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In [6] and [7], we prove well-posedness of solution to the nonlinear@tihger equation asso-
ciated to the twisted Laplacian d@* for a general class of nonlinearities including power type
with subcritical cas® < a < % In this paper, we consider the critical case= % with

n > 2. Our approach is based on truncation of the given nonline&tityhich is used in [3]. We
obtain solution for the truncated problem. We obtain solution to the original problem by passing
to the limit.
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1. INTRODUCTION

We consider the initial value problem for the nonlinear $dimger equation for the twisted Laplacian
L:

i0wu(z,t) — Lu(z,t) = G(z,u), zeCh teR (1.1
u(zto) = £(2). (1.2)

Here we consider the nonlinearity of the form
G(z,w) = ¢Y(x,y, |lw|) w, (z,y,w) € R" x R" x C, (1.3)

wherez = z +iy € C",w € Candy € C(R™ x R” x [0,00)) N CH(R™ x R™ x (0, c0)) satisfy the
following inequality

|F(z,y,m)| < Cln|* (1.4)
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With F = 1, 0,1, 8,9 (1 < j < n) andndyp(z,y,n), o = 25 with n > 2 and for some constant
C.

In [7], we consider subcritical cage< a < % for initial value in WE’Q(C”). Sobolev space
WE”’((C”) is introduced in [7]. In this paper, we consider the critical case % In subcritical

casel < a < % for eacha, we have somg > 2 such that(q,2 + «) be an admissible pair

(see Definition 3.1 in [7]), which is not the case when= % We overcome this difficulty by

considering admissible p&(fy, p) and by using embedding theorem (Lemma 2.1), where

o2n? 2n

n2—n+1’ PY:n—l'

p:

To treat the critical case, we adopt truncation argument of Cazenave and Weissler [3]. To prove local
existence, we truncate the nonlinearityand obtain solution for the truncated problem. Now we
obtain solutionu for nonlinearityG by using Strichartz estimates and by passing to the limit.

The twisted Laplacian operatdrwas introduced by Strichartz [8], and called the special Hermite
operator. The twisted Laplaciahon C™ is given by

Il =5 =
L = 5Z(ZJ-ZJ»JFZ]-ZJ-)
j=1

whereZ; = 52+ 3%j, Zj = —5% + 2, j = 1,2,...n. Here;2- and ;Z- denote the complex

derivativesai F i% respectively. Nonlinear Sctdinger equation for the twisted Laplacian has
*j J

also been studied in [6, 7, 12]. Spectral theory of twisted Lapla€igwell known and for this we

refer to [9, 10] and for Sclidinger equation we refer to monographs by Cazenave [2] and Tao [11].

Now we state the main theorem of this paper.

Theoreml.1— Let f € W,;*(C") andG be as in (1.3) and (1.4) with = -2 andn > 2. Ini-
tial value problem (1.1), (1.2) has maximal solutiore C'((T%, ), WA*)NLE ((T*, T*), Wi (cn))
for every admissible paifq:, p1), wherety € (T,, T*). Moreover the following properties hold:

(i) (Uniqueness) : Solution is unique @((T%, T*), W ~*(C™) N LY ((Ts, T*), W "),

(i) (Blowup alternative) : IfT* < oo then||u||Lq(( = oo for every admissible pair

to,T*),Wé’p)

(q,p) with2 < p and% =n (% — I%) Similar conclusion holds i, > —oo.

