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Using Morse theory, truncation arguments and an abstract critical point theorem, we obtain the
existence of at least three or infinitely many nontrivial solutions for the following quasilinear
Schibdinger equation in a bounded smooth domain

(0.1)

—Apu — 52rul, (v?) = f(z,u) inQ,
u=20 onoqQ.

Our main results can be viewed as a partial extension of the results of Zhahgin [28] and
Zhou and Wu in [29] concerning the the existence of solutions to (0.1) in the case @fand a
recent result of Liu and Zhao in [21] two solutions are obtained for problem 0.1.

Key words : Quasilinear Sclirdinger equation; soliton solution; Morse theory; symmetry moun-
tain pass theorem; truncation arguments.
1. INTRODUCTION AND MAIN RESULTS
Consider the following quasilinear Scittinger equation

—Apu — Erul, (v?) = f(z,u) inQ,
u=0 on ox,

(1.1)

where(2 is a domain iR (N > 3), Ayu = div (|Vu[P~?Vu) is thep-Laplacian withl < p < oc.
Quasilinear equations of form (1.1), referred as so-called Modified Nonlinead@obger Equation
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due to the quasilinear and non-convex terth,u?, and have been derived as model of several phys-
ical phenomena (see [2, 10, 14] for example).

Problems of type (1.1) were studied primarily in the contexp g 2. In this connection, we
refer the readers to [5, 6, 7, 18, 19, 20, 25, 28, 29]. One may note that one of the main difficulties
of the quasilinear problem (1.1) is that there is no suitable space on which the energy functional is
well defined and belongs 16! class. To overcome this difficulty, several ideas and techniques were
developed, including the constrained minimization argument [6, 18, 25], the Nehari manifold [20,
26], the method of a change of variables [5, 19] and the perturbation method [17].

Recently, there appeared some works dealing with (1.1) wher2. For example, Liu [15] and
Liu and Zhao [21] consider problem (1.1) in a bounded smooth domain, to our best knowledge, this
is the only results established for the_aplacian case in a bounded domain.

Motivated by above results, we devote this paper to establishing multiplicity results for problem
(1.1) for thep-Laplacian case in a bounded smooth donfaic RY (N > 3). A major difficulty
associated with (1.1) is the following: one may seek to obtain solutions by looking for critical points
of the associated “natural” functional(u) : Wol’p(Q) — R given by

I(u) == ]1?/9(1 + plul?) |VulPdz — /QF(:c,u)da:,

whereF(z,t) = [i f(z,s)ds. However, this functional is not well-defined for alle W, (),
hence it is difficult to apply variational methods directly. To overcome this difficulty, we use the
method of changing variables developed in [5, 19] for the gase2, [15, 21] forp-Laplacian case
(i.,e. 1 < p < 0), and make a new different definition of weak solutions. That is

whereg is defined by

1
) = Ve [0, +oo), 1.2
V= gy TS o) (-2

g(t) = —g(—t), Vt € (—o0,0].

We now make use of a change of unknows: ¢! (u), and define an associated equation

(1.3)

—Apv = f(z,9(v))g'(v) in,
v=>0 on o<}
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As shown in [21] and [15] that problem (1.3) is equivalent to our problem (1.1), which takes
u = g(v) as its weak solutions. More precisely, we says a weak solution for (1.1), it =
g Y(u) € Wol’p((z) is a critical point of the following functional corresponding to problem (1.3)

1
J(v) = / |VolP de — / F(x,g(v))dz.
P Jo Q
It is well known (see [22]) that the-homogeneous boundary-value problem

—Apu = AMulP72u  inQ,

u=20 onof

has a first eigenvaluk, > 0, which is simple, and has an associated eigenfunctioa C*® which

is positive in€2. It is also known thad; is an isolated point of (—A,)), the spectrum of-A,,, which
contains at least an increasing eigenvalue sequence obtained by the Ljusternik-Schnirelman theory.
Now, we list the following assumptions before stating our main results.

(F1) f: Q xR — Ris acaratkodory functionf(x,t) ¢ > 0 and
|f(z,0)| <C <1 + Mz@&)) ae.x €, teR,

whereC' > Oisaconstant] < p < ¢ < p* := 3L
(F») There existt > 0 andr € (1, p) such that
fa,t) —alt|%t
=0.
i |2

pKJPF(x,t)
[¢[2P

(F3) lim sup < A1, WwhereKj = \/Ep‘ﬁ_

[t|—o0

2p
(Fy) | llim PR F@t) _ y whereK, = \/ip*i.
t|—oo

[t°P

(F5) lim (f(x,t)t —2pF(x,t)) = +o0.

