholm operator denoted byΦ±(X). If both

α(U) andβ(U) are finite thenU is called a Fredholm operator denoted byΦ(X). The index ofU

is defined byi(U) = α(U) − β(U). The subset of all finite rank operators ofL(X) is denoted by

F0(X).

An operatorU ∈ L(X), called a quasi-Fredholm operator ifdis(U) = d, R(Ud) ∩ N(U)

andR(U) + N(Ud) are a closed and complemented subspace ofX, whered ∈ N anddis(U) =

inf
{
n ∈ N, ∀m ∈ Nm ≥ n ⇒ [

R(Un) ∩N(U)
] ⊂ [

R(Um) ∩N(U)
]}

. The set of quasi-Fredholm

operators denoted byQF (X).
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The operatorU is called aB-Fredholm, upper (resp. lower) semiB-Fredholm operator, if there

exists an integern such that the range spaceR(Un) is closed andUn is a Fredholm, upper (resp.

lower) semi-Fredholm operator, whereUn is the restriction ofU to R(Un) considered as a map from

R(Un) into R(Un) (in particularU0 = U ), (see [2]). We define the index of aB-Fredholm operator

U as the index of the Fredholm operatorUn wheren is any integer such thatR(Un) is closed andUn

is a Fredholm operator. In fact,i(U) = α(Un)− β(Un), whereα(Un) is the dimension of the kernel

ker(Un) of Un, andβ(Un) is the codimension of the rangeR(Un) = R(Un+1) of Un into R(Un). In

Proposition 2.1 [2], it has been shown that the index of an operator is independent of the integern. We

denote byBF (X), SBF+(X) andSBF−(X) the class of allB-Fredholm, upper semiB-Fredholm

and lower semiB-Fredholm operators respectively. TheB-Fredholm resolvent ofU is defined by

ρBF (U) =
{
λ ∈ C : U − λ ∈ BF (X)

}
. In [2], Berkani proved that the classBF (X) contains the

classΦ(X) of Fredholm operators as a proper subclass and eachB-Fredholm operator is in the class

QF (X) of quasi-Fredholm operators in the sense of Labrousse (see [10]).

The upper (resp. lower) semiB-Fredholm spectrum andB-Fredholm spectrum ofU are defined

by

σB1(U) =
{
λ ∈ C such thatU − λ /∈ SBF+(X)

}
.

σB2(U) =
{
λ ∈ C such thatU − λ /∈ SBF−(X)

}
.

σBF (U) =
{
λ ∈ C such thatU − λ /∈ BF (X)

}
.

An operatorU ∈ L(X) is called aB-Weyl operator if it is aB-Fredholm operator of index0.

TheB-Weyl spectrumσBW (U) of U is defined by

σBW (U) = {λ ∈ C : U − λ is not aB-Weyl operator}.

In the case of a normal operatorU acting on a Hilbert spaceH, Berkani proved that

σBW (U) = σ(U)\E(U)

whereE(U) is the set of all eigenvalues ofU which are isolated in the spectrum ofU (see [3, Theorem

4.5]).

Furthermore, in [4], Berkani gived two following new generalized versions of the classical Weyl’s

theorem whereU is a bounded linear operator acting on a Banach spaceX.

The version generalized Weyl’s theorem is:

σBW (U) = σ(U)\E(U).

whereE(U) is the set of all eigenvalues ofU which are isolated in the spectrum ofU
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and the version II of the generalized Weyl’s theorem is:

σBW (U) = σ(U)\Π (U )

whereΠ (U ) is the set of all the poles of the resolvent ofU .

Now, we give the following lemmas, proved by Berkani.

Lemma1.1 ([3, Proposition 3.3]) — LetU ∈ L(X) be aB-Fredholm operator and letF be a

finite rank operator. ThenU + F is aB-Fredholm operator andi(U + F ) = i(U). ♦

Lemma1.2 — LetX be a Banach space. LetU, V, T, S ∈ L(X) be commuting operators,

satisfyingUT + SV = I. Then

(i) ([2, Proposition 3.2])UV ∈ BF (X) if and only if U andV areB-Fredholm operators onX.