(iii) (Stability) : If f; — fin W2?(C™) trEanHu = jll oyt om)
admissible paifq, p) and every interval with I C (7%, T™), whereu, «; are solutions corresponding

— 0 asj — oo for every

to f, f; respectively.
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Form > 1, considelG,,,(z, u) = ¥m(z, |u|)u : C* x C — C, where

bon(2,0) U(z,0) ifo<o<m 15)
m\%,0) = 2.0 zZm zm '
m2 (w(é ) _w(gz2 >+w(m,2 ))

if c > m.
ag

Form = 0, we defineGy(z,u) = G(z,u) andyy(z, |u|) = ¥(z, |u|). Note thaty,, is differen-
tiable atc = m with respect tar and also note tha,,, will satisfy (1.3) and (1.4) withx = —%; as
well asa = 0. Form > 1, G, (z, ) : C — C is globally Lipschitz from mean value theorem and

|G (z,u) — G (2,0)] < Cp|u —v| for m > 1 (1.6)

where constant’,,, depends omn € N but independent of € C" andu,v € C. Moreover by mean
value theorem we also see that

|G (z,u) — G (2,0)| < C(|u] + ”UD%”M —wv| for m >0 1.7)
where constant’ is independent ofn € Z>, z € C" andu,v € C.

SinceF; satisfies estimate (1.4) with= —2-, we conclude that

2

|Fin(z,0)] < Con-t, (1.8)

whereF,, = ¥m, Ox,¥m, Oy;¥m, 005 9m(z,y,0) with 1 < j < n and constant’ is independent of

m.
From Lemma 6.1 in [7] and in order to find solution for given IVP (1.1), (1.2) witreplaced by

G, and initial valuef € WEQ((C”), it is sufficient to find the solution of the following equation

t
u(z,t) = e 0L f(5) — z/ e 9LG, (2, u(z, s))ds.

to
This reduces the existence theorem for the solution to the nonlineabddeher equation to a fixed
point theorem for the operator with > 0

Hon(u) (2, 1) = e 0L £ () — i/t e LG (2, u(z, 8))ds. (1.9)

to

2. SOME AUXILLIARY ESTIMATES

Lemma2.1 [Sobolev Embedding Theorem] — We have the continuous inclusion

WAPL(C) < LP2(C7)  forpy < ps < 2317?11:1 if p1 < 2n
forps < ps < @ if p1 =2n

forps <py < if p1 > 2n.
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PROOF: Let f € WP (C") ande > 0. Considen, = e~ f. Thenu, € W' (C")NC>®(C")
and we have
0 o 0 0 iy
|| = 7—(Teue) = 2 e U | =2 e\ — 45 JUe |-
8mj|u| a%j(uu) Re <u 8xju> Re <u(6mj 5 )u>

Hence on the set = {z € C"|u.(z) # 0}, we have

0 Ue O yj 1 _
= _ e %9 < Z . ) )
ot = e (e~ )| < 0250 + 2y

2|ul

e

Similarly ‘aiyj\ue\

< %(]Zjuel + ‘ZJUED on A. Note thatHueHLm(cn) = ”’U,€XA”LP2(Cn). By

usual Sobolev embedding off” and above observations, we have inequality.| ».cn)

< Cllluexalllwrer < C luell e . Sinceue = e~ Cf — fin Wﬁl’pl(C”) and also inLP2(C™)
L

ase — 0 (see [7]), we have{f| Ly (cn) < C|fll e where constanf’ is a generic constant
L

(cry’
independent of . Hence Lemma is proved. O

Lemma2.2 — Letu,v € L7 (I, WE”’(C")) for some intervall, then the following estimate
holds for eachn € Z>g

|G (z,u) — Gm(’z?q})HL’YI(LLPI(C")) < Cllu— UHLW(I,LP(C")) X
2 (2.2)

n—1
(HUHLW(I,WZ,p(Cn)) + IIU\ILW(I,wgP(cn)))

where constant’ is independent ofi, v, m, tog and /.

