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Leta ⊆ C[x1, . . . , xd] be a monomial ideal andJ (a) its multiplier ideal which is also a monomial

ideal. It is proved that ifa is strongly stable or squarefree strongly stable then so isJ (a). Denote

the maximal degree of minimal generators ofa by d(a). Whena is strongly stable or squarefree

strongly stable, it is shown that the Castelnuovo-Mumford regularity ofJ (a) is less than or equal

to d(a). As a corollary, one gets a vanishing result on the ideal sheaf̃J (a) onPd−1 associated to

J (a) thatHi(Pd−1; J̃ (a)(s− i)) = 0, for all i > 0 ands ≥ d(a).
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1. INTRODUCTION

Multiplier ideal sheaves have become fundamental tools in higher dimensional algebraic geometry,

which are found to be strongly related to adjoint ideals and test ideals in commutative algebra (cf.

[2, 8-12]). Let(X,OX) be a smooth quasiprojective complex variety anda ⊆ OX an ideal sheaf

on X. Then the multiplier ideal sheafJ (a) of a is also an ideal sheaf onX. WhenX is affine and

a is monomial,J (a) can be described explicitly by a remarkable theorem of Howald [7]. In this

case,J (a) is also a monomial ideal. In [5], the authors discussed the problem whenJ (a) = a. On

the other hand, Castelnuovo-Mumford regularity (or regularity) is an important invariant for graded

modules and coherent sheaves. It is worthwhile to estimate the regularity of multiplier ideals of

monomial ideals and the ideal sheaves associated to these multiplier ideals.

There is a nice theory for the regularity of monomial ideals (cf. [6]). WhenI is a stable monomial

ideal, Eliahou and Kervaire’s [4] well-known result states that the regularity ofI is equal to its gener-

ating degree. The main part of this paper focuses on the stability of the multiplier ideals of monomial
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ideals. We will show in Section 3 that if a monomial ideala is strongly stable or squarefree strongly

stable, then so is its multiplier idealJ (a). Section 4 is devoted to estimate the regularity of multiplier

ideals. After comparing the generating degrees ofa andJ (a), we prove that the regularity ofJ (a)

is less than or equal to the generating degree ofa provided thata is strongly stable or squarefree

strongly stable. At the end, we get an unexpected vanishing result on the cohomology of the ideal

sheaf associated to the multiplier ideal of a strongly stable or squarefree strongly stable monomial

ideal.

2. PRELIMINARIES

Let K be a field andK[x1, . . . , xd] a polynomial ring overK. Let I be an ideal ofK[x1, . . . , xd].

WhenI is generated by monomials, we say thatI is a monomial ideal, and its minimal generating set

is denoted byG(I). Further, if all the monomials inG(I) are squarefree,I is said to be a squarefree

monomial ideal.

Let I ⊆ K[x1, . . . , xd] be a monomial ideal. Every monomialxa1
1 · · ·xad

d ∈ I corresponds to its

exponent vector(a1, . . . , ad) ∈ Nd whereN contains0. The convex hull inRd of the set of all the

exponent vectors of monomials ofI is called the Newton polygon ofI, denoted byP (I). Then the

set of monomials in the integral closureI of I is just the set of all the monomialsxa1
1 · · ·xad

d with

(a1, . . . , ad) ∈ P (I) (cf. [13, Proposition 1.4.6]).

Let X be a smooth quasiprojective complex algebraic variety anda ⊆ OX an ideal sheaf onX.

Let f : Y → X be a log resolution ofa with f−1(a) = OY (−E). The multiplier ideal ofa is defined

to be

J (a) = f∗OY (KY/X − E),

whereKY/X = KY − f∗KX is the relative canonical divisor (cf. [9]). ThenJ (a) is an ideal sheaf

onX.

In the caseX = Ad, Howald [7] gave an explicit description ofJ (a).

Howald Theorem— Leta ⊆ C[x1, . . . , xd] be a monomial ideal. ThenJ (a) is also a monomial

ideal inC[x1, . . . , xd] and

J (a) = (xa1
1 · · ·xad

d : (a1, . . . , ad) + (1, . . . , 1) ∈ Int(P (a)) ∩ Nd),

whereInt(P (a)) denotes the interior ofP (a).
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3. STABILITY OF MULTIPLIER IDEALS

For any monomialu ∈ K[x1, . . . , xd], setm(u) = max{i : xi | u}. Let I ⊆ K[x1, . . . , xd] be

a monomial ideal. I is called to be stable if for any monomialu ∈ I and anyi < m(u) one has
xiu

xm(u)
∈ I, and strongly stable if for any monomialu ∈ I and anyi < t with xt | u one hasxiu

xt
∈ I.