(ii) ([6, Proposition 4.3])UV ∈ SBF+(X) if and only if U andV are upper semiB-Fredholm

operators onX.

(iii) ([6, Proposition 4.3])UV ∈ SBF−(X) if and only if U andV are lower semiB-Fredholm

operators onX.

(iv) ([5, Theorem 1.1]) IfU andV areB-Fredholm operators, thenUV is aB-Fredholm operator

andi(UV ) = i(U) + i(V ). ♦

The conditionUT+SV = I, in Lemma 1.2, is very important to prove thati(UV ) = i(U)+i(V ),(
See [5]

)
.

We state the following theorems proved in [1].

Theorem1.1 ([1, Theorem 2.3]) —LetU ∈ C(X). If 0 ∈ ρ(U). Then forλ 6= 0, we have

(i) λ ∈ σei(U) if and only if
1
λ
∈ σei(U−1), for i = 1, 2, 3, 4, 5, 7, 8.

(i) If C\σe5(U) andC\σe5(U−1) are connected, thenλ ∈ σe6(U) if and only if
1
λ
∈ σe6(U−1).

Theorem1.2 ([1, Theorem 2.4]) —Let U andV be two bounded linear operators on a Banach

spaceX.

(i) If UV ∈ F(X) then

σei(U + V )\{0} ⊂ [σei(U) ∪ σei(V )] \{0}, i = 4, 5.

If, further, V U ∈ F(X), then

σe4(U + V )\{0} = [σe4(U) ∪ σe4(V )] \{0}.
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Moreover, if the complement ofσe4(U) is connected, then

σe5(U + V )\{0} = [σe5(U) ∪ σe5(V )] \{0}.

(ii) If the hypotheses of(i) is satisfied and ifC\σe5(U + V ), C\σe5(U) andC\σe5(V ) are

connected, then

σe6(U + V )\{0} = [σe6(U) ∪ σe6(V )] \{0}.

(iii) If UV ∈ F+(X) then

σei(U + V )\{0} ⊂ [σei(U) ∪ σei(V )] \{0}, i = 1, 7.

If, further,V U ∈ F+(X), then

σe1(U + V )\{0} = [σe1(U) ∪ σe1(V )] \{0}.

Moreover, ifC\σe4(U) is connected, then

σe7(U + V )\{0} = [σe7(U) ∪ σe7(V )] \{0}.

(iv) If UV ∈ F−(X) then

σei(U + V )\{0} ⊂ [σei(U) ∪ σei(V )] \{0}, i = 2, 8.

If, further,V U ∈ F−(X), then

σe2(U + V )\{0} = [σe2(U) ∪ σe2(V )] \{0}.

Moreover, if the complement ofσe4(U∗) is connected, then

σe8(U + V )\{0} = [σe8(U) ∪ σe8(V )] \{0}.

(v) If UV ∈ F+(X) ∩ F−(X) then

σe3(U + V )\{0} ⊂ [σe3(U) ∪ σe3(V )] ∪ [σe1(U) ∩ σe2(V )] ∪ [σe2(U) ∩ σe1(V )] \{0}.

Moreover, ifV U ∈ F+(X) ∩ F−(X) then

σe3(U + V )\{0} = [σe3(U) ∪ σe3(V )] ∪ [σe1(U) ∩ σe2(V )] ∪ [σe2(U) ∩ σe1(V )] \{0}.
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The subsetsσe1(.) andσe2(.) are the Gustafson and Weidmann essential spectra [7],σe3(.) is

the Kato essential spectrum [9],σe4(.) is the Wolf essential spectrum [7, 16],σe5(.) is the Schechter

essential spectrum [7, 13, 14],σe6(.) denotes the Browder essential spectrum [7, 8, 11,σe7(.) was

introduced by Rakŏcevíc in [12] and designated the essential approximate point spectrum andσe8(.)

is the essential defect spectrum and was introduced by Schmoeger [15]. Note that all these sets are

closed and ifX is a Hilbert space andU is a self-adjoint operator onX, then all these sets coincide.

The main theme of the paper is to extend the results of Theorem 2.3 and 2.4 in [1] toB-Fredholm

and upper (resp. lower) semiB-Fredholm operators in a Banach spaceX.