PROOF: Since; = 1 + 5t = 1 + ;27 - =1, by using Holder's inequality in the:-variable in
(1.7) and by embedding theorem (Lemma 2.1), we get
N

HGm('v u('? t)) - Gm('7 U('? t))HLp’(Cn)

Cltu = 0oty (Ol o+ 100, 25 )

IN

3R

IN

Cll(w =), Dllzoer) (Il Dlzeiem + 106 Dllgren) (22)

for eacht € I. Since% = % + % by taking L' norm int¢-variable in this inequality and then by
using Holder’s inequality we get the desired estimate (2.1). O

Lemma2.3 — Let! be a bounded interval ande L (I, W*(C")) N LY (I, W*(C™)), then
the following estimate holds

|G (2, u(z,t)) — G(z, u(zat))HL“//(I LP’(Cn))

n 7n+1

< C|I| 2n m n(n 1) HuH;;n([li/Vl 2 C"))H || E é C"))
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for all m > 1, where constanf’ is independent ofin, u and].

ProOOF: Note that

Gm(z,u(z,1)) = G(z,u(z, 1) = (uXju(z,)|>m (2, 0) (m (2, [u]) = (2, [u])).

Therefore|G,, (2, u(z,t)) — G(z,u(2,t))| < Clux|u(z)>m(z,1)] \u|%. By Taking L” -norm
in the z-variable, we have

1Gm(z,u) = Gz u)ll oy cry < Clluxjusm (s D)llLeem)llul, )Ilz%(cn)
J
< C ot n )|z : 2.3
< CluxpupsmCOlloen 66 Ol 0e @3)
Now we observe the following
JiumC O neny = [ T X 220002
I - — 2n_
S m n(n—1) ’u‘ n—1 dz
Cn
(n%2—n+1)p
S T
-
(n? (*”‘%)P
< m n(n 1) n{n
= HUH 12(Cn)
(n —n+1)
n(n—1
[eXufsm (- Dllzs <m0 ful 15 D
By taking L”-norm in thet-variable we have
(n —n+1)
X upomll ooy < HFm s O ||, (2.4)

Le=(1, W1 2cmy)’

By taking L' -norm in thet-variable in estimate (2.3) and usinglder’s inequality, we get

2

|G (2, u) — G(z,u)Hm/([,Lp/) < C‘|“X\u|>m”L7 ILP)H ||L7(I Whey:
By using inequality (2.4) in the above inequality, we get the desired estimate. O

Lemmaz2.4 — Letu € LY (I, Wé”’((C”)) for some intervall. Then for eachm € Z>,

Gm(z,u(z,t) € LY (I, WE’FI(C")) and the following estimates hold:

ntl

18Gm(z ues DDl10 ) < Ol 2y o (25)
nil

||Gm(z7u(z7t>)||Lry’ I,Wé’p/(C") S CHUHZ;E], Nll:xp(cn)) (26)
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whereS = Z;, Z; orld, 1 < j < n and the constar' is independent of, and .

PROOF: SINC&Ym, O ;Vm, Oy, Y, |u|0)y b Satisfy estimate (1.8), we have
2 _
1SGm(z,u)| < Clul»T(|u| + | Zjul + | Zjul)

whereS = Z;,Z; (1 < j < n) orId, see Lemma 3.4 in [7]. Now estimate (2.5) follows from
Holder’'s inequality and embedding theorem (Lemma 2.1) as we used in the proof of Lemma 2.2.
Estimate (2.6) is a consequence of estimate (2.5). O

Proposition2.5 — Lett, € R andl be a bounded interval such thigte 1.

@) If u,v € LY (I, W}:”’((C”)), thenH,,,u — H,v € L1 (I, LP(C™)) for every admissible pair
(g, p), for everym € Z>( and the following estimate holds:

[Hmu  — HmvllLa,oecny) (2.7)

2

< Cllu = vl 0 cm) <||U|!m(1wgp(cn)) + Hvlle(IWé,n(Cn))) L

(ii) If w e L™ (I, va?(c")) nL (1, ng(cn))  thenH,,u—Hu € L9 (I, LP(C")) for every
admissible paifq, p), for everym € Z>; and the following estimate holds

[Hmu  —Hul|par,zecny) (2.8)

n2—n+1

< C’I’ 2n m n(n 1)H H "(n( 1 12(Cn )H H (1[1/‘/1 oiem )

where constanf’ is independent ofi, v, m andt.

