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In this paper we provide some necessary and sufficient conditions under which, a family of

bounded operators is a continuousg-frame (Riesz-type continuousg-frame). Also, we study

stability of duals of continuousg-frames.
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1. INTRODUCTION

In 1952, the concept of frames for Hilbert spaces was defined by Duffin and Schaeffer [4]. Frames

are important tools in the signal processing, image processing, data compression, etc. In 1993, Aliet

al., [2] developed the notion of ordinary frame to a family indexed by a measurable space which are

known as continuous frames.

Definition1.1 — LetH be a complex Hilbert space and(Ω, µ) be a measure space. A mapping

F : Ω → H is called a continuous frame with respect to(Ω, µ), if

(i) F is weakly-measurable, i.e., for allf ∈ H, ω → 〈f, F (ω)〉 is a measurable function onΩ,

(ii) there exist constantsAF , BF > 0 such that

AF ‖f‖2 ≤
∫

Ω
|〈f, F (ω)〉|2 dµ(ω) ≤ BF ‖f‖2, f ∈ H.

In 2006,g-frames or generalized frames introduced by Sun [6] and Abdollahpour and Faroughi

[1] introduced and investigated continuousg-frames and Riesz-type continuousg-frames. In the rest
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of this paper we assume thatH is a complex Hilbert space and(Ω, µ) is a measure space with positive

measureµ and{Kω : ω ∈ Ω} is a family of Hilbert spaces. Now, we summarize some facts about

continuousg-frames from [1].

We say thatF ∈ ∏
ω∈ΩKω is strongly measurable ifF as a mapping ofΩ to

⊕
ω∈ΩKω is

measurable, where
∏

ω∈Ω

Kω =

{
f : Ω →

⋃

ω∈Ω

Kω : f(ω) ∈ Kω

}
.

Definition1.2 — We say thatΛ = {Λω ∈ B(H,Kω) : ω ∈ Ω} is a continuousg-frame forH
with respect to{Kω : ω ∈ Ω} if

(i) for eachf ∈ H, {Λωf : ω ∈ Ω} is strongly measurable,

(ii) there are two constants0 < AΛ ≤ BΛ < ∞ such that

AΛ‖f‖2 ≤
∫

Ω
‖Λω(f)‖2dµ(ω) ≤ BΛ‖f‖2, f ∈ H. (1.1)

We call AΛ, BΛ the lower and upper continuousg-frame bounds, respectively.Λ is called a

tight continuousg-frame if AΛ = BΛ, and a Parseval continuousg-frame if AΛ = BΛ = 1. If for

eachω ∈ Ω, K = Kω, thenΛ is called a continuousg-frame forH with respect toK. A family

Λ = {Λω ∈ B(H,Kω) : ω ∈ Ω} is called a continuousg-Bessel family forH with respect to

{Kω : ω ∈ Ω} if the right hand inequality in (1.1) holds for allf ∈ H. In this case,BΛ is called the

Bessel constant.

If there is no confusion, we use continuousg-frame (continuousg-Bessel family) instead of con-

tinuousg-frame forH with respect to{Kω : ω ∈ Ω} (continuousg-Bessel family forH with respect

to {Kω : ω ∈ Ω}).

Proposition1.3 [1] — Let Λ = {Λω ∈ B(H,Kω) : ω ∈ Ω} be a continuousg-frame. There

exists a unique positive and invertible operatorSΛ : H → H such that for eachf, g ∈ H

〈SΛf, g〉 =
∫

Ω
〈f, Λ∗ωΛωg〉dµ(ω), f, g ∈ H,

andAΛI ≤ SΛ ≤ BΛI.

The operatorSΛ in Proposition 1.3 is called the continuousg-frame operator ofΛ. Also, we have

〈f, g〉 =
∫

Ω
〈S−1

Λ f, Λ∗ωΛωg〉 dµ(ω)

=
∫

Ω
〈f,Λ∗ωΛωS−1

Λ g〉 dµ(ω), f, g ∈ H. (1.2)



PROPERTIES OF CONTINUOUSG-FRAMES 61

We consider the space

K̂ =

{
F ∈

∏

ω∈Ω

Kω : F is strongly measurable,
∫

Ω
‖F (ω)‖2dµ(ω) < ∞

}
.

It is clear thatK̂ is a Hilbert space with point wise operations and the inner product given by

〈F, G〉 =
∫

Ω
〈F (ω), G(ω)〉dµ(ω).

Proposition1.4 [1] — Let Λ = {Λω ∈ B(H,Kω) : ω ∈ Ω} be a continuousg-Bessel family.

