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In this paper we provide some necessary and sufficient conditions under which, a family of
bounded operators is a continuogiframe (Riesz-type continuougframe). Also, we study
stability of duals of continuoug-frames.
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1. INTRODUCTION

In 1952, the concept of frames for Hilbert spaces was defined by Duffin and Schaeffer [4]. Frames
are important tools in the signal processing, image processing, data compression, etc. In 1893, Ali
al., [2] developed the notion of ordinary frame to a family indexed by a measurable space which are

known as continuous frames.

Definition1.1 — Let’H be a complex Hilbert space arif?, 1) be a measure space. A mapping
F : Q — His called a continuous frame with respect{fd p), if

(i) Fisweakly-measurable, i.e., for glle H,w — (f, F(w)) is @ measurable function dp,
(i) there exist constantdr, Br > 0 such that
Ap|fI? < /Q [(f, F(w)[ du(w) < BrllfI?, feH.

In 2006, g-frames or generalized frames introduced by Sun [6] and Abdollahpour and Faroughi
[1] introduced and investigated continuguframes and Riesz-type continuogiframes. In the rest
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of this paper we assume tHtis a complex Hilbert space anif, 1) is a measure space with positive
measure: and{K, : w € Q} is a family of Hilbert spaces. Now, we summarize some facts about
continuousy-frames from [1].

We say thatF" € [] . K. is strongly measurable i’ as a mapping of2 to P ., Ko is
measurable, where

Hle:{f:Qﬁ UICw:f(w)ele}.

weN we

Definition1.2 — We say that\ = {A, € B(H,K,) : w € Q} is a continuoug-frame forH
with respect to{ I, : w € Q} if

(i) foreachf € H, {A,f : w € Q} is strongly measurable,

(ii) there are two constanis< Ay, < Bj < oo such that

AnlfI? < /Q 1A () |2du(w) < BallfI%, f € H. (1)

We call Ap, By the lower and upper continuouysframe bounds, respectivelyA is called a
tight continuougy-frame if Ay = By, and a Parseval continuoysframe if Ay = By = 1. If for
eachw € Q, K = K, thenA is called a continuoug-frame for’H with respect toC. A family
A ={A, € B(H,K,) : w € Q} is called a continuoug-Bessel family forH with respect to
{Kw : w € Q} if the right hand inequality in (1.1) holds for afl € H. In this caseB, is called the
Bessel constant.

If there is no confusion, we use continugpframe (continuoug-Bessel family) instead of con-
tinuousg-frame forH with respect to{C,, : w € 2} (continuousy-Bessel family forH with respect
to {ICy, : w € Q}).

Proposition1.3 [1] — LetA = {A, € B(H,K,) : w € Q} be a continuoug-frame. There
exists a unique positive and invertible operat@r: H — H such that for eaclf, g € H

(Sfrg) = /Q (A Aug)du(w), frg € H,
andApxl < Sy < Bpl.

The operatoiS, in Proposition 1.3 is called the continuoggrame operator o. Also, we have
(Fa) = [ (ST AL g) dule)

_ /Q<f,A;;Aw5A1g> du(w), f.g€H. (1.2)
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We consider the space

K= {F € H K., : Fis strongly measurahle/ ||F(w)|*du(w) < oo} :
weN Q

Itis clear thatk is a Hilbert space with point wise operations and the inner product given by

<RGw34wwxammmm.

Proposition1.4 [1] — LetA = {A, € B(H,K,) : w € Q} be a continuoug-Bessel family.
Then the mappindy : K — M defined by

(TaF.g) = [ (ALF@) g)duto)., F e R g e, (19
Q
is linear and bounded withil’y || < +/Bj. Also, for eachy € H we have

Ti(9)(w) = Aug, w € Q.

Theoreml1.5[1] — Let (2, 1) be a measure space, wherés o-finite. Suppose that = {A,, €
B(H,K.,) : w € Q} is a family of operators such thdt\,, f : w € Q} is strongly measurable, for
eachf € H. ThenA is a continuoug-frame if and only if the operatdF, : K — H defined by (1.3)
is a bounded and onto operator.

The operatord’, and7’y in Theorem 1.8 are called synthesis and analysis operatdrsrepec-
tively.

