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A dynamic of a nonlinear Kopel duopoly game with heterogeneous players is presented. By
assuming two heterogeneous players where one player use naive expectation whereas the other
employs a technique of adaptive. The stability conditions of equilibrium points are analyzed.
Numerical simulations are used to show bifurcation diagrams, phase portraits and sensitive de-
pendence on initial conditions. The chaotic behavior of the game has been controlled by using
feedback control method.
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1. INTRODUCTION

The classic model of oligopolies was proposed by the French mathematician, Cournot [7] introduced
the first well-known model, which gives a mathematical description of competition in a duopolistic
market consisting of two quantity-setting firms which produce homogeneous goods and make the
optimal output choice through assuming the last value taken by competitors in every step. In the
literature on oligopoly games most of papers focus on games with homogeneous players, that is
players who adopt the same expectation rule see in [20, 21]. Expectations also play an important
role in modeling of economic phenomena a producer can choose his expectations rules from many
available techniques to adjust his production outputs. Cournot [7] investigated the case that each
firm is provided with naive expectation in duopoly, that is in every step each firm assumes that the
output of his competitor at his period is the same as the previous period. Bounded rationality has been
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considered by some scholars [2, 3, 29]. Recently, several works have shown that the Cournot model
may lead to complex behavior such as cyclic and chaotic see for example [1, 9, 15]. Multistability
and complex dynamics in a simple discrete economic model have been studied in [23].

Another branch of literature is considered more real mechanisms through which game with het-
erogeneous players form their expectations about decisions of competitors. The player can use dif-
ferent strategies called heterogeneous expectations as naive or adaptive and bounded rationality. The
output duopoly game with heterogeneous players is analyzed in order to study the influence of player’s
different behavior on the dynamics of game, so the dynamic behavior of a duopoly game representing
two firms using heterogeneous expectations rules have been studied in [4, 5, 30]. In actual economies,
players sometimes would offer an upper limiter to their output due to capacity constraints, financial
constraints and cautious response to uncertainty in the world, or offer a lower limiter to their output
due to economies of scale or break-even consideration, so the dynamic duopoly game with heteroge-
neous players by assuming that one of them imposes an upper limiter on output, and the other one
imposes a lower limiter has been discussed in [12]. Compared with the dynamic Cournot model, the
dynamic Bertrand model is seldom investigated. However, Bertrand competition is more likely to
occur than Cournot competition in reality. The chaotic dynamics of a differentiated Bertrand duopoly
model with heterogeneous players and nonlinear cost function have been studied in [27]. The effects
of micro-founded differentiated products demand on stability has been studied in [20].

A duopoly is a specific type of oligopoly where only two producers exist in one market. In reality,
this definition is generally used where only two firms have dominant control over a market. In the
field of industrial organization, the most popular example of duopoly is between Visa and Mastercard
which exercise a major control over the electronic payment processing market in the world. Pepsi and
Coca-cola are the two major shareholders in the soft drinks market. Airbus and Boeing are duopolies
in the commercial jet aircraft market. Applications are given for the market such as the competition
between cellular firms [14]. Neural networks as models of the firm are able to converge to the unique
Nash equilibrium of a Cournot game when facing a linear demand function with stochastic parameters
[11].

In this paper, we investigate the over all dynamical analysis and chaos control of a nonlinear Kopel
duopoly game with heterogeneous firms. We assume the existence of two firms, firm X and firm Y,
each firm thinks with a different strategy to maximize his output. One firm (firm X) is endowed with
naive expectations and the other firm (firm Y) is assumed adaptive method.
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The paper is organized as follows. Section 2, introducing the model of heterogenous Cournot-
Kopel duopoly game. Our model is constructed, the Nash-equilibria and the stability analysis are
provided in Section 3. Section 4, present various types of changes in behavior that can occur at
bifurcation values In Section 5, there is numerical simulation. In Section 6, chaos control of the
model is considered with the feedback control method. Finally, the results are summarized.

