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This paper deals with a numerical scheme applied to a conservation law model of manufacturing
system incorporating yield loss. Yield loss involving a singular term has been considered. Even
though an explicit form of the material density in a production system can be obtained under
certain assumptions, in general, it is difficult to get an explicit form of the material density. On
the other hand, the singular term in a conservation law model imposes severe challenges for
the numerical approximations on regular grids. Moreover, an approximate solution often con-
verges to a wrong weak solution. A finite volume type numerical scheme has been studied. The
convergence of the numerical solution towards entropy solution (in the Kruzkov sense) is proved.
Numerical experiments are presented to get the overview of density distribution and outflux of
the system.
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1. INTRODUCTION

Itis observed that several problems of scientific interest are nonhomogeneous in nature [14]. Dynam-
ics of these problems are often represented by the hyperbolic conservation laws with non-vanishing
stiff source terms. In general, the appearance of the nonhomogeneous term is either due to the phys-
ical effects like exterior forces, release of mass or energy, chemical reacting gas etc. or due to the

geometrical effects like axisymmetric or cylindrical problems.
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In manufacturing system, raw materials are transformed into finished goods on a large scale. Due
to large scale and excessive computational cost for the discrete models, continuous models using

partial differential equations (PDE) become indispensable in practice.

One important aspect in manufacturing system is yield loss during the process. Increase in
inventories, delay in processing, demand variability and communication gap between customers and
suppliers are considered as primary reasons behind the yield loss. If the system is observed more
closely, yield loss does not occur throughout the system. At some point in the system there will
be certain yield loss such as defective goods which do not make sense in further productions, need
to be removed. So the occurrence of Dirac delta function in the yield loss is completely realistic.
Frequently, it is seen that several manufacturing items are needed to withdraw from the system with

due course of time. Hence the yield loss becomes time dependent.

The model of manufacturing system has been introduced by Armbetsaérin [1]. Thereafter,
it has been investigated by several authors in recent years [5, 8, 19, 21]. Incorporating physical
effects like yield loss, the conservation law model becomes nonhomogeneous. Monthe [12] and
Schrollet al. [20] studied the conservation law considering the nonhomogeneous part as function
of only unknown variable with appropriate assumptions. Chalabi further considered the problem
and analyzed convergence of the solution towards the entropy condition [2]. Several authors have
considered singularities in the nonhomogeneous terms. LeVeque and Li incorporated the singularities
for elliptic equation [11]. Holden and Risebro [7] studied Riemann problems with a kink. But, for the
investigation of singular terms in conservation laws, the literatures are very limited. Diehl has studied
sedimentation problems in [4]. He further showed the existence and uniqueness of solutions. A small
relaxation term has been considered by Pareschi [13]. Sents [16] studied the conservation
law with nonhomogeneous part involving space derivatives. Similar problem has been considered by
Greenberget al. [6]. But it requires several smoothness properties of the flux function. The flux
function in conservation law model of manufacturing system does not possess all those properties. In
the direction of manufacturing system, Cutetial. [3] have focused on the numerics of ODE-PDE

model of supply chain.

This paper addresses yield loss as a time dependent quantity along with the presence of a delta
function. It is well known that the presence of singular terms in differential equations pose stringent
challenges on numerical approximations carried out by standard numerical techniques. Hence a finite

volume type numerical scheme obtained from integral representations of the PDE’s has been studied.
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Stability and convergence to a correct weak solution through entropy criteria have been established.
In the numerical implementation, different cases are considered in the production system model.
Overview of density distribution and outflux of the system are presented from the prescribed initial

conditions.

The paper is organized as follows. In section 2, a conservation law based model of manufacturing
system is introduced. The explicit forms of material density are presented under appropriate assump-
tions. The weak formulation, discretization and motivation behind the numerical study of the model
are described in this section. In section 3, a numerical scheme is studied. The stability analysis, en-
tropy condition and convergence of the approximated solution obtained by the numerical scheme are
discussed. Section 4 is devoted to the numerical implementation and subsequent discussions. Four

cases considering different scenarios in the production system model are investigated numerically.