PROOF: Estimate (2.7) follows from Strichartz estimates (Theorem 3.3 in [7]) and Lemma 2.2,
whereas estimate (2.8) follows from Strichartz estimates and Lemma 2.3. O

Now we state the following Proposition, which is useful in proving stability.

Proposition2.6 — Let® be a continuous complex valued function @nsuch that|®(w)| <
C\w|% with n > 2. Let {u,,} be a bounded sequence ir¥ (I, Wﬁl’p(cn)) for some interval

I. 1f uy — win L7(I, LP(C")) thenu € L7 (1, ij(«:n)) and [@(um) — ®(w)]Su — 0 in
ik (I, L/"((C”)) for S =1d,2;,Z;;1<j <n.
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PrROOF : First we will proveu € LY (I, Wﬁl’p(cn)). By duality argument (also see Lemma
A.2.1in [4]), we have

HSUHLV(LLP(C”)) = sup ‘(5% ¢>z,t

¢€Cgo(cnXI)vll(bHLw’(Ipr’(Cn»Sl

<u7 S*¢>z7t

= sup
¢

= sup lim <um7S*¢>z,t

d) m—0o0

= sup lim <Sum,d>)z7t

¢ m—00

IN

Sgp lirlgljglof [Swm | L7 (1,00 (cn)) ||¢||L~/(1,Lp/(cn))

< liminf [[Suml| (7,0 (cm) (2.9)

for S = Z;,7Z;;1 < j < n. Therefore,

lll o yirremyy < Bmnf llmll 1 e eny) < 00

Sinceu,,, — win LY(1, L?(C™)), we can extract a subsequence still denoted;bguch that

1

lursr = wkll(rzocny) < o5

forall k > 1 andug(z,t) — u(z,t) a.e.(z,t). Hence by continuity of,

[@(u) — ®(u)]Su— 0 fora.e(z,t) € C" x I. (2.10)

We establish the norm convergence by appealing to a dominated convergence argunsemt in
t variables successively.

Consider the functio (z,t) = Yy, |uk+1(2,t) — ug(z,t)|. ClearlyH € LY(I,LP(C")).
Alsoforl > k, |(u; — ug)(z,t)] < |ug —w—1| + -+ + |ug+1 — ux| < H(z,t), henceuy, —u| < H.
This leads to the pointwise almost everywhere inequality

luk(z,t)| < |u(z,t)| + H(z,t) = v(z,t).

Hence

| [®(ug) — ®(w)] Sulz, )| < Cloa-T + [u|m1]? |Su(z, ). (2.11)
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Sinceu, v € LY(I, L*(C")), using Holder's inequality with), = 1 + 51 — 1 4 -2, . n=l and
Lemma 2.1, we get
/ T + 5] [Su(z, 6))7 dz (2.12)

< (GBI 2 gy + 1G22 )7 1S oy
< (e Bl en + e Dlizeien) ™ 150, 1 5oeny < o0

for a.e. ¢t € I. Thus in view of (2.11), (2.12) and using dominated convergence theorem in the

z-variable, we see that
1 [® (k) — @ ()] Sul, )] 1o (cny — 0 (2.13)

ask — oo, for a.e.t.

Again, in view of (2.11) and (2.12), we get

@ (ux) — ()] Sl )] eny
= C’(HU(.’t>||‘/7/é"’(¢”) * Hu("t)HWé’p(Cn))%HSU('at)HLP(C")~

Since% = % + % an application of the Blder’s inequality in the-variable shows that

I[®(ur) — @(w)] Sull 1 (.10 cny)

x
< C(HUHLW([,WZ’P(cn)) + HUHL’Y(LW}:")(Cn)))n ||Su||LW(I,LP(C”))-

Hence a further application of dominated convergence theorem with (2.13) shows that
(@ (ur) — () Sull g 0y — 0, @Sk — co.