[t|—o0

Motivated by [15, 16, 21, 29], our main results read as follows.

Theorem1.1— Suppose thatF;), (F») and (F3) are satisfied. Then (1.1) has at least three
nontrivial solutions.

Theorem1.2 — Suppose thatFy), (Fz), (Fi) and (F5) are satisfied. Then (1.1) has at least
three nontrivial solutions.
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Recently, Zhou and Wu [29] obtain infinitely many small solutions of problem (1.1) for the case
p = 2 by a cutoff technique used in [12, 29] and a variant version of symmetry mountain pass
theorem due to Kajikiya [12]. Inspired by their results, we will show that their results also hold for
thep—Laplacian case. To obtain infinitely many solutions, we need the following assumptions.

Assume thaff : Qx — R is a Caratkodory function such that(z, 0) = 0 for almost allz € 2
and

(S1) f is bounded on bounded sets.

(S2) There exists a constatit> 0 such thatf (z, —t) = — f(z, ) for [¢t| < ¢ and allx € Q.

(S3) }in% ‘{ff_’?t = oo uniformly for z € Q.

(S4) There exist constanis> 0 anda € (0, p) such thatf (z, t)t < aF(x,t) for |t| < r and all
x € Q.

Theorem1.3— Suppose thatS;), (S2), (S3) and (S4) are satisfied. Then (1.1) admits a weak
solution sequencéu,, } such thatu,, # 0, u,, € Wol’p(Q) NL>®(Q), J(u,) <0, J(u,) — 07, and
u, — 01in W&’p(Q).

Theorem1.4— Suppose thatS;), (S2) and (Ss) are satisfied. Then eithdii) or (ii) below
holds.

() The conclusion of Theorem (1.3) holds.

(if) Problem (1.1) has a weak solution sequefeg } such thatu,, # 0,
Uy € Wol’p(Q) NL>(Q), J(un) =0, and u, — 01in Wol’p(Q).

Remarkl.5 : In a recent paper, Liu and Zhao [21] obtain two solutions for (1.1) via Morse theory
if (F1), (F»)" and(F3) (respectively(Fy), (F)', (Fy) and(F}) ) are satisfied, wher@'2)’ is defined
as follows:

(F2) There existr > 0, A1, A2 € (A1, A2) such that\; < A, and|t| < r implies

Mt < pF(w,t) < Dot

It enriches and develops the results of Liu and Zhao [21].

Remarkl.6 : Theorem 1.3 is a generalization of the results in [28, 29]. Firstly, we pass from
the Laplacian case (i.ep = 2) to thep-Laplacian case (i.el < p < +o0). Secondly, compare
Theorem 1.3 with the results of Zhou and Wu [29], we know that the assumgtidns- (53) are
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enough to obtain infinitely solutions, the subcritical growth condition imposed on[28] can be
removed. In a recent paper [15], Liu uses Fountain theorem to obtain infinitely many solutions for
(1.1) with f satisfying symmetry, subcritical growth aifid R) conditions, which are different from

our assumptions made in this paper, see [15] for details.

Remarkl.7 : Compare Theorem 1.3 with Theorem 1.4, we find that the energy of weak solutions
obtained in Theorem 1.3 is negative, but we do not know whether the same fact is true in Theorem
1.4. Thus, the conditio(iS3) ensures the existence of negative energy small solution of (1.1).

This article is organized as follows. In Section 2, we give the proofs of Theorem 1.1 and Theorem
1.1; In section 3, we sketch out the proofs of Theorem 1.3 and Theorem 1.4 since its proof are similar
to that of [29, Theorem 1.1 and Theorem 1.2].

Throughout this paper, we make use of the following notatidf(£2),1 < p < oo, denotes
»; the norm inWW,”(Q) is denoted by| - ||;
C, Cy, Cq,C4, ... denote (possibly different) positive constants.

Lebesgue space; the norm i# (1) is denoted by -

2. PROOFS OFTHEOREM 1.1 AND THEOREM 1.2

Before we proceed, let us recall some basic definitions and facts from Morse theory (critical groups)
which we will need in the sequel. Letbe aC' —functional defined on a Banach spa¥ethen the
critical groups of/ at an isolated critical point with J(u) = cis defined by

Cy(J,u) == Hy(J, J\{u};G), qeNg:={0,1,2...},
where H, is the singular relative homology with coefficients in an Abelian gra@pand
J¢ = J1(—00, ], see [3, 8, 23] for details.