2. PRELIMINARIES

The nonlinear conservation law model of manufacturing system to be investigated, is described as
follows:
Op(x,t) + 0xf(x,t,p) + yi(z, 1) =0, x € (0,1], ¢t >0, (2.1)

where the flux functioryf (z, ¢, p) is given by

f(x,t, p) = min{u(z,t), v(z,t)p(z,t)}.

Here completion of the product within the supplier is represented by the continuous variable
In (2.1), p(z, t) represents the density of goods at stagend timet. Manufacturing system or serial
supply chain is parameterized by the interf@all|. The yield loss phenomena is expressegly, t).
For convenience, we shall uggz,t) = —g(z,t). Further, we assume that yield loE$t) occurs
at some point € (0,1). Henceg(x,t) = L(t)6(x — ¢). Influx and initial situation in the system
are prescribed below. Influx provides the information about the arrival rate of the raw materials in
the system and initial condition gives an adequate information of the suppliers at the beginning of the
process.
Initial condition: p(x,0) = po(z), x€]0,1]. (2.2)

Influx condition: £(0,t,p(0,)) = f™(t), t>0. (2.3)

Maximal capacityu(z,t) in the model (2.1) can be taken as a constant or piecewise constant

function. The form of the velocity function is given in [18] a$z,t) = v(W(t)), whereW (t)
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represents work in progress of the suppliers at time., W (t) = fol p(&,t)d€. Velocity of a product,

being a function of¥ (¢), carries the information of the products ahead and behind this product.

It is well known that solutions of a nonlinear conservation law may form discontinuities even
for smooth flux function and smooth input data [10]. By treating the problem in weak sense, it is
possible to deal with the discontinuous solutions. A funcfign t) is called a weak solution of (2.1)
if the following integral formulation holds for everg! function ¢(z, ) having compact support in
[0,1] x [0, T7:

1 T 1
/ / [o(x, t)¢u(x, )+ (2,2, p)pu (@, )] dxdt + / p(x,0)é(z, 0)dx
070 0 (2.4)

T 4 T
+ /0 6(0,t) fm(t)dt + /0 L(t)é(c, t)dt = 0.

The product density(., ) lies in BV (R) for py € L'(R) N BV (R), whereBV (R) denotes the

subspace of.! _consisting of functions with bounded total variation, i.e.,

loc
BV(R) ={ve L}, :TV.(v) < o0},

where
v(z+h) —v(z)

T.V.(v) = sup/
h£0 JR h

Further it is observed that in the case of a nonhomogeneous conservation law, along the charac-

dx.

teristics the solutiop(x, t) is not necessarily a constant. Hence by making appropriate assumptions,

we shall try to construct a solution of (2.1) via characteristics.
2.1 Explicit Form-I

We seek an explicit form of the solution assuming certain features in the production system model

(2.1)-(2.3). We have considered the following assumptions:
() Velocity of the material is constant inside the network;
(i) Flux in the supplier does not exceed its maximal capacity;
(iii) Yield loss term is considered as independent of time;
(iv) Influx in the system and initial conditions of the suppliers are differentiable functions.

We endeavor into characteristics analysis to construct the solution. The main difficulty comes

from the presence of a singular term. In the distributional sense we kno%thﬁ(x) =0(x —¢),
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whereH,.(z) is the Heaviside function defined by

H () 0 ifz<e
;L‘:
‘ 1 ifz>c

We define the characteristic curge= £(s;x,t), which passes through the poift, ¢) by the
solution of the differential equatio§§ =, {(t) = z. Itis not difficult to establish that the solution
S
for x < vt will be affected by the boundary condition only. Whenexet: vt, the explicit form of

densityp(z, t) is given by
1 T 1., T
p(z,t) = ;(Hc(t) — Hc(t - ;)) + ;f (t— ;) (2.5)

The solution will be influenced by the initial conditions whenewer> ot, in which case the

explicit form of p(x, t) is presented by

(1) = - (Hola) — Hol@w — vt)) + pola — vt). (2.6)

It can be shown that the solution constructed above satisfies the equation (2.1) in weak sense (2.4).

2.2 Explicit Form-II

Since the inventories and demands of the customers vary with the time, we shall consider that the yield

loss term is function of also, i.e., we need to replace the assumption (iii) in section 2.1. Moreover,

demand becomes discontinuous due to market failures, quality of materials, excessive competition

and so on. In this context, kinked demand curve is well studied in economical problems. Evidently,

the nature of the demand has an impact on the yield loss. Hence the yield loss function considered

here is justifiable. With this yield loss and the above described assumptions, explicit form of the

material density is presented by the following two cases.