2. HETEROGENEOUSKOPEL DuoPOLY GAME

Let us consider two firms X and Y, which produce the quantitieandy; in periodt . To determine

the quantity of period+ 1, the firms form expectations on the quantity of the other firm, which might
for example depend on their own quantity and the quantity of the other firm. Assuming the linearity
of the inverse demand curve unchanged. let

p(x,y) = a—b(z +y),

define the inverse demand curve, where y is the industry output and, b > 0. If we assume that
the cost function of the form(z, y) and the profit function of firms X and Y are.

IF(z,y) = la—bz+y)lz—c"(z,y)
(z,y) = la—blz+y)ly—c(zy)
We have the following result:
Propositionl — Let the cost function of firm X is given by:
(@, Tg1,yt) = d° + a zp1 — b xpr (1 + 20s) + 26 pg Tep1 Y7
and the cost function of firm Y is given by:
(W Y1, @) = d¥ 4 a yerr — b yerr (1 + 2py) + 20 iy Yoy @7

where d*, d¥ are nonnegative constants representing the fixed casts,> 0, A € [0,1] and
L by € [1,4] . Then the reaction functions of the two firms are given by:

Ti+1 = Mz Yt (1 - Z/t)

Yer1 = gy o (1 —20).
PROOF: The expectation profit of firm X is given by:

% = [a — b(2eg1 + ye1)] @41 — d° — a @egr + b 2oy ye(1+ 2p0) — 20 pig T4 Y7
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Maximization under the conditiom = ;.1 leads to the first-order condition (the second- order
condition isai% = —2b < 0; so we indeed deal with a maximum):

OIT®
011

= —2b 2441+ 2b pig Y — 2b iz Y7 =0,
and hence we obtain the reaction curve for firm X,
T4l = 1’211 =tz Y (L —yt) -
The expectation profit of firm Y is given by
IV = [a — b(2er1 + Y1) Yer1 — & — @ yerr + b yer we(1+ 2p1) — 20 piyy Yoy @7

the first-order condition

o1y
= —2b Y1 + 2b pry 2 — 26 A pry 77 =0,
Oyt 11
leads to the result
Y41 = y;‘+1 = py xt (1 — 24),
and this is the reaction curve for firm Y. The proof is completed now. O

3. THE MAP AND THE LOCAL STABILITY ANALYSIS OF ITS EQUILIBRIA

The model that we use is a two-dimensional map described two firms heterogeneous with their ex-
pectations, firm X is endowed with naive expectations and the other firm (firm Y) is assumed adaptive
method. Letr; andy; denote the outputs of the first firm and the second in discrete time period
respectively, and decide their productions for the next petiod andy, ;. The time evolution of

the model is determined by the two-dimensional riiap((z¢, y: ) — (2441, y¢+1)) defined by:

T { Tep1 = fo Yt (1 — yr) (3.1)

Y1 = (L= Nye + X py 2 (1 — 24)

Where the positive parameters p,, € [1,4]. Xis called the adjustment coefficient. The meaning
of the model implies that the parametee [0, 1].

We investigate the Nash-equilibria and equilibrium stability of a nonlinear Kopel duopoly game
with heterogeneous firms for special case of the model, whea 1, = p.

This follows since fixed points of the generalized system have to fulfill the equations:

r = py(l-—y) (3.2)

y = px(l—x).
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Similar with the work by Agiza [1], the solutions of equation (3.2) give four equilibria:

1. Trivial solution E (z1,y1) = (0,0) .

2. A positive symmetric fixed point exists far > 1, given by

3. Two further non-symmetric Nash equilibria, given by

B3 (z3,y3) = <(”+1)+ (et )(u=3) (1) 2(5+1)(u—3)> 7

2p

and its(x, y) — (y, x) reflectionE, for u > 3

4. By (z4,y4) = <(“H) (p)(@=3) (u+D)+ 2(z+1>(u3)) _

2p

In order to study the local stability of the fixed points which are based on calculated the eigenval-
uest; andd, of the Jacobian matrix of equation (3.1) at any pointsy) is given by the matrix:

0 1-2
J— o Y) ’ (3.3)
A (1 —2z) 1—A
the characteristic equation df has the form
P@)=6*-T6O+ D=0, (3.4)

whereT is the trace and is the determinate of the Jacobian matrix defined in equation (3.3),

T = (1-X)), (3.5)
D = —\2(1-22)(1—-2y).