Let us summarize some properties of the funcygatefined by (1.2). For its proof, we refer to
[15, 21].

Lemma2.1 — The functiory defined by (1.2) satisfies the following conditions:
(1) 9(0) = 0;

(2) g is uniquely definedC'>° and invertible;

B0<d(t)<1lforallteR;

@) 1g(t) < tg'(t) < g(t)forallt > 0;

(B)g(t)/t /1,ast — 0+;
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6) |9(1)| < |¢| for all £ € R;
() g(t)/Vt / Ko := V2p~ /) ast — +oo;
(8) |g(t)] < Kolt|'/?forallt € R;

9 g*(t) —gt)g ()t > 0forallt € R

(10) There exists a positive constaitsuch thatg(t)| > C|t| for |t| < 1 and|g(t)| > C|t|'/?
for |t| > 1,

(1) |g(t)g'(t)| < K& forall t € R;

(12) ¢"(t) < 0 whent > 0 andg”(t) > 0 whent < 0.

Lemma2.2 [27] — Supposé € L(2) for someg > N. Then the Dirichlet problem
—Apu = h(z) ing,
u=0 onof?

has a unique solution € C}(Q2). Moreover, ifh > 0 is nontrivial, then

du

in Q
u>0In -

> 0 onos,

wherev is the interior unit normal onf2.

Now let

fz,t), ift>0,

t
Fy(x,t :/ fo(x,s)ds.
0, if + <0, @t = | Frl@s)

fi(z,t) == {

Then the critical points of th€'!-functional J, : W, ”(€2) — R given by

1
Ji(v) = p/Q|VU\pdw — /QFJF(:r,g(v))dx, ve WyP(Q),

are solution of the truncation problem

(P4)

—Apv = fi(w,9(v))g'(v) InQ,
v=20 on oN.

Inspired by [11] and [16], we can prove the following lemma, which shows the odiggmot a
local minimizer of.J.
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Lemma2.3 — If f satisfies f1) and (F»), then we have
Cy(J,0) =0, Vg € Np.

PrROOF: From (F5), it is easy to see that

fat) _ 2.1)

t—o [t|72t

It follows from condition ;) and (2.1) that
F(z,9(t)) > Colg(t)|” = Cilg(t)[*?, V(z,t) € Q x R.

Hence forv € W, 7(€2) \ {0} ands > 0, we have

sp

/\Vvlpdm—/F(fc,g(v))dx

b Ja Q
Sp

<Z|lol” - Co / lg(s0)/"dz + Cy / lg(sv)[2dz
b Q Q

Sp
<Zolp - CO/Q lg(sv)|da + CLEZIs1o]1.

J(sv)

The last inequality follows from the fact thaf(t)| < Ky|t|'/? for all t € R (see Lemma 2.1).
Since in one dimensional space sgar, all norms are equivalent, note thak p < g and|g(t)| >
C|t| for |t| < 1, for the givenw € W&’p(Q) \ {0}, there exists a smadl) = sg(v) € (0,1) such that

sP T, T 2q
J(sv) SEHUHP — Cos™ |7 + C1 Ky "'s?v|]

<0 for s € (0, sp). (2.2)

On the other hand, fromfg), we have

lim TF(x,t) — f(z,t)t

—0.
|t]—0 [t[P

Note that

|F (z, 9(v)) — %f (,9(v)) g(v)] <C (1 + |g(v)[*)

<C (1 + K§Q|U|q) .
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Sinceg(t) behaves like near0 (see Lemma 2.1), so we have
1
| [Feste) = Lt atengto)] as = ool sslol o,

Thus by a direct computation we obtain

1d J(sv) =J(v) + <1 - 1) / |VoPde
T ds s—1 T p Q
1

+ [ (Pego) - Lot o)) da

1)+ (-1 [[1¥ePdz -+ ool

where we have used the fact tﬂé@ — 1 ast — 07. Hence, there exisfs > 0, such that

d

| Jv) >0, Wwe J71([0, +00)) N B, \ {0}, (2.3)

s=1

whereB, := {v € Wy P(Q) : [|[v] < p}.