Casel : Forx < vt,

1 g i
Efzn(t* %) if t <t

pla,t) = § ALy p Lpin—2) ity <t <to+ 2
1fin(t—2) if t > 19+ Z,

wheret is given by the relatior = vt.

Case2 : Forz > vt,
po(z — vt) if x <c
p(x,t) = %L(@)—kuo(az—vt) ifc<az<c+out
po(z — vt) if x> c+ vt
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It can be shown that the explicit form of solutigriz, ¢) constructed above is indeed a weak

solution in the sense of (2.4).

It is evident from the above discussion that for a non-constant velocity function to construct a
solution analytically can become a formidable task. Hence our objective is to study the model (2.1)

numerically. We shall start with the discretization of the domain.
2.3 Discretization
The spatial domain is divided into cell5 = [z; — &%, 2; + 4%) with centers at the point

xj = jAx, j € Z. Similarly, the time domain is discretized by = nAt, n € N. Time strip
is denoted by/™ = [t",¢"*1). Let X be the characteristic function for the rectanfile = 1; x J".

A weak solution of the problem, described in section 2.1, satisfies the integral formulation

2, " TN dy = z,t")dx volx, 1,t) — T, 1
/Ij'”( 1) /ij< o+ [ foplayy.t) ~ Holo,_y)lde .

— /n[vp(a;ﬁé,t) — Hc(l'j %)]dt,
A
wherez ; L=k ar,

For the more general case, a weak solution of the PDE model (2.1) satisfies the following integral
formulation
[ ot tyin = [ plaedo = [ fptey g 00de~ [ sty 0
I; I Jn 2 Jn 2 2.8)

[ i [l )no).

A weak solutiorp(z, t) is approximated by a functiop (z, t) defined as
PR, t) =D X (x,t)p), (2.9)

neN jeZ
wherep’ are generated by specified time marching numerical scheme. The initial data is projected
onto the space of piecewise constant functions by

1
A _ ‘ o o0_ _*
A0 =S, 8- 5 / (@),

where x;(z) is the characteristic function of the space gfidfor j € Z. Several numerical

approaches have been studied and analyzed for conservation law [15, 10]. Generalization of these
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numerical approaches for the nonhomogeneous case encounters specific problems. We shall demon-

strate this in the following subsection.
2.4 Motivation

It is well known that standard numerical methods [16] derived by a direct discretization of the differ-
ential form fail to converge even for the simpler problem described in section 2.2. Let us consider the

following explicit time marching scheme

n+1
A B R
At Ax

We also consider the initial situations of the suppliers as there are no materials present inside the

= L(t")é(xj —c). (2.10)

system. LettingAz = vAt, we obtain the following expression from (2.10):
pItl = pl |+ ALL(t)6(x; — o).

Through the successive iterations, we can show that

n—1

pp = ALY L@ pm (1) = ©)- (2.11)

m=0
We observe from (2.11) that? — 0 asA¢, Az — 0. In a similar way, if we choose the

influx as a constant, it is observed that the solution will also approach a constant as we refine the

grids. Therefore the numerical solution does not converge to the correct weak solution. To obtain the

physically relevant weak solution, it is necessary to study a different numerical scheme which ensures

the convergence of the approximate solution towards the entropy solution.

3. STubDY ON NUMERICAL SCHEME

In this section a conservative scheme is considered for the model of manufacturing system incorpo-
rating yield loss involving a delta function. We shall study the stability of the numerical scheme. In
order to examine the physically relevant solution we study entropy conditions in Kruzkov sense. Fur-
ther, we show that the approximate solution obtained by numerical scheme will converge to a entropy

admissible solution. To do this we need to study the entropy condition in discrete sense.

In order to derive an appropriate numerical scheme which provides admissible weak solution,
we would like to get back to the integral formulation (2.8). We consider the following conservative
scheme:

At

T FL ]+ G — G (3.1)

i+
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. . . . Z; l
where approximation” is given byp? ~ A [,7"?