Then the corresponding eigenvalues of equation (3.4) are given by,

1 1
fo=g(1- N 5\/(1 SN+ 2 (1 — 22) (1 — 2y). (3.6)
The fixed points,FE; upto E, of the discrete dynamical system equation (3.1) are stable if
|0;] < 1,7 = 1,2. In order to study the qualitative behavior of the solution of equation (3.1) we

estimate equation (3.3) and equation (3.6) at the corresponding fixed point. For each fixed'point,
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upto E4 we calculate the eigenvalués andf, which can be judged by the following Jury criterion
[13, 26]. Which are generically given by:

VF:=1+T+D>0
i) TC:=1-T+D >0, (3.7)
i) H:=1—D >0

where the trace and determinate of the Jacobian matrix are given respectively by:

T @ =Ju+Jo
D : = Jnda — Jiador

These conditions are satisfied in a region which is called the "stability region” All these regions are
sketched in Figure (1).

4. BIFURCATIONS IN DISCRETETIME DYNAMICAL SYSTEMS

Bifurcation theory describes the way that topological features of a flow vary as one or more parameters
are varied. A bifurcation occurs when the solutions of a nonlinear dynamical system change their
gualitative character as a parameter changes. Bifurcation is usually associated with the existence of
strange attractors.

In this section, we present various types of changes in behavior that can occur at bifurcation
values. The types of bifurcations depend on how the dynamics of a map change as a single parameter
is varied.

Consider a discrete-time dynamical system depending on a parameter
x— H(p,z), x€ R", p€R,

where the magH is smooth with respect to bothandu. Letx = xg be a hyperbolic fixed point

of the system fol. = po. Let us monitor this fixed point and its eigenvalues while this parameter
varies. Itis clear that there are generically, only three ways in which the hyperbolicity condition can
be violated. Either a simple positive eigenvalue approaches the unit circle and wahave, or

a simple negative eigenvalue approaches the unit circle and weXhave—1, or a pair of simple
complex eigenvalues reach the unit circle and we haye= ™% 0 < 6 < 7, for some value of
parameter. Now, we give the following theorems.
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Theorem1 (Fold bifurcation)[18] — Let the mapping:,,—1 = H (xp, ),z € R, n € R. LetH
be C? and assume that there is a fixed paint, 19) = (0,0) . If:

OH(0,0) _ 1)
ox

0H?(0,0)

T o2 # 0, (4.2)

OH (0,0)

o 0. (4.3)

Depending on the signs of the expressions (4.2) and (4.3), there are:
(7) No fixed points neaf0, 0) if u < 0 (u > 0).

(27) Two fixed points neaf0, 0) if x> 0 (u < 0).

And the fold bifurcation implies that no fixed point exists for parameter values smaller or larger

(depending on the signs of the expressions (4.2) and (4.3)) than the bifurcation value.

Theorem2 (Pitchfork bifurcation)[18] — Let the mapping:,+1 = H (zn,p), 2 € R, u € R.
Let H beC? and assume that there is a fixed paint, 19) = (0,0) . If:

oH (0,0) .
OH?3(0,0)
o 0, (4.5)
0?H (0,0)
~oedn 0. (4.6)

Depending on the signs of the expressions (4.5) and (4.6), there are:
(iii) The fixed pointz* is stable (unstable) for < 0 (1 > 0).

(iv) The fixed point:* becomes unstable (stable) foer< 0 (¢ > 0) and a branch of additional
stable (unstable) fixed poinig ) emerges.