Then the mappingTΛ : K̂ → H defined by

〈TΛF, g〉 =
∫

Ω
〈Λ∗ωF (ω), g〉dµ(ω), F ∈ K̂, g ∈ H, (1.3)

is linear and bounded with‖TΛ‖ ≤
√

BΛ. Also, for eachg ∈ H we have

T ∗Λ(g)(ω) = Λωg, ω ∈ Ω.

Theorem1.5 [1] — Let (Ω, µ) be a measure space, whereµ is σ-finite. Suppose thatΛ = {Λω ∈
B(H,Kω) : ω ∈ Ω} is a family of operators such that{Λωf : ω ∈ Ω} is strongly measurable, for

eachf ∈ H. ThenΛ is a continuousg-frame if and only if the operatorTΛ : K̂ → H defined by (1.3)

is a bounded and onto operator.

The operatorsTΛ andT ∗Λ in Theorem 1.8 are called synthesis and analysis operators ofΛ, respec-

tively.

Definition1.6 — LetΛ = {Λω ∈ B(H,Kω) : ω ∈ Ω} andΘ = {Θω ∈ B(H,Kω) : ω ∈ Ω} be

two continuousg-frames such that

〈f, g〉 =
∫

Ω
〈f, Θ∗

ωΛωg〉dµ(ω), f, g ∈ H,

thenΘ is called a dual continuousg-frame ofΛ.

LetΛ = {Λω ∈ B(H,Kω) : ω ∈ Ω} be a continuousg-frame. TheñΛ = {ΛωS−1
Λ ∈ B(H,Kω) :

ω ∈ Ω} is a continuousg-frame and by (1.2),̃Λ is a dual ofΛ. we call Λ̃ the canonical dual ofΛ.

One can always get a tight continuousg-frame from any continuousg-frame, in fact, ifΛ = {Λω ∈
B(H,Kω) : ω ∈ Ω} is a continuousg-frame forH then{ΛωS

−1/2
Λ ∈ B(H,Kω) : ω ∈ Ω} is a

Parseval continuousg-frame.
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Definition1.7 — LetΛ = {Λω ∈ B(H,Kω) : ω ∈ Ω} andΘ = {Θω ∈ B(K,Kω) : ω ∈ Ω} be

two continuousg-frames. ThenΛ andΘ are said similar if there is an invertible operatorS : H → K
such thatΘωS = Λω for a.e.ω ∈ Ω.

Two continuousg-Bessel familiesΛ = {Λω ∈ B(H,Kω) : ω ∈ Ω} andΘ = {Θω ∈ B(H,Kω) :

ω ∈ Ω} are weakly equal, if for allf ∈ H,

Λωf = Θωf, a.e. ω ∈ Ω.

Proposition1.8 [1] — LetΛ = {Λω ∈ B(H,Kω) : ω ∈ Ω} andΘ = {Θω ∈ B(K,Kω) : ω ∈ Ω}
be two continuousg-frames. ThenΛ andΘ are similar if and only if their analysis operators have the

same ranges (weakly).

If the continuousg-frameΛ = {Λω ∈ B(H,Kω) : ω ∈ Ω} have only one dual(weakly), i.e.,

every dual ofΛ is weakly equal to the canonical dual ofΛ, thenΛ is called a Riesz-type continuous

g-frame.

Theorem1.9 — Let Λ = {Λω ∈ B(H,Kω) : ω ∈ Ω} be a continuousg-frame. ThenΛ is a

Riesz-type continuousg-frame if and only ifRangeT ∗Λ = K̂.

2. SOME NEW RESULTS FORCONTINUOUS G-FRAMES

In this section by generalizing some results of [5], we give some necessary and sufficient conditions

that a family of bounded operators{Λω ∈ B(H,Kω) : ω ∈ Ω} is a continuousg-frame (Riesz-type

continuousg-frame). In this section until the end of Proposition 2.5,Kω is a finite dimensional Hilbert

space with orthonormal basis{eω,j : j ∈ Jω} for all ω ∈ Ω.

Proposition2.1 — Let{ei}i∈I be an orthonormal basis forH and{eωj}j∈Jω be an orthonormal

basis forKω, for all ω ∈ Ω. Then the following are equivalent:

(i) Λ = {Λω ∈ B(H,Kω) : ω ∈ Ω} is a Parseval continuousg-frame.

(ii) There exist an orthonormal set{ψi}i∈I ⊆ K̂ such that
∑

i∈I ‖ψi(ω)‖2 < ∞ for a.e. ω ∈ Ω

and for allf ∈ H,

Λωf =
∑

i∈I

〈f, ei〉ψi(ω), a.e. ω ∈ Ω.