Thus we have shown thé® (u,,, ) — ®(u)] Su — 0 in L' (I, LF'(C™)) for some subsequence
U, Whenevem,,, — win LY(I, LP(C")). But the above arguments are also valid if we had started
with any subsequence af,,. It follows that any subsequence (@ (u,,) — ®(u)] Su has a subse-
quence that converges toin L' (I, L* (C™)). From this we conclude that the original sequence
[®(uy,) — ®(u)] Su converges to zero ihY' (I, L” (C™)), hence the proposition. m

3. PROOF OFTHEOREM 1.1

ProOF (of Theorem 1.1): (Local existence): Sin€g,(z,-) : C — C is globally Lipschitz for each
m > 1, see (1.6), from [7] it follows that there exists a unique global solutipre C(R, VNVE’Q((C"))
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of the initial value problem

i0w(z,t)Lo(z,t) = Gn(z,v), zeC" teR (3.2)
o(ote) = f. (3.2)

FurthermoreH,,um = u,, andu, € L (R, WP (C™)) for every admissible paifg, p). We

deduce from Lemma 2.4 and Strichartz estimates (Theorem 3.3 in [7]) that

el o o.t0-+7). 727 )

o ni1 (3.3)
—2(T—1o - n—1
<le fHL(I((to,to+T),WévP(Cn)) + CHUmHLV((tOJOJrT),Wé,p(Cn))-

Let! > m, we see that

U —w = (Hm(um) — Hm(w)) + (Hp(w) — H(w)) + (H(w) — Hi(w)).
From Proposition 2.5, we deduce that
%
[ tm — ul||LQ((t0,to+T),LP(Cn)) <C (HumHLV((to,to-i-T),Wé"’) + ||ul”Lw((t07t0+T),Wé’P)>
n1loo_ L n2(;ﬁT)l
%\ N = wll (o o),y + T m” 50T L7000 ra | (34)

We choosel” < 7, so that we can take constaitto be independent df. Let C be larger than
the constantC that appear in (3.3), (3.4), (2.7), (2.8) and in Strichartz estimates for the particular
choice of the admissible paly, p) = (v, p). Fixedd small enough so that

C(46) 7T < % (3.5)
We claim that if0 < T' < 7 is such that
€= s (gt p0my) <8 (36
then
sup el v ((tostorry W ieemy < 20 3.7)
< o0 (3.8)

SUB [t (10110 W27 )

for every admissible paifg, p). Let6,,(t) = ||um||m( ) From (3.3), we see that

(to,to+t),W P (Cn

-

n+

O (t) < 6+ COpy(t)n—1.
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If 6,,,(t) = 24 for somet € (tg,to + T, then
25 < 6+ C(28)"T < 26
which is a contradiction. Since,, is a continuous function witld,,(¢y) = 0, we conclude that
O (t) < 20 forall t € (to,to + T, which proves (3.7). From (3.3), we see that

n+1
n—1

—i(t—to)L
S%pHUmHLQ((tO,t0+T),W£1’p(C")) < ||€ (t=t0) f||Lq((t0’t0+T)7Wé’P(Cn)) +C(25)

< C(g,p;n,9, f) < oo.

This proves (3.8). Puly, p) = (v, p) in (3.4), we see that

1 n-1 ___1
[ — “l”m((to,toJrT),LP(CH)) < 9 (Hum - Ul||m((to,to+T),Lp(Cn)) +CT 2nm n(n—l))

1

n—1 _
< 20T 2nm »»-1) — 0 as m — oo.

This shows that,,, is a cauchy sequence I ((to,to + 1), LP(C")) and from (3.4) it is also
cauchy inL? ((tg,to + 1), LP(C™)) for every admissible palfg, p). Letu be its limit, thenu,,, — u
in L2 ((to,to + T), LP(C™)) for every admissible paifg, p). By duality argument (see (2.9)) and
from estimates (3.7), (3.8), we have

HUHLV((to,to—l—T),VVé’P(C”)) < 2 (39)

”uHLq((to,to—l—T),Wé’p(C")) < 0. (310)
From Lemma 2.4G,,(z,u(z,t)) € LY ((to,to +T),W}:””(<C")) for eachm > 0. From

Strichartz estimates (Theorem 3.3 in [7]) and (18 € L%((to,to + 7)), VNVE’Z’(C”)) for every
admissible paifq, p).