. . ~ 1 gttt _ ~
are considered anﬂJr% = F(p},0}11) = a7 Jen f(p(q:jJr%,t))dt andG;?+% = G(p},pj1) =

p(x,t™)dx. Numerical homogeneous fluxes

i-3
n+1
A%: ff p(xj_i_;,t)dt respectively. Normalization has been done with respect to the grid sizes. In
2

order to complete the numerical scheme we need to define

1 (n+1)At
Fp = PG =57 [ mltde
nAt

The term p,(¢) can be obtained from the prescribed influx condition. Comparing with (2.8),
p(x,t) can be expressed dgt)H.(z). It is easily observed that the scheme, presented in (3.1),

satisfies the following properties:

(i) Consistent:F'(s,s) = f(s) Vs € RandG(p,p) = p Vp € R.

(i) F andG are both locally Lipschitz continuous function frdi? to R.

In order to study the convergence of the scheme (3.1), we need to analyze some form of stability.
3.1 Stability analysis
We like to point out the following issues about stability.

() For linear problems the Lax Equivalence theorem ensure convergence. Since the approach
heavily depends on linearity, the theorem no longer holds for nonlinear problems. So we would like

to seek an alternative approach.

(ii) It is observed [10] that total variation stability or TV-stability of a consistent and conservative

method is enough to guarantee convergence.

The numerical method (3.1) is said to be TV-stable if the approximatiofor A < Ay lies in

some fixed set of the form
K ={pe Lir:TVr(p) < Candsupp(u(.,t)) C [-M,M], ¥t € [0,T]},
whereC andM are constants. The spafe is given by
T 1
Ly = {u(x,t) : ||lul1,r < oo} where||ul/1 7 = / / |u(z, t)|dzdt.
0o Jo

We state the following theorems which ensure the bounded variation stability estimate in space

for approximated solution along with TV-stability of the numerical method.
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Theorem3.1 — (Discrete space BV estimate Assume thapy € BV (R) and T'.V.(p") is
bounded by some constant. I{@g : j € Z,n € N} be obtained by numerical scheme (3.1). Then
under the CFL condition

Ao max [[F(p,q) = F(pr,q)| + [F(r, p) = F(r, p1)|] < |p = pal; 3.2)
T.V.(p") < C for some constant.

Theorem 3.1 ensures bounded variation of the numerical solution obtained by (3.1). Proof of
Theorem 3.1 is not difficult. Taking into account the CFL condition (3.2) and the numerical scheme
(3.1), bounded variation gf* can be established. We omit the details of the proof (a proof can be
carried out in a similar way as described in [17]). With the help of Theorem 3.1 we have the following

theorem on TV-stability.

Theorem3.2— Consider a conservative numerical method (3.1) with a homogeneous numerical
flux F* and numerical loss flug& which are Lipschitz continuous. Suppose for each initial ggtand
nonhomogeneous pastz, t), there exist some positive constakgsC, Cy such thatl.V.(p™) < C)
andT.V.(p") < Cy ¥ n, k with k < ko, nk < T. Then the method is TV-stable.

Thanks to bounded variation pf andp”, it can be shown thatp" ™! — p"|| < CAt, for some
constantC. Then the Theorem 3.2 follows in straight forward way. Theorem 3.2 ensures that the
numerical scheme (3.1) is TV-stable. Having established TV-stability, we look for the convergence.
We state the following convergence theorem which requires total variation stability along with the

consistency.

Theorem3.3 — Let p® be generated by conservative numerical scheme (3.1) with Lipschitz
continuous homogeneous numerical fixand numerical loss fluxs. If the method (3.1) is TV-
stable then the method is convergent, iief,_y [|p® — 5lli,r — 0asAt — 0, whereW = {7 :

p(z,t) is a weak solutioh.

Once again we omit the details of the proof of Theorem 3.3. Basically, the proof of Theorem 3.3
can be carried out in a similar way as in [9]. The proof becomes simpler if we approach through the
contradiction. Having analyzed the convergence of the approximated solution obtained by (3.1), we

want to enquire about the physical relevance of the weak solution through entropy condition.
3.2 Entropy condition

In general, the weak solution defined in section 2 is not unique. Hence the physically relevant solution
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is characterized by the entropy condition. If a strictly convex functigr) and corresponding entropy
flux 1(p) are chosen such that(p) = ' (p) f (p)+1" (p)g, then the entropy solution(z, t) satisfies
the following inequality in the distributional sense:

2 (e, )) + ol 1) < () (oo, 1)L He ). 33)

Consider the case(p) = ((p — k)? + 52)%, d > 0, for some constank. By lettingd — 0 we

can extend the analysis to the case whgye = |p — k|. Subsequently, we can find the entropy flux

Y(p).