PROOF : (i) ⇒ (ii) We considerψi = T ∗Λei, for all i ∈ I. Then

‖ψi‖2 = ‖T ∗Λei‖2 =
∫

Ω
‖Λωei‖2dµ(ω) = ‖ei‖2 = 1,
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and

〈ψi, ψj〉 = 〈T ∗Λei, T
∗
Λej〉 =

∫

Ω
〈Λωei, Λωej〉dµ(ω) = 〈ei, ej〉 = 0, i 6= j.

On the other hand,

∑

i∈I

‖ψi(ω)‖2 =
∑

i∈I

‖Λωei‖2 =
∑

i∈I

‖
∑

j∈Jω

〈Λωei, eωj〉eωj‖2

=
∑

j∈Jω

∑

i∈I

|〈ei, Λ∗ωeωj〉|2 =
∑

j∈Jω

‖Λ∗ωeωj‖2 < ∞.

Furthermore, for anyf ∈ H,

Λωf =
∑

i∈I

〈f, ei〉Λωei =
∑

i∈I

〈f, ei〉ψi(ω).

Conversely, since{ψi}i∈I ⊆ K̂ is an orthonormal set then for anyf ∈ H
∫

Ω
‖Λωf‖2dµ(ω) =

∫

Ω

∥∥∥
∑

i∈I

〈f, ei〉ψi(ω)
∥∥∥

2
dµ(ω)

= ‖
∑

i∈I

〈f, ei〉ψi‖2

=
∑

i∈I

|〈f, ei〉|2 = ‖f‖2.

We recall that a Riesz basis for a Hilbert spaceH is a family of the form{Uei}i∈I , where{ei}i∈I

is an orthonormal basis forH andU : H → H is a bounded bijective operator. 2

Theorem2.2— LetΛω ∈ B(H,Kω) be given for allω ∈ Ω. The following are equivalent:

(i) Λ = {Λω ∈ B(H,Kω) : ω ∈ Ω} is a continuous g-frame.

(ii) Λωf =
∑

i∈I〈f, ei〉ψi(ω) for some orthonormal basis{ei}i∈I of H and some family

{ψi}i∈I ⊆ K̂ with the property that{ψi}i∈I is a Riesz basis forspan{ψi}i∈I and
∑

i∈I ‖ψi(ω)‖2 < ∞ for a.e.ω ∈ Ω.

(iii) Λωf =
∑

i∈I〈f, hi〉ψi(ω) for some Riesz basis{hi}i∈I of H and some orthonormal set

{ψi}i∈I ⊆ K̂ and with the property that
∑

i∈I ‖ψi(ω)‖2 < ∞ for a.e.ω ∈ Ω.

(iv) Λωf =
∑

i∈I〈f, hi〉ψi(ω) for some Riesz basis{hi}i∈I of H and some family{ψi}i∈I ⊆ K̂
with the property that{ψi}i∈I is a Riesz basis forspan{ψi}i∈I and

∑
i∈I ‖ψi(ω)‖2 < ∞ for

a.e.ω ∈ Ω.
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PROOF : (i) ⇒ (ii) Let {ei}i∈I be an orthonormal basis ofH andψi = T ∗Λei for all i ∈ I. Then

for any finite sequence of scalars{ck}, we have

‖
∑

ckψk‖2 = ‖
∑

ckT
∗
Λek‖2 = ‖T ∗Λ

(∑
ckek

)‖2

=
∫

Ω
‖Λω

(∑
ckek

)‖2dµ(ω),

So

AΛ

∑
|ck|2 = AΛ‖

∑
ckek‖2 ≤ ‖

∑
ckψk‖2

≤ BΛ‖
∑

ckek‖2 = BΛ

∑
|ck|2.

Therefore, by [3, Theorem 3.6.6],{ψi}i∈I is a Riesz basis forspan{ψi}i∈I . We also haveΛωf

=
∑

i∈I〈f, ei〉ψi(ω) and
∑

i∈I ‖ψi(ω)‖2 < ∞.

(ii) ⇒ (i) Since{ψi}i∈I ⊆ K̂ is a Riesz basis forspan{ψi}i∈I , there existB ≥ A > 0 such that

A‖f‖2 = A
∑

i∈I

|〈f, ei〉|2 ≤ ‖
∑

i∈I

〈f, ei〉ψi‖2

≤ B
∑

i∈I

|〈f, ei〉|2 = B‖f‖2.

Thus

A‖f‖2 ≤
∫

Ω
‖Λωf‖2dµ(ω) = ‖

∑

i∈I

〈f, ei〉ψi‖2 ≤ B‖f‖2.

(i) ⇒ (iii) Let{ei}i∈I be an orthonormal basis ofH . By Proposition 2.1, there exists an orthonormal

set{ψi}i∈I in K̂ such that
∑

i∈I ‖ψi(ω)‖2 < ∞ for a.e.ω ∈ Ω, and for allg ∈ H

ΛωS
−1/2
Λ g =

∑

i∈I

〈g, ei〉ψi(ω), a.e. ω ∈ Ω.