Theorem3 (Flip bifurcation) [18] — Let H, : R — R be a one parameter family of mapping
such thatH,,, has a fixed point* with eigenvalue-1. If at (z*, 110) :

ox
OH 0*°H 20°H
(aﬁ‘Fm) # 0, (4.8)
—20H3 30°H
(g —5) = a#o (4.9)
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Depending on the signs of the expressions (4.8) and (4.9), there are:
(v) The fixed point* is stable (unstable) for < o (1 > po)-

(vi) The fixed point* becomes unstable (stable) for< o (1 > o) and a branch of additional
stable (unstable) fixed points of order 2 which enclesemerges.

Theorem4 (Neimark-sacker bifurcation) [18, 22] +et the mappinge,+1 = H (zp, 1),z €
R?, 1 € R, have a smooth family of fixed points (1) at which the eigenvalues are complex conju-
gate. If there is a.g such that:

modA (po) = 1 but\" (ug) #1, n=1,2,3,4 (4.10)
and
d(mod) (no)) _ (4.11)
dp

then there is invariant closed curve bifurcating fram= 1.
Details and examples on the types of bifurcations can be found in see [8, 10].
The analysis for the local stability and bifurcation of these fixed points consist of four cases.
Casel : The trivial solutionE; (x1,y1) = (0,0).

Proposition2 — The equilibrium solutior; is asymptotically stable foiu, A) € 2 (E;) where,

2
Q(El):{(Ma)\)‘0<u<1,0</\</\1(u):H/ﬂ}

and F; looses its stability via a pitchfork bifurcation when= 1 and via flip bifurcation when
crossinghs (1) = 12

PROOF: In order to prove this result we find the eigenvalues of the Jacobian ma&irixThe
linearization of equation (3.1) about the first fixed pdiit0) has the Jacobian matrix:

0
g, = S (4.12)
A 1T—X
which has two eigenvalues,
1 1
012 = 5 (1—\) =+ 5\/)\2 + 22 (2u2 — 1) + 1. (4.13)

The necessary and sufficient conditions for the stability of Nash equilibAy®re drived by the
eigenvalues of the Jacobian matyix, . They are inside the unite circle of the complex plane. This is
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true iff the Jury criterion are hold:

N1 -T+D=1-(1-X\) - \?>0
W) 1+T+D=2-X(1+p%) >0 ,
iii) 1 — D=1+ Mu?>0

the third condition is always satisfied, whereas the other two conditions (i) and (ii) define a bounded
region of stability in the parameters modeandy:.. Then the Nash equilibriun; looses its stability

through a pitchfork bifurcation whem = 1 or A = 0 according to condition (i) and crossing the flip

bifurcation for\ = O

_2
14+p2°

Case2 : A positive symmetric fixed poinEa(z2, y2) = (“T‘l, ”7_1).

Proposition3 — The equilibrium solutiorts is asymptotically stable fou, A) € Q (E2) where,

2
Q(Ez):{(MJ)'1<M<3’O<A<A2(“):1+(2—u)2}

The equilibrium solutior®; looses stability via a pitchfork bifurcation when= 1 or ;, = 3 and via

2

flip bifurcation for\ = ECELE

PROOF: We consider the Jacobian matriy,, evaluate inF; that is,

0 2 —
Jg, = K (4.14)
A2—p) 1—=2X
the corresponding eigenvalues of equation (4.14) are,
1 1 2 2
b= Z-N+, V=2 a2 —p) (4.15)
0y = %(1—»—% (1=N2 44X (2 —p)*

The stability condition for the fixed poiri; is given by:

N1-T+D=1—(1-X)=-A2-p)?>0
) 1+T+D=1+(1-N)—-A2-p)?*>0, (4.16)
iWi)1—D=1+X2-p)*>0

From (4.16) it can easily be seen that condition (iii) fulfilled while conditions (i) and (ii) can be
violated. Therefore the Nash-equilibrig, can loose stability through pitchfork bifurcation when

w = 1orpu = 3 according to condition (i) whe(® — M)Q < 1. And looses the stability through a flip