Taking into account entropy pair, ), the entropy condition in Kruzkov sense can be repre-

sented by

T
| [ otant) = b6, + sigripta.t) = k) (0) = £ () ) o
+ [ (lon(e) = klo.0) = lp(e. 7) ~ Fio(a,T))da (3.4)
T .
> /0 /R Sig(p(z, 1) — k) L(t) Ho(2)a (, ) dzdt, ¥ k € R.

Itis important to investigate that the approximate solution, obtained from numerical scheme (3.1),
satisfies the entropy condition in discrete form. The following proposition provides entropy inequality

which must be satisfied by an approximate solution.
Proposition3.4 (Discrete Entropy Inequality) — Let p® be the approximate solution obtained
from the numerical scheme (3.1). Under the CFL condition (3.2), the following inequality holds:

7 n At 3 3 7 7
(105 =kl = o} — k) + A F PV E pia V) = F(pff Ak, Py AK)

T n n 7 At n (0 3 T
—F(pj_1 VK, pj VE)+ F(pj 1 Nk, pj NE)] < E[f(pj P 1)G (D] Pjy1) (3:5)

_é(p?—lap?)G(p?—lap?)]a v] € Za VneNandvk e Ra

where¢ is Lipschitz continuous function with respect to each variable along&¥jihp) = ' (p) and

G is Lipschitz continuous with respect to each variable along with, p) = p(z,t).

Taking into account CFL condition (3.2) and numerical scheme (3.1), inequality (3.5) can be
easily obtained. With the help of discrete entropy inequality (3.5), we show that the approximate

solution converges to the entropy solution.
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3.3 Convergence towards entropy solution

Theorem3.5 — Assume thapy € BV(R) andT.V.(p") is finite. Let{p] : j € Z,n € N} be
obtained by numerical scheme (3.1). If the numerical scheme is consistent with the entropy condi-
tion (3.5), then the numerical solution will converge to a weak solution which satisfies the entropy
condition (3.4).

PROOF: Let ¢ be a nonnegative differentiable function®x [0, 7). Multiply (3.5) by Az¢(x;, ™)

and taking summation over glle Z andn > 0, we obtainB; + By < Bs.

Using discrete integration by parts and settirig) = |p — k| we obtain the following:

p”“ 77()
Z&szzji: n+1 p] ¢n ‘AJMStEE:EE: J ¢n
n=0 jeZ n=0 jeZ
Aw( > 0 — AtZanj +Z77 Y e )
jez n=1jeZ jeZ

SettingF (v, w) = F(pVk,vVw)—F(pAk, wAk) we express the termi3, andBs as following:

AtAfL'ZZ F p_yvpj+1) F(P;tlvp?)) (ZS;L

n= O]GZ

_ —AtAxZZF (P, p) J“Ax ¢j,

n=0 jeZ

AtZZ[ 0 P )G} D0) — £ )G 1.0)| 0]

n= U]GZ

—AtA.CCZZg p], §L+1 ]JrlA J G( j’pj+1)

n=0jeZ

Now let At — 0. It is straightforward, using the 1-norm convergence®fto p and smoothness
of ¢, to show that ag\t — 0

T
By — —/Rn(po)<z5(x,0)dl‘—/0 /RU(P)@(%t)dxdt—i-/RU(P@%T)W(%T)CM-

Employing consistency af’ along with the Lipschitz properties @ we can show that

F(pf, 1) — sign(p — k)(f(p) — f(k)).
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Taking into account the properties ©andG, letting At — 0 we will end up with
T
B2 = /0 /RSign(P —k)(f(p) — f(K)) ¢z (, t)dxdt,

T
By — — /0 /R Signp — k) L(t) Ho(2) b (0, £)ddlt.