From Lemma 2.2|G, (%, um) — Gm(z,u)Hm/(( Lo (C)) 0 and from Lemma 2.3,

to,to+T'
||Gm(zv U) - G(Zv u)||L"//((t0,t0+T),LP/(Cn)) — 0 asm — oo. Therefore

|Gz, um) — G(Zvu)HL’Y’((t07t0+T)7LP/) —0 as m — oo.
Sinceu,, = H,,u., for eachm > 1, from Strichartz estimates we deduce that

|um — Hulla(o to+1), o)y = [ HmUm — HullLa(o,t0+1),L7(C7Y)

IN

CHGm(Zv um) - G(Z, u)”LV'((to,to—i-T),LP') —0

asm — oo. Therefore fort € (to,to + T)

t
uw=Hu=e ttEf(2) — z/ e LG (2, u(z, 5))ds. (3.11)

to
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From Strichartz estimates and estimate (3.40),C ([to, to+T1], W ,*)NL4((to, to+T), WP (C™))
for every admissible pail, p). In view of Lemma A.1in [6] and Lemma 6.1 in [7},is also a solution
to the initial value problem (1.1), (1.2). Similarly solution exists on the intetyal 7", o] for some
T’ > 0. Now we continue this process with initial timg+ 7" andt, —7". By continuing this process,
we get maximal intervalZ,., T*) and solutionu € C((T%, T*), W;*) N LiL . ((T*, ), Wé’%@"))
for every admissible paifq, p).

Uniqueness: Uniqueness iC'((Z%, T*), W *(C")) N L], . ((T*, T*), WE”’(C”)) will follow from

estimate (2.7) withn = 0 in Proposition 2.5, see uniqueness in [6].

Blowup alternative : We prove blowup alternative by method of contradiction. Let us assume that
T* < oo andu € LI((ty, T*), W*) for some admissible paft, p) with 2 < p and; =n (% — %)
Since2 < p < % n > 2, sop < 2n. We choose admissible pdi, p;) as follows

L1, .2 <1 1> L_1. 21
Pi m n=1\p 2n)° ¢ @ n-1lqg
Let us choose andt such thatty < s < t < T*. Since|S;G(z,u(z,t))| < C|u]%(\u| +

|Zju| +|Zjul) for S; = 1d, Z;, Z; (1 < j < n) (see Lemma 3.4 in [7]), by Lemma 2.1 andlder’s
inequality we see that

GG uz ) T

Pl
LA ((s,t), W, 1)

< C”uHqu(( (3.12)

—1
sy b 1 Lo ey

Since(ty, T%) is a bounded interval, so we can choose constaimdependent of andt, where
to < s <t < T*. Nowwe see that

u(z,7) = e_i(T_S)Eu(-, s)(z) — 1/ e_i(T_Sl)EG(z, s1,u(z, $1))dsq.

Therefore we deduce from Strichartz estimates that

n—1

< Ol 8) s + Clull gy Wl e

HuHqu (s,t),W}:’pl
where constant’ is independent of andt. Sincep # 2, S0q < oo andu € L1 ((tO,T*), VNVE’Z’(C”)),
we chooses sufficiently close tdl™ such that

2

1
n—1
CHuHLq((S,T*),Wé’P(Cn)) < >

Therefore we get

HuHLtn (s,t),Wé’pl(Cn) §20||u(75)”ﬁ/22
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Since RHS is independent o (s,7*), so we have, € L% ((s,T*), Wﬁl’pl (C")). Therefore
u € LN ((to,T*),Wé’m) andG(z,u(z, 7)) € L% ((tojT*),VT/’é’pa) follows from (3.12). Now
from Strichartz estimates and (3.14)¢ L((to, T*), WP (C™)) N C([to, T*], W *(C™)) for every
admissible pai(g, p). Now by considering™ as a initial time and by local existence argument, we
get contradiction to maximality df*.