2

(period-doubling) bifurcation wheh = o)

from condition (ii). O
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Case3 : Nash equilibria, given by:
Es (5, 5) = <u+1+\/(5“+1)(u3)7 u+1\/(u+1)(u3)> _

2p

Proposition4 — The equilibrium solution®s is asymptotically stable fofu, \) € Q(E3),
Q (Eg) =0 (Egl) uQ (Egg) where,

2
Q(E = A 1 A< A =
(E31) {(u, )‘3<u< +v5,0 <A< Ag1 (p) 5+2u—u2}
1
Q(Es2) = {(Ma)\)‘ﬂ>1+\/5,0</\<>\32(M)—M2_2'u_4}

The equilibrium solutionE’s looses stability via a flip (period-doubling ) bifurcation when=
A31 (p) = ﬁ, 3 < p < 1+ /5 and via a Neimark-Sacker bifurcation far= Xz (1) =

PROOF: The linearization of equation (3.1) about this fixed point given by the Jacobian matrix

Ji,.
0 . <1 - (/:rl)(u?’))
Jp. = , 4.17
E3 )\,u <1 _ /1'+1+ V (,LL+1)([L3)> 1 _ )\ ( )
"
the eigenvalues of matrix (4.17) are,
1 1
6, — 5(1—A)+§\/(1—A)2+4A(4—u2+2u) (4.18)
— 1 _)) — 1 —)\)2 2
0 = S(1-2) 2\/(1 N2 44N (4 — 12 + 2p).

The stability condition for the fixed poirits is given by:

)1-T+D=1—(1-X)—A(4—p>+2u) >0
W) 1+T+D=1+1-X)—X(4—p*>+2u) >0, (4.19)
i) 1—D=1-X(4—p?+2u) >0

according to Jury criterion (4.19), the Nash equilibrium pdiitis satisfied the condition (i) while
conditions (ii) and (iii) can be violated. Thdty looses it stability through period-doubling bifurca-
tion when)\ = m from (i) and via a Neimark-Sacker bifurcation far= m according
to (iii).

Next, the Neimark-Sacker bifurcation & is to be discussed. Consider the case ¥Hatan bifur-
cation parameter. The eigenvalues/ef aref o = % (1 — )\)i%i\/— (1= X\)? —4X (4 — p2 + 2p),
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and
0 = S0 == -2+ 2)
2
1
= SVAN[E = p 4 2p)
= VA -2u—-4).
Let)\:ﬁ,then
2_9u—4 2
M — ’u 5 ,U/ :7>0’
A 2VA(—2u—4) A
|6 (\)] =1and
0ro(\) = ;[(1)\)ii\/(l)\)24)\(4u2+2p)”
:;12—211—4
1 , 5
= S |A=NEia-(1-N7).
FA#£1,07#1,n=1,2,34. O

Case4 : Nash equilibria, given by:
Ey(v4,y4) = (“H Gt )(p=8) ptlt (5:1)(“3)> _

2p
Proposition5 — The equilibrium solutiorE, looses stability via a period-doubling bifurcation

when\ = ﬁ and via a Neimark-Sacker bifurcation far= m

1
F2u 294"

PROOF: The Jacobian matriXz, about this fixed point given by,

0 " <1 B u+1+\/(u+1)(u—3)>
i

)\,U <1 _ pt1— (U"’l)(u_S)) 1—\

Jg, = (4.20)

I

The eigenvalues of matrix (4.20) are

o= SN+ /0N A o)
0 — %(1—»—% (1= 2%+ 40 (2 — p)?

We see that the fixed poiri; has the same eigenvalues as the fixed pdihtwith (z,y) —
(y, x) transformation. Then the stability conditions for the case 4 are the same as case 3. O
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5. NUMERICAL SIMULATIONS

The main purpose of this section is to show the qualitative behavior of the solutions of the duopoly
game with heterogeneous players described by the dynamic equation (3.1). To provide some numeri-
cal evidence for the chaotic behavior of system (3.1), we present several numerical results, including
bifurcation diagrams, strange attractors and sensitive dependence on initial conditions.