Firstly, we give the relation between theB-essential spectra ofU andU−1. Finally, we investigate

the B-essential spectra of the sum of two bounded linear operators defined on a Banach space by

means of theB-essential spectra of each of the two operators where their products are finite rank

operators.

We organize the paper in the following way: In section 2 is devoted to the differentB-essential

spectra of bounded linear operators on a Banach space. The main results of this section are Theorems

2.1, 2.2 and 2.3.

2. MAIN RESULTS

Theorem2.1 — Let U, T andS be commuting operators on a Banach spaceX. If 0 ∈ ρ(U) then,

for everyλ 6= 0 satisfyingU−1S + TU = I + λ−1S, we have

λ ∈ σBW (U) if and only if
1
λ
∈ σBW (U−1). (2.1)

PROOF : Let λ 6= 0. Since0 ∈ ρ(U), then we can write

U − λI = −λ(U−1 − λ−1)U (2.2)

Let λ /∈ σBW (U). Then, we have(U − λI) ∈ BF (X) andi(U − λI) = 0. By Eq. (2.2) we

obtain(U−1 − λ−1)U ∈ BF (X). On the other hand, we have

U−1S + TU = I + λ−1S.

Hence, we have that

(U−1 − λ−1)S + TU = I (2.3)
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Applying Lemma l.2(i), we have(U−1 − λ−1) ∈ BF (X) andU ∈ BF (X). Again, using

Lemma l.2(iv), we obtain

i
(
(U−1 − λ−1)U

)
= i(U−1 − λ−1) + i(U) = 0.

Since0 ∈ ρ(U), thenU ∈ BF (X) andi(U) = 0. Thereforei(U−1 − λ−1) = 0. Consequently,

we deduce that
1
λ

/∈ σBW (U−1). Therefore,

1
λ
∈ σBW (U−1) implies thatλ ∈ σBW (U).

To prove the other way around. Letλ 6= 0, we suppose thatλ−1 /∈ σBW (U−1), then(U−1 −
λ−1) ∈ BF (X), andi(U−1−λ−1) = 0. Since0 ∈ ρ(U) thenU ∈ BF (X) andi(U) = 0. Applying

Lemma l.2(i), we have(U−1 − λ−1)U ∈ BF (X). Consequently, by (2.2), (2.3) and Lemma l.2

(iv), we have that

U − λI ∈ BF (X) andi(U − λI) = 0.

Thereforeλ /∈ σBW (U). Hence

λ ∈ σBW (U) implies that
1
λ
∈ σBW (U−1),

and the proof is complete. Q.E.D

Corollary 2.1 — LetU, T andS be commuting operators on a Banach spaceX. If 0 ∈ ρ(U)

then, for everyλ 6= 0 satisfyingU−1S + TU = I + λ−1S, we have

λ ∈ σBF (U) if and only if
1
λ
∈ σBF (U−1),

and

λ ∈ σBi(U) if and only if
1
λ
∈ σBi(U−1) for i = 1, 2. ♦

Theorem2.2 — Let U, V, T andS be commuting operators on a Banach spaceX, satisfying

UT + SV = I + λ(T + S), for everyλ 6= 0. Then,

(i) if UV ∈ F0(X), then

σBF (U + V )\{0} =
[
σBF (U) ∪ σBF (V )

]\{0}.

(ii) if UV ∈ F0(X), then

σBi(U + V )\{0} =
[
σBi(U) ∪ σBi(V )

]\{0}. for i = 1, 2. ♦

PROOF : Forλ ∈ C. We have

(U − λI)(V − λI) = UV − λ(U + V − λI) (2.4)
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(i) Let λ /∈ σBF (U) ∪ σBF (V ) ∪ {0}. Then,(U − λI) ∈ BF (X) and(V − λI) ∈ BF (X).

Since,UT + SV = I + λ(T + S), hence we obtain

UT + SV − λ(T + S) = (U − λI)T + S(V − λI) = I.

Applying Lemma l.2(i), we have(U − λI)(V − λI) ∈ BF (X). SinceUV ∈ F0(X), by Eq.