Next, we follow the arguments in the proof of [11, Proposition 2.1]. It follows by the monotonicity
arguments from (2.3) that

J(sv) < 0fors e (0,1), ve J ! (~o00,0)N B,. (2.4)

From (2.2)-(2.4), fov € B,, if J(v) > 0, then there exists a uniq@gv) € (0, 1) such that

J(sv) <0, Vs € (0,T(v)) andJ(sv) > 0, Vs € (T'(v), 1). (2.5)

If J(v) <0, we setl'(v) = 1. It follows from (2.3),(2.4) and the implicit function theorem that
the mappindl” : B, — [0, 1] is continuous irv. Define a mapping : [0, 1] x B, — B, by

n(s,v) = (1 —s)v+ sT(v)v, s €[0,1], v € B,.

Itis easy to see thatis a continuous function frorB,, B, \ {0}) to (B,N J°, B, N J°\ {0}).
By the homotopy invariance of homology group, we have

Cy(J,0) = Hy (B,nJ°, B,n J°\ {0}) = H, (B,, B, \ {0}) 20, Vq € Ny,

sinceB,, \ {0} is contractible. The proof is completed. O



SOLUTIONS FOR A QUASILINEAR SCHR®DINGER EQUATION 83

Lemma2.4 — Assume 1) and (F5), thenO is not a local minimizer of/, .

PrRoOOF: Similar as the previous proof, fronk¥), it is easy to see that

f+(l’,t)

11m =
o [t]7—2t

Thus, from ¢1), we obtain
Fy (2,9(t) > Colg(t)” — Cilg(t)*7, ¥(z,t) € Q@ x R,

Hence forv € W, ?(€2) \ {0} ands > 0, we have

p
Te(s0) == [ [Vopde — [ Py (zig(0)do

p Jo Q
Sp

<ol = Co [ lgtso)lda +C1 [ Jg(so)rds
p Q Q
sP T 2q

<—|v||P = Cy [ |g(sv)|"dx + C1 K sq]v\g,
p Q

where we have used the fdg(t)| < Ko|t|*/? for all t € R (see Lemma 2.1). Since in one dimen-

sional space spafv}, all norms are equivalent, note thak p < g and|g(t)| > C|¢t| for [¢| < 1, for
the givenv € Wol’p(Q) \ {0}, there exists a smadl) = so(v) € (0, 1) such that

Sp
Ti(s) <ol = CosTol + Co 8ol

<0 for s € (0, sp).

Hence0 is not a local minimizer of/ .. O
The next lemma can be found in [21].

Lemma2.5 — Assume k), if f satisfies £3) (or substitute £4) and 5) for (F3)), then

(i) J4 is coercive orI/Vol’p(Q), thatisJ; (v) — 400 as||v|| — oo;

(i) J; satisfies thg¢ P.S) condition.

From(F'1) and Lemma 2.1, it is easy to see that
(@, g@)] < € (1+19(0)20D) < CL+ ™),

wherel < p < ¢ < p*. Hence, a direct consequence of [7, Theorem 1.2] (see also [9, Proposition
2.6]), we have
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Lemma2.6 — If v € W,*(Q) is a local minimizer of/, in C}(2), thenv is a local minimizer
of J, in Wy*(Q).

We are now ready to prove Theorem 1.1 and Theorem 1.2.

PROOFTHEOREM 1.1 By Lemma 2.5 and Weierstrass theorem, there exists Wol’p(Q) such
that

J+(’U+) = 1nf J+(U). (26)
vEW,P(Q)

Using Lemma 2.4, we have. # 0. Hencev_. is a nonzero solution fP+). By multiplying the
negative part ob. to the equatioriP+) and then integrating by parts, it is easy to see that 0.
Then by the regularity results fgrLaplacian equation [13, 24, 27], we get

vy € CH(9Q).
Fromv, € C3(Q), condition(F1) and Lemma 2.1, we have
fr(@,9(v4)) 20, = Apvy = fi(z,9(ve))g (v4) € L=(2).
It follows from Theorem 2.2 that

vy >0, inQ, 88”* >0, ondQ, 2.7)
1%

wherev is the interior normal o®$2. Hencev. is a positive solution of P). From (2.6),v;. is also
a local minimizer of/,. in C}(9), we can find some > 0 such that

J+(’U+) < J+(U), forv e C&(ﬁ) with ”’U — U_A,_Hcl <r. (28)
By (2.7) we may choose; < r such that fow € C}(Q) with |[v — vy || o1 < 71, thenv(z) > 0

for all z € Q. However, ifv > 0, thenF(x, g(v)) = Fy(x,g(v)). HenceJ(v) = Ji(v). Thus for
v € CH(Q) with |lv — vy ||cr < 71, we have

J(vy) = Jy(vy) < Ji(v) = J(v).