We fix the parameter = 3.8 and assume thakt varies. In Figure (2) the bifurcation diagram
for system (3.1) is plotted as a function of parametand the state variable while the bifurcation
diagram with respect ta and variable statg is plotted in Figure (3). From these Figures show
that the system is stable far< 0.3, and loses its stability at a Neimark-Sacker bifurcation in region
Q2 (E3.4), the eigenvalues are complex for paramgter 3.8 and\ = 0.3, the fixed pointEs becomes
unstable and Neimark-Sacker bifurcation occurs. To study the behavior of the model (3.1) when the
parameten varied in the interval0, 1] we consider the initial conditiofy, yo) situated in the basin
of attraction of fixed points. For fix parametep, = 3.8 and \ varies, the stability of a periodic
solution may be lost through various types of bifurcations. The phase space portraits are considered
in the following cases:

Figure (4) shows that the fixed poitt; is stable attractor ak = 0.28. For this parameter
value, '3 occurs atc™ = 0.8894199730, y* = 0.3737379218 and the associated complex conjugate
values argd. = 0.3600000000 £ 0.8158431220i , then|f4| = 0.8917398722. This means that
E5 is asymptotically stable. The behavior of the model (3.1) before a Neimark-Sacker bifurcation at
A = 0.35 is shown in Figure (5). Whei = 0.356 demonstrates the behavior of the model after a
Neimark-Sacker bifurcation shown in Figure (6). From these Figures we deduce that the fixed point
E5 loses its stability through Hopf bifurcation (a Neimark-Sacker bifurcation) whearies0.35
to 0.356. Increasing the parameter = 0.42, leadsFE3 to unstable and invariant closed curve was
created a round the fixed point whiefi = 0.8894199730, y* = 0.3737379218 and the associated
complex conjugate values ate = 0.2900000000+ 1.052948242i, then|f,.| = 1.092153835 shown
in Figure (7). As\ is further increasing, we can see the portrait starts to create new phenomena due
to breakdown of the invariant closed curve, exists fo= 0.5 in Figure (8). When\ = 0.51, a
chaotic attractor appears in the phase portrait, moreover increasing.570 the behavior of this
model becomes very complicated, including many chaotic bands which exhibit fractal structure see
in Figures (9 and 10).

5.1 Sensitive dependence on initial conditions

To demonstrate the sensitivity to initial conditions of system (3.1), we compute two orbits with initial
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points(zg, yo) = (0.1,0.2) and(zo + 0.0001, yo) = (0.1001, 0.2) at the parameter valugs= 3.8,

A = 0.650 respectively. The difference between the twe coordinate i9).0001, while the other
coordinate is kept to has the same value. We can get two firms’ game results which are shown in (11).
At the beginning the results are indistinguishable, but after a number of games the difference between
them builds up rapidly. The same to varialle Figure (12) shows the sensitivity dependence on
initial conditions,y—coordinate of the two orbits.

6. CONTROLLING CHAOS IN COURNOT-KOPEL MODEL

One way to generate such a periodic output from a chaotic system is to use the OGY method, a
feedback-based approach published byaDdl., [24] in 1990. It can be explained as follows:

Feedback controls are used in many aspects of our lives, the method has been used by engineers
for many years. However, the systematic study of stabilization by state feedback control is of more
recent origin see [16, 25, 28].

6.1 State feedback control

The idea of state feedback is simple: It is assumed that the state ¥éejaran be directly measured
and the controk(n) is adjusted based on this information. Consider time-invariant control system
whose equation is,

x(n+1)=Ax(n)+ Bu(n), (6.1)
where,A is ak x k matrix andB ak x m matrix. Suppose we apply linear feedbadgk) = —Hz(n),
whereH is a realm x k matrix called the state feedback or gain state matrix. The resulting system
obtained by substituting = — Hx into equation (6.1) is:

z(n+1)=Axz(n)— B H u(n),
or

z(n+1) = (A— BH)x(n). (6.2)

The objective of feedback control is to chodden such a way such that/ must be chosen so
that all the eigenvalues of — BH lie inside the unit disk.