For anyf ∈ H there existg ∈ H such thatS−1/2
Λ g = f . Thus

Λωf = ΛωS
−1/2
Λ g =

∑

i∈I

〈S1/2
Λ f, ei〉ψi(ω) =

∑

i∈I

〈f, S
1/2
Λ ei〉ψi(ω).

It is sufficient to takehi = S
1/2
Λ ei, for all i ∈ I.

(iii) ⇒ (i) Let {ei}i∈I be an orthonormal basis forH andU ∈ B(H) be a bijective operator and
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hi = Uei for all i ∈ I. Then for anyf ∈ H we have
∫

Ω
‖Λωf‖2dµ(ω) =

∫

Ω
‖

∑

i∈I

〈f, hi〉ψi(ω)‖2dµ(ω)

= ‖
∑

i∈I

〈f, hi〉ψi‖2

=
∑

i∈I

|〈f, hi〉|2 =
∑

i∈I

|〈U∗f, ei〉|2.

So

‖U−1‖−2‖f‖2 ≤
∫

Ω
‖Λωf‖2dµ(ω) =

∑

i∈I

|〈f, hi〉|2 ≤ ‖U‖2‖f‖2, f ∈ H.

(iv) ⇒ (i) There existC,D > 0 such that

C‖f‖2 ≤
∑

i∈I

|〈f, hi〉|2 ≤ D‖f‖2, f ∈ H.

On the other hand, letB ≥ A > 0 be the bounds of Riesz basis{ψi}i∈I . Then

AC‖f‖2 ≤ A
∑

i∈I

|〈f, hi〉|2 ≤ ‖
∑

i∈I

〈f, hi〉ψi‖2

=
∫

Ω
‖

∑

i∈I

〈f, hi〉ψi(ω)‖2dµ(ω)

≤ B
∑

i∈I

|〈f, hi〉|2 ≤ BD‖f‖2.

for all f ∈ H. According to the(i) ⇒ (ii) the implication(i) ⇒ (iv) is obvious. 2

Proposition2.3 — The following are equivalent:

(i) There exists a Riesz-type continuousg-frameΛ = {Λω ∈ B(H,Kω) : ω ∈ Ω} for H.

(ii) There exist an orthonormal basis{ψi}i∈I for K̂ such that

∑

i∈I

‖ψi(ω)‖2 < ∞, a.e. ω ∈ Ω.

(iii) For every orthonormal basis{φi}i∈I for K̂ we have

∑

i∈I

‖φi(ω)‖2 < ∞, a.e. ω ∈ Ω.
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PROOF : (i) ⇒ (ii) By Theorem 2.2,Λωf =
∑

i∈I〈f, hi〉ψi(ω) for some Riesz basis{hi}i∈I

of H and some orthonormal set{ψi}i∈I ⊆ K̂ with the property that
∑

i∈I ‖ψi(ω)‖2 < ∞ for a.e.

ω ∈ Ω. By Theorem 1.9, for anyψ in K̂ there existsf ∈ H such thatT ∗Λf = ψ. Thus

ψ =
∑

i∈I

〈f, hi〉ψi.

So,span{ψi}i∈I = K̂, therefore{ψi}i∈I is an orthonormal basis for̂K.

(ii) ⇒ (i) Let us defineΛω ∈ B(H,Kω) by Λωf =
∑

i∈I〈f, ei〉ψi(ω) for all ω ∈ Ω, where{ei}i∈I

is an orthonormal basis forH. By Proposition 2.1,Λ = {Λω ∈ B(H,Kω) : ω ∈ Ω} is a Parseval

continuousg-frame. For anyψ in K̂ we haveψ =
∑

i∈I〈ψ, ψi〉ψi. So we have

T ∗Λ
( ∑

j∈I

〈ψ, ψj〉ej

)
(ω) = Λω

(∑

j∈I

〈ψ,ψj〉ej

)

=
∑

i∈I

〈∑

j∈I

〈ψ, ψj〉ej , ei

〉
ψi(ω)

=
∑

i∈I

〈ψ, ψi〉ψi(ω) = ψ(ω),

for all ω ∈ Ω. This means thatTΛ is surjective and by Theorem 1.9, the proof is complete.

(iii) ⇒ (ii) It is clear.