Definition1.6 — LetA = {A, € B(H,K,) : w € Q}and® = {0, € B(H,K,) : w € Q} be
two continuougy-frames such that

(f.9) = /Q (f, 05 Aug)du(w), f.g € H,

then® is called a dual continuousframe ofA.

LetA = {A, € B(H,K,) : w € Q} be acontinuoug-frame. Them = {AuSy' € B(H,K,) :
w € Q} is a continuoug-frame and by (1.2)2i is a dual ofA. we call A the canonical dual of.
One can always get a tight continuag$rame from any continuoug-frame, in fact, ifA = {A,, €
B(H,K,) : w € Q} is a continuoug-frame forH then{AwSXl/2 € B(H,K,) : w € Q}isa
Parseval continuougframe.
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Definition1.7 — LetA = {A, € B(H,K,) : w € Q} and® = {0, € B(K,K,) : w € Q} be
two continuougy-frames. Therm\ and® are said similar if there is an invertible operator H — K
such tha®_ S = A, fora.e.w € Q.

Two continuougs-Bessel families\ = {A,, € B(H,K,) : w € Q} andO = {6, € B(H,K,,) :

w € Q} are weakly equal, if for alf € H,

Aof=06.f, ae. we.

Propositionl.8 [1] — LetA = {A, € B(H,K,) : w € 2} and® = {6, € B(K,K,) :w € Q}
be two continuoug-frames. Ther\ and® are similar if and only if their analysis operators have the
same ranges (weakly).

If the continuousyy-frameA = {A, € B(H,K,) : w € Q} have only one dual(weakly), i.e.,
every dual ofA is weakly equal to the canonical dual &f thenA is called a Riesz-type continuous
g-frame.

Theorem1.9— Let A = {A, € B(H,K.) : w € Q} be a continuoug-frame. Them\ is a

Riesz-type continuousframe if and only ifRangeTy = K.

2. SOME NEW RESULTS FORCONTINUOUS G-FRAMES

In this section by generalizing some results of [5], we give some necessary and sufficient conditions
that a family of bounded operatofd., € B(H,K,) : w € Q} is a continuoug-frame (Riesz-type
continuougy-frame). In this section until the end of Proposition Z5, is a finite dimensional Hilbert
space with orthonormal basfs,, ; : j € J.,} forall w € Q.

Proposition2.1 — Let{e; };c; be an orthonormal basis fét and{e.;}jc;, be an orthonormal
basis foriC,, for all w € Q). Then the following are equivalent:

(i) A={A, € B(H,K,) : w € Q} is a Parseval continuoysframe.

(i) There exist an orthonormal sét;};c; C K such thaty ",/ [[vs(w)||* < oo fora.e.w € Q
and for all f € H,

Au}f = Z<f7 ei)ﬂ%(w)a a.e. w €l

el
PROOF: (i) = (ii) We consider); = Txe;, forall i € I. Then

Il = [ITxedl® Z/QllAwez'IIZdM(w) = llesll* =1,
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and
(Vi,5) = (Txei,The;) = /Q<Aw€iaAw€j>d,U(w) = (ei,ej) =0, i#j.
On the other hand,
S@)? = D IAwedl? =D 1D (Awei, ewg)ews |
iel iel iel  jed.
= > ) e Abeai)? = D 1AL ew;i]? < 0.
jeJu icl jed,

Furthermore, for any € H,

Awf = Z<fv ei>Aw€i = Z<f7 €1>¢Z(w)

i€l el

Conversely, sincéy; }ier C K is an orthonormal set then for arfye 'H

[ vt dute)
@ ier
1Y (fenwl)?

il

= > Wfel=I11%

iel

/ 1A 12 dpu(w)
Q

We recall that a Riesz basis for a Hilbert spates a family of the form{Ue; };cr, where{e; }icr
is an orthonormal basis fot andU : ‘H — 'H is a bounded bijective operator. a

Theorem2.2— LetA,, € B(H, K,,) be given for allw € . The following are equivalent:
(i) A={A, € B(H,K,) : w € Q} is a continuous g-frame.

(i) Auf = {f,en;(w) for some orthonormal basige;};c; of H and some family
el
{¢iYier C K with the property that{y;};c; is a Riesz basis fospan{t;}ic; and
dier [l (W) ||? < oo for a.e.w € Q.