(2.4) and Lemma l.1, we have that(U + V − λI) ∈ BF (X) and henceλ ∈ σBF (U + V ). Thus, we

obtain

σBF (U + V )\{0} ⊂ [
σBF (U) ∪ σBF (V )

]\{0}. (2.5)

To prove the inverse inclusion of Eq. (2.5). We suppose thatλ /∈ σBF (U + V ) ∪ {0}, then

(U + V − λI) ∈ BF (X). SinceUV ∈ F0(X) then applying Eq. (2.4) and Lemma l.1, we have

(U − λI)(V − λI) ∈ BF (X). (2.6)

Applying Lemma l.2(i), we have that(U − λI) ∈ BF (X) and(V − λI) ∈ BF (X). Therefore

λ /∈ σBF (U) ∪ σBF (V ). This proved that
[
σBF (U) ∪ σBF (V )

]\{0} ⊂ σBF (U + V )\{0}.

Hence

σBF (U + V )\{0} =
[
σBF (U) ∪ σBF (V )

]\{0}.

(ii) For i = 1, the proof is similar to(i) if we replaceBF (X) andσBF (.) by SBF+(X) and

σB1(.) respectively and apply part(ii) of Lemma l.2.

For i = 2, this assertion follows, similar as(i), it suffices to replaceBF (X) andσBF (.) by

SBF−(X) andσB2(.) respectively and use part(iii) of Lemma l.2. Q.E.D

In the following theorem, we prove the result of Theorem 2.2 toB-Weyl spectrum.

Theorem2.3 — Let U, V, T andS be commuting operators on a Banach spaceX, satisfying

UT + SV = I + λ(T + S), for everyλ 6= 0. If UV ∈ F0(X), then

σBW (U + V )\{0} ⊂ [
σBW (U) ∪ σBW (V )

]\{0}.

Moreover, ifi(U − λI) = 0, then

σBW (U + V )\{0} =
[
σBW (U) ∪ σBW (V )

]\{0}. ♦

PROOF: Let λ /∈ σBW (U)∪σBW (V )∪{0}. Then, we infer that(U−λI) ∈ BF (X), i(U−λI)

= 0, (V −λI) ∈ BF (X) andi(V −λI) = 0. Since,UT +SV = I +λ(T +S), hence we have that
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UT + SV − λ(T + S) = (U − λI)T + S(V − λI) = I.

Applying Lemma l.2(iv), we have(U − λI)(V − λI) ∈ BF (X) and i(U − λI)(V − λI)

= i(U − λI) + i(V − λI) = 0. Since,UV ∈ F0(X), by Eq. (2.4) and Lemma l.1, we have that

(U + V − λI) ∈ BF (X) andi(U + V − λI) = 0.

Therefore,λ /∈ σBW (U + V ), and consequently

σBW (U + V )\{0} ⊂ [
σBW (U) ∪ σBW (V )

]\{0}. (2.7)

To prove the inverse inclusion of Eq. (2.7). Suppose thatλ ∈ σBW (U + V ) ∪ {0}, then(U +

V − λI) ∈ BF (X) andi(U + V − λI) = 0. SinceUV ∈ F0(X), then applying Eq. (2.4), we have

(U − λI)(V − λI) ∈ BF (X) andi(U − λI)(V − λI) = 0.

Now, using Lemma l.2(i), we have(U − λI) ∈ BF (X) and (V − λI) ∈ BF (X). Since

i(U − λI) = 0 andi(V − λI) = 0. So we concludeλ /∈ σBW (U) ∪ σBW (V ). Hence
[
σBW (U) ∪ σBW (V )

]\{0} ⊂ σBW (U + V )\{0}.

Therefore

σBW (U + V )\{0} =
[
σBW (U) ∪ σBW (V )

]\{0}. Q.E.D

Remark2.1 : (i) If 0 ∈
[[

σBW (U) ∪ σBW (V )
]\{0}

]
then0 ∈ σBW (U + V ) andσBW (U + V )

= σBW (U) ∪ σBW (V ).

The proof of this assertion follows from the fact that theB-essential spectrum is closed.

(ii) The same result of(i) is true for Theorem 2.2, if we replaceσBW (.) by σBF (.) or σBi(.), for

i = 1, 2. ♦
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