(i) ⇒ (iii) By assumption,Γ = {ΛωS
−1/2
Λ : ω ∈ Ω} is a Parseval continuousg-frame and

RangeT ∗Γ = RangeT ∗Λ = K̂. Therefore,T ∗Γ is a surjective isometry and soT ∗Γ is unitary. Let

{φi}i∈I be an orthonormal basis for̂K. Let us considerei = TΓφi, for all i ∈ I. Then,{ei}i∈I is an

orthonormal basis forH and

∑

i∈I

‖φi(ω)‖2 =
∑

i∈I

‖
∑

j∈Jω

〈φi(ω), eωj〉eωj‖2

=
∑

i∈I

∑

j∈Jω

|〈φi(ω), eωj〉|2

=
∑

i∈I

∑

j∈Jω

|〈ΛωS
−1/2
Λ ei, eωj〉|2

=
∑

j∈Jω

∑

i∈I

|〈ei, S
−1/2
Λ Λ∗ωeωj〉|2

=
∑

j∈Jω

‖S−1/2
Λ Λ∗ωeωj‖2 < ∞,

for a.e.ω ∈ Ω.
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Corollary 2.4 — LetM be a closed subspace ofK̂. Then the following are equivalent:

(i) There exists a continuousg-frameΛ = {Λω ∈ B(H,Kω) : ω ∈ Ω} forH andRangeT ∗Λ = M .

(ii) There exist an orthonormal basis{ψi}i∈I for M with the property that
∑

i∈I ‖ψi(ω)‖2 < ∞,

for a.e.ω ∈ Ω.

(iii) Every orthonormal basis{φi}i∈I for M satisfies
∑

i∈I ‖φi(ω)‖2 < ∞, for a.e.ω ∈ Ω.

PROOF : (i) ⇒ (ii) SinceΛ is a continuousg-frame,Γ = {ΛωS
−1/2
Λ ∈ B(H,Kω) : ω ∈ Ω}

is a Parseval continuousg-frame. Let{ei}i∈I be an orthonormal basis forH. If we takeψi = T ∗Γei,

for all i ∈ I then by Proposition 2.1,{ψi}i∈I is an orthonormal set ofM with the property that
∑

i∈I ‖ψi(ω)‖2 < ∞ for a.e.ω ∈ Ω and

ΛωS
−1/2
Λ g =

∑

i∈I

〈g, ei〉ψi(ω), a.e. ω ∈ Ω, g ∈ H.

For anyψ ∈ M there existsf ∈ H such thatT ∗Λf = ψ. Let g = S
1/2
Λ f, then

ψ(ω) = Λωf = ΛωS
−1/2
Λ g =

∑

i∈I

〈g, ei〉ψi(ω).

(ii) ⇒ (i) Let {ei}i∈I be an orthonormal basis forH. We define bounded operator

Λω : H → Kω, Λωf =
∑

i∈I

〈f, ei〉ψi(ω),

for a.e.ω ∈ Ω. Then by Proposition 2.1,Λ = {Λω ∈ B(H,Kω) : ω ∈ Ω} is a parseval continuous

g-frame. Ifψ ∈ M, thenψ =
∑

i∈I〈ψ,ψi〉ψi and

T ∗Λ
(∑

i∈I

〈ψ,ψi〉ei

)
(ω) = ψ(ω).

Thus, the proof is complete.

(iii) ⇒ (ii) It is clear.

(i) ⇒ (iii) Let {φi}i∈I be an orthonormal basis forM . Let Γ = {ΛωS
−1/2
Λ ∈ B(H,Kω) : ω ∈ Ω},

thenTΓT ∗Γ = T ∗ΓTΓ = I. If we takeei = TΓφi, for all i ∈ I then{ei}i∈I is an orthonormal basis for

H and

∑

i∈I

‖φi(ω)‖2 =
∑

j∈jω

‖S−1/2
Λ Λ∗ωeωj‖2 < ∞.
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Proposition2.5 — Let Λ = {Λω ∈ B(H,Kω) : ω ∈ Ω} and Θ = {Θω ∈ B(H,Kω) :

ω ∈ Ω} be two continuousg-frames with representationΛωf =
∑

i∈I〈f, ei〉ψi(ω) andΘωf =
∑

i∈I〈f, fi〉φi(ω) for some{φi}i∈I and{ψi}i∈I in K̂, and for some orthonormal bases{ei}i∈I and

{fi}i∈I for H. ThenΛ is a dual ofΘ if and only if

〈ψi, φj〉 = 〈ei, fj〉, i, j ∈ I.

In particular, ifei = fi, for all i ∈ I, thenΛ is a dual ofΘ if and only if {ψi}i∈I and{φi}i∈I are

biorthogonal.