That is to sayp; is a local minimizer ofJ restrict toC2(€2), in the C!—topology. Applying
Lemma 2.6, we know that, is a local minimizer ofJ in Wol’p(Q) topology. We may assume that
v4 IS an isolated critical point of, thus

Cy(J,vy) =Gforg=0, Cy(J,vy)=0forqg#0. (2.9)
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Similarly, by considering the functional

J_(u):;/Q|vv|pdx—/ﬂp_(x,g(v))dx, v e Wi (Q)

with

0 if t >0 ¢
_ = ’ -7 L = _ d
(1) {f(m o Fo(a,t) /Of (z, 5)ds,

we can obtain a negative solution of the problen{ P), which is a local minimizer of_ in W()l’p(Q)
with
Cy(J,v_)=Gforg=0, Cy(J,v-)=0forq#0. (2.10)

Now we recall the Morse inequality (see [3, 8, 23]).

Proposition2.7 — Let X be a Banach space. Suppose thhat C'(X,R) satisfies the (PS)
condition, has only isolated critical points, and the critical valued afe bounded from below by
someb € R. Then we have

o0

(—1)1M, =Y (1)1,
=0

q =0

=}

whereMg = 3 ()= FankCy(J, u), B = rank Hy (X, Jp).

Now we can obtain the third nonzero critical point.6f If 0, v, andv_ are the only critical
points of J, we fix some

b< inf  J(v),
ueWy P (Q)
thenJ, = () and

H,(WyP(Q),Jy) =Gforqg=0, Hy(W,7(Q),.J,) =0for g # 0. (2.11)
By (2.9) and (2.10), the Morse inequality yields
0+1x(=1)2+1x(=1)°=(-1)"

This is impossible. Thud has at least three nonzero critical points. So the proljlBirhas at
least three nontrivial solutions. O
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3. PROOFS OFTHEOREM 1.3AND THEOREM1.4

In this section, we will use a cut off technique used in [12] and [29] together with the following
abstract critical point theorem to prove Theorem 1.3 and Theorem 1.4. Our ideas are inspired by
Zhou and Wu [29], we want to show that their results are also true fop-theaplacian case (i.e.

1 < p < o0) under weaker assumptions @z, u). Note that in [29], the authors suppose théd in

C(Q x R, R) which is stronger than our assumpti@#il ) (Indeed, the conditiop € C(2 x R, R) in

there paper should be replacedpy C (2 x R, R), otherwise the estimates (3.2) in [29] can not be
obtained). To state the symmetric mountain pass theorem, we need the notion of genus [1, 8].

Let X be a Banach space antla subset ofX. A is said to be symmetric if. € A implies
—u € A. For a closed symmetric sdtwhich does not contain the origin, we define a gens) of
A by the smallest integér such that there exists an odd continuous mapping frota R¥\ {0}. If
there does not exist suchkawe definey(A) = oco. Moreover, we set(()) = 0. LetI'; denote the
family of closed symmetric subsetsof X such that) ¢ A andv(A) > k.

Lemma3.1[12, Theorem 1] — LeX be an infinite dimensional Banach space dnd C!(X,R)
an even functional witly (0) = 0. Suppose thaf satisfies

(1) J is bounded from below and satisfies {{7&S) condition.
(2) For eachk € N, there exists @y, € T’y such thatup,,c 4, J(u) <O0.
Then we conclude that

(@) (Clark [4]) ¢y, = Ainrf sup J(u) < 0is a crtical value of/ for everyk € N, andc;, — 0~ as
€lrueca
k — oo, and

(b) (Kajikiya [12]) either (i) or (ii) below holds.
(i) There exists a sequengey. } such that/’ (wy) = 0, J(wg) < 0 andlimg_, o, wy, = 0.

(i) There exist two sequence8u;} and {v;} such thatJ' (wg) = 0, J(wg) = 0, wy #
0, limg_oowr =0, J'(vg) =0, J(vg) <0, limg_ J(vg) = 0, and{v;} converges to a non-zero
limit.

Let I be a small constant satisfyiry < { < Jmin{d,r}, wheres andr are the constants
appearing in(S2) and (S4), respectively. Leth € C*(R,[0,1]) be an even function satisfying
h(t) =1, for|t| <, h(t) = 0for |t| > 2] andh is decreasing ifi, 2[]. Consider the cutoff equation
of (1.1)
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(3.1)

—Apv = f(z,9(v))g' (v)h(g(v)) in€,
v=20 on of).