We fix the parameterg = 3.8, A = 0.570 in such context the system exhibits a chaotic attractor.
We take) as the control parameter which allows for external adjustment but is restricted to lie in a
small interval A — A\g| < 4, 6 > 0, around the nominal valug) = 0.570. The system becomes,

[t 21 =38y (1 — ) (6.3)
g ¢ Y1 =1 =Ny +38 Az (1 —ay).
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We consider the stabilization of the unstable period one @b (0.88941,0.37373) . The map
(6.3) can be approximated in the neighborhood of the fixed point by the following linear map:

(mt“_”“’ >%A(xt_m >+B(>\—>\o), (6.4)
Y1 —Y" ye—y*
where,
af(g*ay*) Gf(g*,y*)
I T Yy
A= ag(x*fy*) ag(x*t,y*) ) (6.5)
oxt 8yt
and
B=1 astwr) |- (6.6)
N

Are the Jacobian matrices with respect to the control state varjaple;) and to the control
parameten. The partial derivatives are evaluated at the nominal vajuend at(z*, y*). In our case
we get:

Ti+1 — 0.88941 ~ 0 0.959652 xy — 0.88941 n
Yer1 — 0.37373 B —1.686924120  0.430 yr — 0.37373

0
(A —0.570) . (6.7)
0.0000374372

If we assume a linear feedback rule control for the parameter of the form:

(A—)@:—H(mt_w*), (6.8)

Yy —y*

whereH := [ h1 ho } , then the linearized map becomes,

(””t“_‘” >%(A—BH)<xt_x ) (6.9)
Yir1 — Y* Yy — Y
that is

Ty41 — 0.88941
Yii1 — 0.37373

12

0 0.959652
—1.686924120 — 0.0000374372h1  0.430 — 0.00000374372hs

z; — 0.88941
[
yr — 0.37373

(6.10)
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which shows that the fixed point will be stable provided that BH is that all its eigenvalues have
modulus smaller than one. The characteristic equation of the midtrix BH | to find the eigenvalues
is defined as

((A— BH) —~4I) = 42 + v (—0.430 + 0.00000374372h3) + 1.618860106 + 0.0000359266h; .
(6.11)

To stabilize the system about the fixed points through decaying the error, we must choose values of
h1 andhs such that both eigenvalueg, and~, have magnitudes less than 1. Another way to interpret
this is that the product of both eigenvalues must be less than 1, ang thiat and~; > —1.

To meet the condition that;v2 < 1, we can factor out the characteristic equation (6.11) into

(v —=m1) (v —72) = 0. This meansy;y, = 1.618860106 + 0.0000359266h;, thus the boundary
when~, 7, transitions from below to above 1 equal$18860106 + 0.0000359266h1 = 1. We can
find the parameter ranges such that= 1, which form the boundary for whef; transitions from
below 1 to above 1. We can locate the boundary by trying to factofput 1) from characteristic
equation (6.11). Through long division, we can get the the boundary fer 1 on thehq, hy plane

is a line defined as2.188860106 + 0.00003592668385h1 + 0.00000374372h. We use a similar
approach in factoring outy + 1) to find the boundary foty; = —1. The boundary where; = —1
transitions from below -1 to above is a line defined [By048860106 + 0.00003592668385h1 —
0.00000374372h5. So the boundaries state as,

1 —1.618860106

0.00003592668385
—3.048860106 + 0.00000374372ho

0.00003592668385
—2.188860106 — 0.00000374372h2

0.00003592668385

BlueLine : yyyp <1:hy=

Redline : v <1:h =

(6.12)

Blackline : ~; >—-1:h =

In Figure (13) has the three boundaries, a triangle is defined by equation (6.12). To stabilize
the system about the fixed point, we must choose a valug &fnd hy within that triangle. In
Figures (14 and 15), we show the time series of the chaotic trajectory starting from the initial point
(xo,y0) = (0.1,0.2) for parameterg: = 3.8, A = 0.570 which we have chosen to control. In
contrast, Figures (16 and 17) present the controlled orbit converging to the stabilized fixed point
when the feedback matriXl is chosen such that a value bf and hy within that triangle. This
implies that for chosen parametdr= (—40000, 40000).