PROOF : For anyf, g ∈ H we have

〈f, g〉 =
∑

i,j∈I

〈f, ei〉〈fj , g〉〈ei, fj〉,

and
∫

Ω
〈f, Λ∗ωΘωg〉dµω =

∫

Ω

∑

i,j∈I

〈f, ei〉〈fj , g〉〈ψi(ω), φj(ω)〉dµ(ω)

=
∑

i,j∈I

〈f, ei〉〈fj , g〉〈ψi, φj〉.

Thus, the proof is completed. 2

In the rest of this section we intend to generalize some results of [7] to continuousg-frame.

Lemma2.6 — Let (Ω, µ) be a measure space. LetΛ = {Λω ∈ B(H,Kω) : ω ∈ Ω} and

Θ = {Θω ∈ B(H,Kω) : ω ∈ Ω} be two Parseval continuousg-frames. ThenRange(T ∗Θ) ⊆
Range(T ∗Λ) if and only if there exists an isometryU : H → H such thatΘω = ΛωU for a.e.ω ∈ Ω.

PROOF : Let Range(T ∗Θ) ⊆ Range(T ∗Λ). RangeT ∗Λ is a closed subspace of̂K. We take

P = T ∗ΛTΛ. So, Range(P ) = Range(T ∗Λ). SinceΛ is a Parseval continuousg-frame, thenP is

an orthogonal projection from̂K ontoRange(T ∗Λ). We considerU = TΛT ∗Θ. Then

‖Uf‖2 = 〈U∗Uf, f〉 = 〈TΘPT ∗Θf, f〉 = ‖f‖2, f ∈ H.

and

〈U∗f, g〉 = 〈TΘT ∗Λf, g〉 =
∫

Ω
〈Λωf, Θωg〉dµ(ω), f, g ∈ H.
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Thus

∫

Ω
‖(ΛωU −Θω)f‖2dµ(ω) =

∫

Ω
‖ΛωU(f)‖2dµ(ω)−

∫

Ω
〈ΛωU(f), Θωf〉dµ(ω)

−
∫

Ω
〈Θωf, ΛωU(f)〉dµ(ω) +

∫

Ω
‖Θωf‖2dµ(ω)

= ‖Uf‖2 − 〈U∗Uf, f〉 − 〈Uf, Uf〉+ ‖f‖2

= ‖Uf‖2 − ‖Uf‖2 − ‖Uf‖2 + ‖f‖2 = 0.

Hence,ΛωUf = Θωf for a.e.ω ∈ Ω andf ∈ H. The other implication is clear. 2

Proposition2.7 — Let (Ω, µ) be a measure space. LetΛ = {Λω ∈ B(H,Kω) : ω ∈ Ω} and

Θ = {Θω ∈ B(H,Kω) : ω ∈ Ω} be two Parseval continuousg-frames andΛ be a Riesz-type

continuousg-frame. ThenΘ is Riesz-type if and only if there exists an unitary operatorU : H → K
such thatΘωU = Λω for a.e.ω ∈ Ω.

PROOF : Let Θ be Riesz-type, thenRange(T ∗Λ) = Range(T ∗Θ) = K̂. By Lemma 2.6, there

is a bounded operatorU onH such thatU∗U = IH andΘω = ΛωU for a.e. ω ∈ Ω and hence

T ∗Θ = T ∗ΛU . Since bothT ∗Λ andT ∗Θ are invertible, it follows thatU is a unitary operator. For the other

implication, letU : H → H be a unitary linear operator such thatΘω = ΛωU , thenT ∗Θ = T ∗ΛU and

so,RangeT ∗Θ = K̂. By Theorem 1.9,Θ is Riesz-type. 2

Proposition2.8 — LetΛ = {Λω ∈ B(H,Kω) : ω ∈ Ω} be a Riesz-type continuousg-frame

andΘ = {Θω ∈ B(H,Kω) : ω ∈ Ω} be a continuousg-frame. ThenΘ is a Riesz-type continuous

g-frame if and only ifΛ andΘ are similar.

PROOF : It is obvious by Proposition 1.8 and Theorem 1.9. 2

Theorem2.9 — Let Λ = {Λω ∈ B(H,Kω) : ω ∈ Ω} be a Riesz-type continuous g-frame and

Θ = {Θω ∈ B(H,Kω) : ω ∈ Ω} be a continuous g-frame. Then the following conditions are

equivalent:

(i) Θ is a Riesz-type continuous g-frame.

(ii) There exists a constantM > 0 such that for allφ ∈ K̂

‖TΛφ− TΘφ‖2 ≤ M.min{‖TΛφ‖2, ‖TΘφ‖2}. (2.1)
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PROOF : (i) ⇒ (ii) By Proposition 2.8, there is an invertible bounded operatorU : H → H such

thatΘω = ΛωU for a.e.ω ∈ Ω. For anyg ∈ H andφ ∈ K̂ we have

〈U∗TΛφ, g〉 = 〈TΛφ, Ug〉 =
∫

Ω
〈U∗Λ∗ωφ(ω), g〉dµ(ω)

=
∫

Ω
〈Θ∗

ωφ(ω), g〉dµ(ω) = 〈TΘφ, g〉.