(i) Auf = > icr(f, hi)¥i(w) for some Riesz basigh;};cr of H and some orthonormal set
{1:}ic; € K and with the property thal, . [|vi(w)||* < oo for a.e.w € €.

(V) Auf = > e (f, hi)vi(w) for some Riesz basigh; };c; of H and some family{1); }ic; € K
with the property thaf«; }ic; is a Riesz basis fapan{v; }ic; and >, [|¢s(w)||* < oo for
aewe Q.
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PROOF: (i) = (it) Let {e;}ic; be an orthonormal basis &f andy; = T'{e; forall i € 1. Then
for any finite sequence of scalafs; }, we have

IS el = 1S aTial? = 17503 enen) 2
- /Q 1A (S crer) [2dpu(w),

So

A lenl* = Al crenl?

IN

1 exul|?
BallY crexl” = Ba > lexl”.

Therefore, by [3, Theorem 3.6.6]i); }ics is a Riesz basis fospan{v; };c;. We also have\,, f
= Yier(frei(w) andys |9 () ||* < oo

(71) = (i) Since{y; }ier C K is a Riesz basis forpan{v; }icr, there existB > A > 0 such that

IA

AP = AN Feed? < 1S (Fenwnl?
el i€l
< BY [(f.enl? = BIfI%

i€l

Thus

Al < /Q 18w fIPdu(w) = 1| Y _(F eawill® < BIFII>.

el

(1) = (uit) Let{e; };cr be an orthonormal basis ®f . By Proposition 2.1, there exists an orthonormal
set{t; }ses in K such thaty~, ., [|vi(w)]|* < oo for a.e.w € ©, and for allg € H

AwSXmg = Z<9a ei)i(w), a.e. we.
el

1/2

Foranyf € H there exisly € H such thatS, '“g = f. Thus

Auf = A5y %g = Z<S/1\/2f7 eti(w) = > (f, S\ 2eii(w).

i€l el

It is sufficient to takeh; = S}\mei, forall; € I.
(731) = (i) Let {e;}ier be an orthonormal basis fét andU € B(H) be a bijective operator and
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h; = Ue; forall i € I. Then for anyf € ‘H we have

2
/Q 1A f12dpa(w) / 1S b (@) ()

el
= D Rl
el
= S =Y (U e
iel il

So

I=H=21A1% < /HA FIPdpw) = [ m)P < IUIPIAIP f €.

el

(iv) = (i) There exisC, D > 0 such that

CIFIP <D If )P < DI feH.
il
On the other hand, |8 > A > 0 be the bounds of Riesz badig; };c;. Then
ACIFIZ < ANIERE < 1Y (F Rl

i€l i€l

- /nzf, )|Pdu(w)

el

< BY |(f.h)? < BD|fI.

iel
for all f € H. According to the(7) = (i7) the implication(:) = (iv) is obvious.
Proposition2.3 — The following are equivalent:

(i) There exists a Riesz-type continuguframeA = {A,, € B(H,K,) : w € Q} for H.

(i) There exist an orthonormal bagig; };c; for K such that

D lli(w)]? < a.e. we.

el
(iii) For every orthonormal basi); } ;< for K we have

> llgiw)? < a.e. w e

el
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PROOF: (i) = (ii) By Theorem 2.2\, f = > . ;(f, hi)1i(w) for some Riesz basigh; }icr
of H and some orthonormal sét); };c; C K with the property thad”, ., [[vi(w)]]* < o for a.e.
w € Q. By Theorem 1.9, for any in K there existsf € H such thatl’} f = . Thus

=3 {f,hi)y

il

So,span{v; tier = K, therefore{v; }icr is an orthonormal basis fde.
(i1) = (i) Let us define\, € B(H,K,) by Auf = >,/ (f, eq)vi(w) forall w € Q, where{e; }icr
is an orthonormal basis f@f. By Proposition 2.1A = {A, € B(H,K,) : w € Q} is a Parseval
continuougy-frame. For anyp in K we havey = >, (1, ¥3)v;. So we have

T (3w e ) @) = Au( Do)

jel Jel
= D (D (e eipbi(w)
el gel
= Z(%%Wi(@zqﬁ(@v
iel

for all w € Q. This means thdf, is surjective and by Theorem 1.9, the proof is complete.
(17i) = (4) Itis clear.