6.2 State delayed feedback control

Bifurcation and chaos can be controlled via a delayed feedback control method. The characterization
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of the stabilization by linear and non linear feedback of the Cournot equilibrium points of a duopoly
model is analyzed in see [6, 17]. In this subsection, we apply the DFC to the state (the production of
the firm) and the parameters of the Cournot—Kopel model for the Nash-equilib(iay, y4). Assume

the duopoly model has the form

rev1 = f1(ye) (6.13)
Yyir1 = (=X ye+Afa(x4)

where production of both firms in timeis z; andy, , and f;, fo are the reaction functions of the
market. This yields the specified reaction functions in equation (6.13) as follows:

fiye) = pye (1 —yr) (6.14)
fa (1)

pay (1 — )

and letf; (y4) = a andf, (z4) = b.
Now, we introduce a controlled form of the duopoly model (6.13) as follows:
Tepr = f1(ye) +ue

Yir1 = (1 = A) ye + Afa (z1) (6.15)
u = k(ip1-7 — 2441), t>T

whereT is the time delay and is the feedback gain (controlling parameter). WeTet 1, then the
controlled system can be expressed as follows:

_ filye k
Ti+1 = li%l) T T (6.16)
Yer1 = (1= N ye + Ao (z¢) -

Proposition6 — The Nash-equilibrid, (z4, y4) of the controlled system described by (6.16) is
stabilized by delay feedback if and only if

1 AMx—1)—2
x+—->k> (z )

S T e (6.17)

wherex = a.b.

PROOF: The Jacobian matrix of the controlled system at the equilibrium pBjritz4, y4) is

k. _a_
J = [ k;bl 1ki1)\ ] (6.18)
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which has characteristic polynomial given by

Ak+1) =2k =1, Aath) -k
k+1 k+1

wherex = a.b, we can see thai(#) has roots with modulus smaller than one if and only if the

p(6) =6+

(6.19)

following three conditions are fulfilled [6]:
(s1) p(0) <1,
(s2) p(1) >0,
(s3)p(—1) > 0.

The condition(s1) reduces to\ (k —z) < 1. The condition(s2) is A (1 —z) > 0, which is
fulfilled whenz < 1. Finally p (—1) =2 (2 — A\) k — (z — 1) A+ 2. Then the controlled parameter
given by equatiorni6.17) . O

Now we have performed some numerical simulations to see how the state delayed feedback
method controls the unstable Cournot-Kopel equilibriim Parameters values are fixed)as- 0.7
andy = 3.52, the initial conditionz (0) = 0.01, y (0) = 0.02 and the feedback gain1.4020 < k <
0.07. The chaotic trajectory is stabilized on the Cournot-Kopel equilibrium and the control parameter
k = —0.0021 eventually tends to zero is shown in Figures (18 and 19).

7. CONCLUSION

This paper presented Kopel duopoly game, which contains two types of heterogeneous players: naive
and adaptive. We have investigated the local stability of equilibria, bifurcation and chaotic behaviors
of the duopoly game. The equilibrium points and corresponding local stable regions of the model are
obtained. The basic properties of the system have been analyzed by meaning of bifurcation diagrams,
phase portraits and sensitive dependence. By investigating the local stability and bifurcations of the
equilibrium points we found that the dynamic may become chaotic so, the stabilization of the chaotic
behavior can be obtained by applying a feedback control method. The results show that the adjustment
speed of adaptive player has an obvious impact on the stability of the competition model.
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