ThenTΘ = U∗TΛ and so

‖TΛφ− TΘφ‖2 = ‖TΛφ− U∗TΛφ‖2 ≤ ‖I − U∗‖2‖TΛφ‖2

≤ (1 + ‖U‖)2‖TΛφ‖2.

Similarity

‖TΛφ− TΘφ‖2 ≤ (1 + ‖U−1‖)2‖TΘφ‖2.

Then we have

‖TΛφ− TΘφ‖2 ≤ M.min{‖TΛφ‖2, ‖TΘφ‖2}

whereM = max{(1 + ‖U‖)2, (1 + ‖U−1‖)2}.

(ii) ⇒ (i) SinceTΛ is invertible, then for anyf ∈ H there exists an uniqueφ ∈ K̂ such that

TΛφ = f . Let us consider well defined bounded operatorU : H → H by

Uf = TΘφ, f ∈ H.

By the inequality (2.1),U is injective. On the other hand, sinceTΘ is surjective, thenU is

surjective. So,U is invertible. For anyφ ∈ K̂ andg ∈ H we have

〈φ, {(Θω − ΛωU∗)g}ω∈Ω〉 =
∫

Ω
〈φ(ω), (Θω − ΛωU∗)g〉 dµ(ω)

=
∫

Ω
〈Θ∗

ωφ(ω), g〉dµ(ω)−
∫

Ω
〈Λ∗ωφ(ω), U∗g〉dµ(ω)

= 〈TΘφ, g〉 − 〈TΛφ, U∗g〉
= 〈UTΛφ, g〉 − 〈UTΛφ, g〉 = 0

Thus,Θω = ΛωU∗ for a.e.ω ∈ Ω. Therefore, by Proposition 2.8,Θ is Riesz-type. 2
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3. STABILITY OF DUALS OF CONTINUOUS G-FRAMES

In this section we study stability of duals of continuousg-frames.

Lemma3.1 — Λ = {Λω ∈ B(H,Kω) : ω ∈ Ω} be a continuousg-frame andΘ = {Θω ∈
B(H,Kω) : ω ∈ Ω} is a dual ofΛ. Then there exists a operatorS ∈ B(H, K̂) such thatTΛS = 0

andΘωf = (Sf)(ω) + ΛωS−1
Λ f, for all ω ∈ Ω andf ∈ H.

PROOF : Let us considerS : H → K̂, by

(Sf)(ω) = Θωf − ΛωS−1
Λ f, f ∈ H, ω ∈ Ω.

Then for allf ∈ H,

‖Sf‖ = (
∫

Ω
‖(Sf)(ω)‖2dµ(ω))1/2

≤ (
∫

Ω
‖Θωf‖2dµ(ω))1/2 + (

∫

Ω
‖ΛωS−1

Λ f‖2dµ(ω))1/2

≤ (
√

BΘ +
1√
AΛ

)‖f‖.

Thus,S is bounded. On the other hand, for anyf, g ∈ H,

〈TΛSf, g〉 =
∫

Ω
〈Λ∗ω(Sf)(ω), g〉dµ(ω)

=
∫

Ω
〈Λ∗ωΘωf, g〉dµ(ω)−

∫

Ω
〈Λ∗ωΛωS−1

Λ f, g〉dµ(ω)

= 〈f, g〉 − 〈f, g〉 = 0.

So,TΛS = 0. 2

Theorem3.2— Let Λ = {Λω ∈ B(H,Kω) : ω ∈ Ω} andΘ = {Θω ∈ B(H,Kω) : ω ∈ Ω} be

two continuous g-frames. Also, letΛ̂ = {Λ̂ω ∈ B(H,Kω) : ω ∈ Ω} be a fixed dual forΛ. If Λ − Θ

is a continuous g-Bessel family with sufficiently small boundε > 0, then there exists a dual̂Θ for Θ

such that̂Λ− Θ̂ is also continuous g-Bessel.

PROOF : By Lemma 3.1, there existS ∈ B(H, K̂) such thatTΛS = 0 and

Λ̂ωf = (Sf)(ω) + ΛωS−1
Λ f, f ∈ H, ω ∈ Ω.

Let M = {Mω ∈ B(H,Kω) : ω ∈ Ω} such that

Mωf = (Sf)(ω) + ΘωS−1
Θ f, f ∈ H.