(i) = (zi7) By assumption]’ = {AUJSXI/2

: w € Q} is a Parseval continuougframe and
RangeT = RangeTy = K. Therefore, 11" is a surjective isometry and sbt is unitary. Let
{®i}ier be an orthonormal basis fat. Let us considee; = Tr¢;, for alli € I. Then,{e;};cs is an

orthonormal basis fot and

Doloi@P = D1 (6iw), ewslews]?

i€l i€l jeJy,

= ZZ|¢@ s €wj)|

i€l jE€J,

= 3> Ay e, e

i€l jer

= 3% e Sy P AL ews)?

jeJ, 1€l

= Y118y AL ews]? < oo,
j€Jw

fora.e.w € Q.
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Corollary 2.4 — Let M be a closed subspacelﬁf Then the following are equivalent:
() There exists a continuoysframeA = {A,, € B(H,K,,) : w € Q} for H andRangeTy = M.

(i) There exist an orthonormal bagig; };c; for M with the property thad ", [|¢i(w)]|* < oo,
fora.e.w € Q.

(iiiy Every orthonormal basi§p; }ic; for M satisfiesy”,; [|¢:(w)|? < oo, for a.e.w € €.

PROOF: (i) = (ii) SinceA is a continuoug-frame,I" = {AMSXI/2 € B(H,K,) : w € Q}
is a Parseval continuoysframe. Let{e; },c; be an orthonormal basis fat. If we take); = Tjte;,
for all ¢ € I then by Proposition 2.1{1); };c; is an orthonormal set af/ with the property that
Sier 1i(w)[]? < oo for a.e.w € Q and

NSy = D (g eti(w), ae weQ, geH.
i€l
For anyy € M there existy € H such thafl’{ f = 1. Letg = 511\/2]57 then

P(w) = Auf = AuSy g =D (g, eihti(w).

iel
(17) = (i) Let{e; };cr be an orthonormal basis f@t. We define bounded operator

Ay i H =Koy Auf =D (frethiw),
il
for a.e.w € Q. Then by Proposition 2.1\ = {A, € B(H,K,) : w € Q} is a parseval continuous
g-frame. Ify) € M, theny = >, (v, ¥;)1; and

i (Yo wides) (@) = v(w).
iel
Thus, the proof is complete.
(791) = (i3) Itis clear.
(1) = (i13) Let {¢; }icr be an orthonormal basis far. LetT" = {AWSXU2 € B(H,K,) : w € Q},
thenTt 1y = 17T = 1. If we takee; = T ¢;, for all i € I then{e; };c; is an orthonormal basis for
H and

S loi@)? = Y 115y P AL ew, |17 < oo

el J€Jw



68 MOHAMMAD REZA ABDOLLAHPOUR AND YAVAR KHEDMATI

Proposition2.5 — LetA = {A, € B(H,K,) : w € Q}and® = {6, € B(H,K,) :
w € Q} be two continuoug-frames with representatiof, f = >,.;(f, e)vi(w) and©,, f =
S ier(fy fi)di(w) for some{e;}icr and{w;i}icr in K, and for some orthonormal basgs }icr and
{fi}ier for H. ThenA is a dual of® if and only if

In particular, ife; = f;, foralli € I, thenA is a dual of© if and only if {; };,c; and{¢; };cs are
biorthogonal.

PROOF: For anyf, g € H we have

(f9) = D _(frefig)en i),

i,5€l
and
JRESSCITTIE I SRS I
& el
= Z <f7 ei><fjvg><wi7 ¢J>
ijel
Thus, the proof is completed. O

In the rest of this section we intend to generalize some results of [7] to contigtfoae.

Lemma2.6 — Let (2, u) be a measure space. Lét= {A, € B(H,K,) : w € Q} and
© = {6, € B(H,K,) : w € Q} be two Parseval continuousframes. ThenRange(Tg) C
Range(T7Y) if and only if there exists an isometty : H — H such tha®,, = AU fora.e.w € Q.