Stability : We prove stability in the following two steps.
Stepl : Let f, — fin W/*(C™). Then for eacl” > 0,
Hefi(tfto)[,(f _ fk)HLv(IT,W};P(C”)) <C|f - kaW}:’Q(Cn) —0ask— o0

wherelr = (to — T, to + T'). Therefore for gived > 0 in (3.5), choosd'(¢) sufficiently small such
that

it o
He (t tO)EfHL“/(IT,W}:‘p) < 5 (313)
and choosé sufficiently large so that
it d
le= 2 (F = fill o gy ooy < CIF = Fillizen) < 5-
Therefore choosky(T') so large such that
”eii(titwﬁfk|’LV(IT7W2"D(C")) <é (3.14)

for k > ko(T).

Let » andj are solutions corresponding to initial valugsand f; at timety respectively for
k > 1. In view of estimates (3.9) and (3.1@), ;. will satisfy following estimates

lll o 1wy S 20 (3.15)

ll o (o o+ Wiy < 09 (3.16)
u p <

k;ktz%)Huka(IT,Wé,p(cn)) < 26 (3.17)

sup HakHLq([T,WévP(Cn)) < o (3.18)

k>ko(T)

where(q, p) be any admissible pair. Now from Strichartz estimates and Lemma 2.2, we see that
lu — ikl (rp,ney = Hu — Hikl| Ly (1,00
Clf = Fellyracny + CIG(z,w) = Gzl 1y 1

CIf = Fellyr2eny + Cllw = il 7 (17,0 (cm)) X
2

- e
(HUHLW(IT’WLLP(CTL)) + HukHL'Y(IT,Wé"’(C”))) :

IN

IN
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From (3.5) and (3.9), we observe that

2

n—1

: 1
C (HUHLW(IT,W[‘}"’(C")) + Huk”m(IT,VT/j;"(C"))) < 92’

Therefore|u — iy 1+ (r,,00) < 20| f — kaVVéQ(C") — 0 ask — oco. Since{uy} is a bounded se-
quence in. (IT, Wg’f’(cn)) ,from Lemma 2.2 withn = 0, [[G(z, u(z, ) =G (2, (2, ) | 1 (1.1 (o) —
0asj — oo. SinceHu = u, Hiiy = iy, from Strichartz estimate§u — x| ra(z,,zr(cr)) — 0 @s

k — oo for every admissible paifg, p).

Note that(a wg) — %(Zj—fj) an d(ay]_px]) = %’(Z.+7.) ForS = (azj_%j)7 (3yj+ﬁ)
(2,t)]) (see (4.17) in [6]), we have

S(Gry — G) = Yy St — u) + (Yry — ¥)Su+ (059 x)) (g, — u)

+ (0% k) — O5¥)u + (O2n19 k) ) urNRe <|~ | St U)> (3.19)
+ (O2n1¥r)) WrRe (&SU) — (O2n119)uRe <|uSU>

whered; = 9, for S = (9, — %) andd; = 9, for S = (9, + %), 1 < j < n.

Using the assumption (1.4) aty Lemma 2.1, and by similar computations as used in Lemma 2.2
and Proposition 2.6, we have

1

44098 i = 0l (1,2 < CIS k= 0 am 18l 7, g

_2
183 )) (@ = W L (1, Loy < Cllir — UHLW(IT,LP)”ﬁkHZJ(IIT’WE,p)

- U ~
| (32n+1¢(k))uk%€(ﬁ5(uk — )l (Ir,L¢")

< Ol S — Wl o (17,10 | kHL;(I ko)