72 MOHAMMAD REZA ABDOLLAHPOUR AND YAVAR KHEDMATI

It is easy to see thatM is a continuousg-Bessel family with bound( 1√
AΘ

+ ‖S‖)2. Forf, g ∈ H we

have

〈f − TΘT ∗Mf, g〉 = 〈f, g〉 −
∫

Ω
〈Θ∗

ω(T ∗Mf)(ω), g〉dµ(ω)

= 〈f, g〉 −
∫

Ω
〈Θ∗

ωMωf, g〉dµ(ω)

= 〈f, g〉 −
∫

Ω
〈Θ∗

ω(Sf)(ω), g〉dµ(ω)−
∫

Ω
〈Θ∗

ωΘωS−1
Θ f, g〉dµ(ω)

= 〈f, g〉 − 〈TΘSf, g〉 − 〈f, g〉
= −〈TΘSf, g〉.

Thus,f − TΘT ∗Mf = −TΘSf, for all f ∈ H. Hence

‖f − TΘT ∗Mf‖ = ‖TΘSf‖ = ‖TΘSf − TΛSf‖
≤ ‖TΘ − TΛ‖‖S‖‖f‖
≤ √

ε‖S‖‖f‖,

Therefore, for allf ∈ H, ‖IH − TΘT ∗M‖ ≤
√

ε‖S‖ and thus,TΘT ∗M is invertible becauseε is

sufficiently small. Hence,̂Θ = {Θ̂ω ∈ B(H,Kω) : ω ∈ Ω}, Θ̂ω = Mω(TΘT ∗M )−1 is a dual forΘ.

Because
∫

Ω
〈Θ̂ωf, Θωg〉dµ(ω) =

∫

Ω

〈
(T ∗M (TΘT ∗M )−1f)(ω), Θωg

〉
dµ(ω)

=
∫

Ω
〈TΘT ∗M (TΘT ∗M )−1f, g〉dµ(ω)

= 〈f, g〉.

And we have
‖SΛ − SΘ‖ = ‖TΛT ∗Λ − TΛT ∗Θ + TΛT ∗Θ − TΘT ∗Θ‖

≤ ‖TΛ − TΘ‖(‖TΛ‖+ ‖TΘ‖)
≤ √

ε(
√

BΛ +
√

BΘ).

(3.1)

And by Λ̃(f) = (Sf)(ω) + ΛωS−1
Λ f andMω(f) = (Sf)(ω) + ΘωS−1

Θ f , we have

〈TΛ̂φ− TMφ, f〉 =
∫

Ω
〈φ(ω), Λ̂ωf〉dµ(ω)−

∫

Ω
〈φ(ω),Mωf〉dµ(ω)

=
∫

Ω
〈φ(ω), ΛωS−1

Λ f −ΘωS−1
Θ f〉dµ(ω)

= 〈TΛφ, S−1
Λ f〉 − 〈TΘφ, S−1

Θ f〉
= 〈TΛφ, (S−1

Λ − S−1
Θ )f〉+ 〈(TΛ − TΘ)φ, S−1

Θ f〉,
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Hence, by inequality (3.1) we have

‖TΛ̂φ− TMφ‖
≤ ‖TΛφ‖‖S−1

Λ − S−1
Θ ‖+ ‖TΛ − TΘ‖‖φ‖‖S−1

Θ ‖

≤ ‖TΛ‖‖φ‖‖S−1
Λ ‖‖SΘ − SΛ‖‖S−1

Θ ‖+
1

AΘ

√
ε‖φ‖

≤ 1
AΛ

1
AΘ

√
ε
√

BΛ(
√

BΛ +
√

BΘ)‖φ‖+
1

AΘ

√
ε‖φ‖

=
√

ε(AΛ + BΛ +
√

BΛBΘ)
AΛAΘ

‖φ‖.

(3.2)

If we takeT = (TΘT ∗M )−1, then

‖T‖ ≤ 1
1− ‖IH − T−1‖ ≤

1
1−√εS

,

and so

‖IH − T‖ ≤ ‖T‖‖IH − T−1‖ ≤
√

ε‖S‖
1−√ε‖S‖ . (3.3)

Consequently, by inequalities (3.2) and (3.3)

‖TΛ̂φ− TΘ̂φ‖ = sup‖f‖=1|〈TΛ̂φ− TΘ̂φ, f〉|

= sup‖f‖=1|〈(IH − T ∗)TΛ̂φ + T ∗(TΛ̂ − TM )φ, f〉|

≤ ‖IH − T ∗‖‖TΛ̂‖‖φ‖+ ‖T ∗‖‖(TΛ̂ − TM )φ‖

≤
√

ε‖φ‖
1−√ε‖S‖(‖S‖

√
BΛ̂ +

AΛ + BΛ +
√

BΛBΘ)
AΛAΘ

).2
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