PROOF : Let Range(Ty) C Range(Ty). RangeTy is a closed subspace &f. We take
P = TXTy. So, Range(P) = Range(Ty). SinceA is a Parseval continuousframe, thenP is
an orthogonal projection frork onto Range(Ty ). We considelU = T\T{. Then

lUFI? = (UUF, f) = (TePTS S, f) = | fI?. feH.

and

U F.g) = (ToTif.g) = /Q (Aot Oug)dp(w), frg€H.
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Thus

/ |(Aul — ©)f|Pdp(w / AT () |Pdpa(w) — / (ALU(S), O f)da(w)

—/Q< AU /uwu e
= |UfIIP = U UL f) = UL UL+ £

= IUSI? = IUFI* = U1+ [1£1* = 0.

Hence A,Uf =0, f fora.e.w € Q andf € H. The other implication is clear. 0

Proposition2.7 — Let (2, u) be a measure space. Let= {A, € B(H,K,) : w € Q} and
© = {0, € B(H,K,) : w € Q} be two Parseval continuousframes and\ be a Riesz-type
continuougy-frame. TherO is Riesz-type if and only if there exists an unitary operéfarH — K
such tha® U = A, fora.e.w € Q.

PROOF: Let O be Riesz-type, thekange(Ty) = Range(T§) = K. By Lemma 2.6, there
is a bounded operatd¥ on H such thatU*U = [y and®, = A, U for a.e. w € © and hence
T = T{U. Since bothl’y andTg are invertible, it follows thal/ is a unitary operator. For the other
implication, letU : H — H be a unitary linear operator such titat = AU, thenT = TXU and
S0, RangeT§ = K. By Theorem 1.9¢) is Riesz-type. O

Proposition2.8 — LetA = {A, € B(H,K.) : w € Q} be a Riesz-type continuousframe
and® = {0, € B(H,K,) : w € Q} be a continuoug-frame. Ther® is a Riesz-type continuous
g-frame if and only ifA and© are similar.

PROOF: It is obvious by Proposition 1.8 and Theorem 1.9. O

Theorem2.9— LetA = {A, € B(H,K,) : w € Q} be a Riesz-type continuous g-frame and
0 = {0, € B(H,K,) : w € Q} be a continuous g-frame. Then the following conditions are
equivalent:

(1) © is a Riesz-type continuous g-frame.

(ii) There exists a constatt’ > 0 such that for alkp € K

ITad — Togll* < Mmin{|Tad|, [ To¢l*}- (2.1)
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PROOF: (i) = (i7) By Proposition 2.8, there is an invertible bounded oper&tof{ — H such
thato,, = A,U fora.e.w € ). Foranyg € H and¢ € K we have

(U"Tadg) = (TadUg) = / (U Asb(w), g)dp(w)
Q
- /Q (056(w), 9)du(w) = (Tod. g).
ThenTg = U*T) and so

17 = U™ Tag|l?
(1 + U ITael?.

|Tad — Tod||* = |Tag — U*Trd|?

IA

IN

Similarity
ITa¢ — Too > < 1+ [IU)?[Tesl.
Then we have

1Tad — Tod|* < M.min{|Ta¢|*, || Too|*}

whereM = maz{(1 + |U|)2 (1 + [|[U~Y]))2}.

(79) = (i) SinceT}, is invertible, then for anyf € H there exists an uniqug € K such that
Ta¢ = f. Let us consider well defined bounded operdfar — H by

Uf=Teo, [feH.

By the inequality (2.1)U is injective. On the other hand, sinde is surjective, therU is
surjective. Sol is invertible. For any € K andg € H we have

(6.4(00 — AuU")g}uca) = /Q (6(w), (O — ALU™)g) dp(w)
- / (©56(w), g)dp(w) — / (A b(w), U*g)du(w)
Q Q

= (Te9,g) — (Tad,Ug)

Thus,0,, = A,U* for a.e.w € Q). Therefore, by Proposition 2.8) is Riesz-type. a
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3. STABILITY OF DUALS OF CONTINUOUS G-FRAMES

In this section we study stability of duals of continugufames.