Since||ix — w17y .o(cny — 0 and{iy} is a bounded sequence i (Ir, W,*), by second
inequality in the above estimaté®) ) (i —u) — 0 ask — ooin LY (IT, LP/(C")) SinceG is
C1, soin view of the condition (1.4) on and Proposition 2.6, the sequencesg,) —)Su, , (951 ) —
Db u and(82n+1w(k))ak9%e(‘u’f‘Su) (Oan+19)uBRe( iy Su) converges to zero iR (I, L") as
k — oo. Using these observations in (3.19), we get

1S(G ey = Ol v (1,10 <C\|UkHZ (1 lp)HS(uk‘ — W v 1y, e (cry) + Ak
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whereS = (9,, — %), (9,, + %) (1 < j < n) anday — 0 ask — oco. Since(d,, — %) =
12Z; — Z;) and(9y, + ) = L(Z; + Z;), we have

HG(/C) - GHL'YI([T,WEI”)/) < CHukH (1 1p)Huk‘ UHLW(IT,WE”’) + ag. (320)
Now from Strichartz estimates and above estimate, we have

||t — uHm (Lp W) <Ol fx — fHW1 2 + CHukH” (11 T p)Huk UHLV(IT,W}:”J) +a.  (3.21)

Now we chooseé > 0 sufficiently small such that it satisfies condition (3.5) and

C(20)51 <

N | =

where constan€' is appearing in the inequality (3.21). Note tWatdepends o through (3.13).
Therefore from estimates (3.17) and (3.21), we have

[ar =l gy ey < 2C1 Sk = Fllyyr2 + 2ax — 0
ask — oo. Now from estimates (3.20), (3.15) and (3.17)

1G ) = Gl

L (tpite’y =0
ask — oo. From Strichartz estimatezi, — uHLq(IT’Wé,p) = ||Hay — Hu||Lq(ITW}:,p) — 0 as
k — oo for every admissible paifg, p).

Step2 : Let(T, x, T;;) be the maximal interval for the solutioag and/ C (7%, 7*) be a compact
interval. The key idea is to extend the local stability result proved in step 1 to the infdyyalovering
it with finitely many intervals obtained by successive application of step 1. This is possible provided
uy, is defined on/, for all but finitely manyk. In fact, we provel C (T, ;) for all but finitely
manyk.

Without loss of generality, we assume thgte I = [a,b], and give a proof by the method
of contradiction. Suppose there exist infinitely mafjy < b and letc = liminf7}; . Then for
€ >0, [to,c— €] C [to, Ty ) for all ky, sufficiently large andiy,,, are defined offy, ¢ — .

By compactness, the stability result proved in step 1 can be extended to the ifiterval €|.
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For givend > 0, choose > 0 sufficiently small such that

1

D

Hefi(tf(cfe)ﬂ:u(.7 c— 6) _ e—i(tf(cfe))ﬁu(" C) P

~—

HL’Y((c—e,c—‘re),

IN
ol >

< Cllu(re — €)= u(,¢) 12

He—i(t—(c—e))ﬁu( C) o e—i(t—c)ﬁ

)

1

[y

s

u(" C) HL"’((C*G,C*FE),

S
~—

< Clle™* (-, e) = ul- )|

IN

1,2
C

—i(t—c)L

IA
SIS oo,

O | PP

Now we choosé(¢) such that following estimate holds for &l> kg
||e—i(t—(C_€))ﬂkm(.’ Cc — E) - e_i(t_(C_E))u(.’ C — 6)

H L~ ((c—e,c—Q—e),Wé’ﬂ)

é
1,2 S -

< Cli, (e = ) = ul e = g

Therefore||e * (=g, (- c — €) < ¢ for all k,, > ko. Now by local

HL“/((cfﬁ,che),VV}:"p)
existence argument (see (3.6)),, is defined on(ty, c + ¢) and thereforel}, > ¢ + ¢ for all

k., > kg, hence contradicts the fact tHat inf T,jm =c.

Similarly we can show théd, t] C (T, to] for all but finitely manyk which completes the
proof of stability. O
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