Therefore we can conclude thatz, t) satisfies entropy condition in the sense (3.4 \as— 0.0

4. NUMERICAL IMPLEMENTATION AND DISCUSSION

In this section, we present various numerical investigations to demonstrate the performance of the
numerical scheme (3.1). We concentrate on four different situations arising in the model of production

system. We consider the same form of yield loss for all cases.
4.1 Test Case-l

In the first case, we would like to validate the numerical results with explicit solution obtained in
section 2. We have considered the velocity of materials in production system as constan (

Also we assume that flux in production system does not exceed maximal capacity. Influx in the system

is taken as a constant throughout the process. Suppose there are no materials inside the suppliers at
start of the process. For discretization of the PDE (2.1), we use a generalization of Lax-Friedrichs

method [10]. The method can be written in the conservative form by taking

h

1 1
= *(P? - ,0?+1) + §(f(P?) + f(P?H)), G?Jr% = 5(]9? +p?+1)'

Theyield loss term is considered agn(7t)o(z — 0.2). With the described set up, we know the
explicit form of the solution (2.5)-(2.6). In Figure 1, explicit solution is represented by continuous line
while the numerical solution is represented with circles and dashed line. The discretization lengths
have been taken asz = 0.05 and At = 0.05. We have compared analytical and numerical results

attimeT = 10 in Figure 1.
4.2 Test Case-ll

A production system receives raw materials in a discrete way. Using piecewise linear interpolation,
influx in the system can be considered as in Figure 2. It is quite reasonable to choose the influx
like this since one can hardly expect influx function to be smooth. Yield loss term and numerical
scheme are same as in Test Case-l. Velocity is taken as constarit.{). A snapshot of the density

distribution throughout the suppliers is presented in Figure 2 attiree200.
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2.9l | —©— numerical solution
explicit solution

0.2 0.4 0.6 0.8 1

Figurel: Density distribution of the production systeni/at= 10 considering constant influx

It is observed from Figure 2 that initially material density struggles to incorporate with the influx

but later it becomes regular despite the non-smooth behavior of the influx.
4.3 Test Case-lll

Having analyzed the effect of constant and non-constant influx on the density and outflux of the
system, we want to concentrate on maximal capacity of the suppliers. In this case, we consider a
chain of three suppliers having different maximal processing rates. We assume that the completion
interval is equal to unity. The suppliers will represent the intervals [0, 0.2], [0.2, 0.8] and [0.8, 1]

respectively. We consider the maximal processing rate as the following:

15 for0 <z <0.2
u(x,t) =1 10 for0.2 <z <0.8
15 for0.8 <z < 1.

The influx is prescribed in Figure 2. Flux function is apprehendefiast) = min{u(x,t), vp(z,t)},
where velocity is taken as 0.2.

Figure 3 presents the outflux of production system at time 200. In the beginning outflux is
increasing with the time. After that there is a sudden decline in the outflux. This happens due to the
sudden drop in the maximal capacity of the second supplier. So far we have considered the velocity

as a constant. Hence we shall carry out the analysis for nonconstant velocity in the next case.
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|

density

0 20 40 60 80 100 120 140 160 180 200 0 0.2 0.4 0.6 0.8 1

10

outflux
(%))

0 50 100 150 200
t

Figure3: Outflux in the production system &t= 200

4.4 Test Case-IV

In this case, we have considered a chain of three suppliers as in Test Case-lll. The maximal capacity

also remain same for the suppliers. The velocity form is considered here as

Umax !
v(w,t) = P PWQ) W(t) :/0 p(&,t)dg,

where parameters,,,, and P are taken ag and1.5 respectively.
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L L L L L L L L L
[o] 20 40 60 80 100 120 140 160 180 200

Figure 4: Outflux in production system &t = 200 considering velocity as function of work in

progress

The yield loss is considered same as in Test Case-l. Again the discretization lengths have been
taken asAz = 0.05 and At = 0.05.

Figure 4 shows a snapshot of outflux in the production system. Initially outflux declines when the
influx increases. At the beginning of the process, production line competes for machine availability

with all the other requests. The outflux becomes reasonably stable as the time progresses.

Thus, we have analyzed the density and outflux of the manufacturing system for a constant influx
and then for a non-differentiable influx function. Further, the numerical simulation has been carried
out for different maximal capacity of the suppliers and for the velocity function depending on the

work in progress of the suppliers.
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