Lemma3.1 —A = {A, € B(H,K,) : w € Q} be a continuoug-frame ando = {0, €
B(H,K,) : w € Q} is a dual ofA. Then there exists a operatsrc B(H, k) such thatl} S = 0
andO, f = (Sf)(w) + A,Sy ' f,forallw € Qandf € H.

PROOF: Let us considel : H — K, by
(Sf)(UJ):@wf—AwSXIf, JEH,we.
Then forallf € H,
ISfll = (/ (S £) ()P dp(w))
Q
< ([ 10ufIPdu() ! + ([ 1887 11Pdu)'?
Q Q
1

< (v/Be + \/TT)HfH-

Thus,S is bounded. On the other hand, for afiyy € H,
(T\Sf.g) = / (AL(SF) (@), 9) dulw)
Q
- / (A2Ou . ghdpi(w) — / (AL ALST . g)du(w)
Q Q

So0,T)\S = 0. O

Theorem3.2— LetA = {A, € B(H,K,) : w € Q}and® = {6, € B(H,K,,) : w € Q} be
two continuous g-frames. Also, lat= {A, € B(H,K,) : w € Q} be a fixed dual for\. If A — ©
is a continuous g-Bessel family with sufficiently small bosine 0, then there exists a du# for ©
such thatA — © is also continuous g-Bessel.

PrROOF: By Lemma 3.1, there exist € B(H, IE) such thatf’ S = 0 and
Aof = (Sf)(w) +AuSyf, feEH,we
LetM = {M, € B(H,K,) : w € Q} such that

Muf = (Sf)(w)+0,S5"f, feM.
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It is easy to see thal/ is a continuoug-Bessel family with bounajﬁ +|1S|)2. Forf, g € H we
have

(f = ToTisfg) = {f.0) = [ (OL(TiLN)(w).) ()
= (f.9) = [ (©IM.f.g)du(s)
= (f.9) = [ (©L(SH@).g)duw) ~ [ (620,55 . g)du(v)
=(f,9) — (TeSf,9) — {f,9)
= —(TeSf,g).
Thus,f —TeTy, f = —TeSf, forall f € H. Hence
If = ToTi,fll = | ToS S| = |ToSf — ThSS|
< |ITo — TSI
< ValISIIAIL

Therefore, for allf € H, || Iz — TeTy;|| < ve||S|| and thusTgT}, is invertible because is
sufficiently small. Hence® = {6, € B(H,K,,) : w € Q}, 6, = M, (TeTy;) "t is a dual for®.
Because

[ (6t 0ug)dnle) = [ (T3 (ToTin) ™ i) €. ) due)
Q Q
— [ (T3 (ToTis) . g)dute)

=(f,9).

And we have
|Sa — Sell = [[TATy — TaATS + TaTe — ToTs||

< [|Ta — Tol[([Tall + | T6])) (3.1)
< Ve(v/Ba + /Be).
And by A(f) = (Sf)(w) + AuSyf and M, (f) = (Sf)(w) + OS5 f, we have

(6 — Tud, ) = /Q (6(@), A f)dpa(w) — /Q (6(), Mo f)dpa(w)
- /Q (6(w), ST — 055" f)dp(w)

= <TA¢7 SX1f> - <T9¢7 Sélf>
= (Tad, (Sy" — Sg" ) f) + {(Ta — To)¢, S ' f),



PROPERTIES OF CONTINUOU&-FRAMES 73

Hence, by inequality (3.1) we have
T3¢ — Tuo||
< I TaslllISx" = S Il + 1T — Tellll¢ll Se

_ _ 1
< ITallllgllll Sz 1 Se — SalllSg 1H+7x/5|!<z>H

(3.2)
< - VEVBA (VB + VBe)6] + 5 vElol
_ Ve(Ax + By +/BaBe)
If we takeT = (ToT},) !, then
1 1
Tl < <
e T
and so
~VeElsl
[ Ig =T < | Ty —T7| < (3.3)
1—e|SII

Consequently, by inequalities (3.2) and (3.3)

T3¢ — Tedll = supjr|=1{T3¢ — T ®, f)]

= sup|p|=1{(In — T*) T3¢ + T* (T3 — Tum) o, f)|

< |Hg = TT3 Mol + NT* (T3 — Tar)oll
\f||¢|| /5 AA+BA+\/BABe)
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