If v is a weak solution of (3.1) satisfying|., < [, we conclude thalg(v)|.c < I (note that
lg(t)| < |t]) andh(g(v)) = 1. Hencev solves actually problem (1.3) ang= g(v) is a weak solution
of (1.1). We setfy,(z,v) = f(z,v)h(v) andFj,(z,v) = [; fu(z,t)dz. Consider theC'!-functional
for (3.1) defined by

Jn(v) :;/Q\Vv]pdx/QFh(x,g(v))dx, v e WyP(Q).

Lemma3.2 — J, is bounded from below and satisfies {{f&S) condition.

PROOF: By virtue of the hypothesi&S1) and the definition off,, we can find a constaxt; > 0
such that

‘fh(xv ’U)| S Cl

forall (z,v) € Q x R. It follows from Lemma 2.1 and Sobolev embedding theorem that
1 1 1
)z [ [vepde =€ [ lg@lde = Jol? = €1 [ folde 2 3ol - Gl @2)
pPJo Q p Q p
for anyv e Wol”’(Q), which implies that/}, is bounded from below. We shall prove thhtsatisfies
(PS) condition. Let{v, } C Wol’p((l) be a(PS) sequence of, i.e.,
|Jh(v)| < Cq, and Jj(v,) — 0in Wy P (Q)* ask — oo (3.3)
for someC, > 0 andW,*(Q)* is the dual space ¥, (2). Then{v, } is bounded iV, *(£2) by
(3.2) and (3.3). Thus, up to a subsequence, we bave v in Wol’p(Q), v, — vin LY(). Using
Lemma 2.1 and the standard inequalityRiff given by
Cp(ICP=2C = [nP~2n) (¢ =), p>2,
Cp(ICIP2¢ = InlP~2n) (¢ — m)(I¢| + In)*7P, 1<p<2,
whereC,, is a positive constant. We have
o(1) =(J4(vn) = J(v), vn — v)

:/ (!an]p_2an - |Vv|p_2VU) (Vu, — Vu)dx
Q

IC—nP <

= [ TG gon))g @) — fola,9(0))g' )] (00 — )
Q
Z/Q (Vv [P~2 Vo, — [VoP~2V) (Vo, — Vo) dz — 20; /Q vy, — v|dz

>Cpllvn = [ + o(1),
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which implies that,, — v in W,*(Q). The proof is completed. m

Lemma3.3 — For anyk € N, there exists a closed symmetric subdgtC WOLP(Q) such that
the genusy(Ax) > k andsup,,c 4, Ju(v) < 0.

PROOF: Since the proof is essentially the same as [29, Lemma 3.2], we omit it. O
Using similar techniques as [28, Lemma 3.3], we can prove the following Lemma.

Lemma3.4 — Assume thaf{v, } is a sequence of critical points of, satisfyingv,, — 0 in
W, P(2). Thenv,, — 0in L=(Q) asn — oc.

PROOF OF THEOREM 1.3: Obviously, the functional/,, is even and/,(0) = 0. Moreover,
Lemma 3.1, Lemma 3.2 and Lemma 3.3 imply tlighas a critical sequende,, } such that/; (v,) <
0 and.J,(v,) — 0~. By the assumptioiS4) and Lemma 2.1, we have

o(1) :éu,;(vn),m — Jn(vn)
= (i - ;) /Q |V, [Pdz + /Q [Fh(x, g(vn)) — éfh(xagh(vn))gl(vn)vn dz
> (; - ;) /Q VouPda.

Hencev,, — 0in Wol’p(Q). By Lemma 3.4, we can assume that, without loss of generality,
lonlleo < lforalln € N. Thus,J(v,) = Jp(v,) @andJ'(vy,) = 0 foralln € N. Letu, = f(vy).
Then{u, } is a weak solution sequence of (1.1) aid,,) = J(v,). Hencel (u,) < 0, I(uy) — 0~
andu,, # 0. Moreover,

/(1 —i—puﬁ)\Vun\pda::/ |V, [Pdx
Q Q

impliesu,, — 0 in W,?(£2).The proof is completed. O

PROOF OFTHEOREM1.4By Lemma 3.1, Lemma 3.2 and Lemma 3/3,has a critical sequence
{v,} such that, (v,) < 0and lim v, = 0, then

1
/ |V’Un|pdxS/Fh(x,g(vn))dx—>0,
P Ja Q

that is to say,, — 0in Wol’p(Q). Then the conclusion of Theorem 1.4 follows by an argument as in
the proof of Theorem 1.3. O
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