Similarly, for any squarefree monomial ideal, we say that I is squarefree stable if for any squarefree

monomialu ∈ I and anyi < m(u) with xi - u one has xiu
xm(u)

∈ I, and squarefree strongly stable if

for any squarefree monomialu ∈ I and anyi < t with xt | u andxi - u one hasxiu
xt

∈ I. Let I be

the integral closure ofI, which is also monomial. The following two lemmas are well-known (cf. [6,

Theorem 1.4.2] and [13, Proposition 1.4.6]).

Lemma3.1 — A monomialu ∈ I if and only if there existr > 0 and monomialsu1, . . . , ur ∈ I

such thatur = u1 · · ·ur.

Lemma3.2 — LetG(I) = {u1, . . . , us} whereuj = x
nj1

1 · · ·xnjd

d , j = 1, . . . , s. Then a mono-

mial u = xn1
1 · · ·xnd

d ∈ I if and only if there exist nonnegative rational numbersc1, . . . , cs such that
∑s

j=1 cj = 1 and component-wise,

(n1, . . . , nd) ≥
s∑

j=1

cj(nj1, . . . , njd).

In order to discuss the stability of multiplier ideals, we need the stability of integral closures.

Proposition3.3 — LetI be a monomial ideal. IfI is (strongly) stable, thenI is also (strongly)

stable.

PROOF : Let us show the statement for stability. The argument for the strongly stability case is

similar.

Let u ∈ I be a monomial. Then, by Lemma 3.1, there existr > 0 and monomialsu1, . . . , ur

∈ I such thatur = u1 · · ·ur. Notice thatm(ui) ≤ m(u), i = 1, . . . , r, and if xm(u) | ui, then

m(ui) = m(u). Further, for anyj < m(u), if xs
m(u) | ui, then

xs
jui

xs
m(u)

∈ I by the stability ofI. From

ur = u1 · · ·ur, we see that there exists1, . . . , sr ≥ 0 such thatr = s1 + · · · + sr andxsi

m(u) | ui,

i = 1, . . . , r, where we use the convention thatx0
m(u) = 1. Then, for anyj < m(u), one has that

x
si
j ui

x
si
m(u)

∈ I, i = 1, . . . , r. It follows that

(
xju

xm(u)

)r

=
xs1

j u1

xs1

m(u)

· · · x
sr
j ur

xsr

m(u)

.

Then, by Lemma 3.1 again, we get thatxju
xm(u)

∈ I. HenceI is stable. 2
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Proposition3.4 — LetI be a squarefree monomial ideal. ThenI is also squarefree, and ifI is

squarefree (strongly) stable thenI is also squarefree (strongly) stable.

PROOF : Firstly, we show thatI is squarefree. Suppose thatG(I) = {u1, . . . , us} and

uj = x
nj1

1 · · ·xnjd

d , j = 1, . . . , s, wherenji ≤ 1. Let u = xn1
1 · · ·xnd

d ∈ G(I), let us show that

u is squarefree.

Sinceu ∈ I, it follows from Lemma 3.2 that there exist rational numberscj ≥ 0, j = 1, . . . , s,

such that
∑s

j=1 cj = 1 and

(n1, . . . , nd) ≥
s∑

j=1

cj(nj1, . . . , njd).

We claim thatni < 1 +
∑s

j=1 cjnji holds for anyi. Otherwise, there is somei such that

(n1, . . . , ni−1, ni − 1, ni+1, . . . , nd) ≥
∑s

j=1 cj(nj1, . . . , njd), which implies that u
xi
∈ I. This

contradictsu ∈ G(I). Therefore, for anyi,

ni < 1 +
s∑

j=1

cjnji ≤ 1 +
s∑

j=1

cj = 2,

thusni ≤ 1. Henceu is squarefree andI is a squarefree monomial ideal.

Now we prove thatI is squarefree stable provided thatI is squarefree stable, and omit the ar-

gument for the statement on the squarefree strongly stability. Letu ∈ I be a squarefree monomial.

Then by Lemma 3.1 that there existsr > 0 such thatur = vu1 · · ·ur, wherev is a monomial and

ui ∈ I, i = 1, . . . , r, are squarefree monomials. For anyj < m(u) with xj - u, one has thatxj - ui,

i = 1, . . . , r. Without loss of generality, suppose thatxm(u) | ui, i = 1, . . . , s, andxm(u) - ui,

i = s + 1, . . . , r. Then
(

xju

xm(u)

)r

=
xr−s

j v

xr−s
m(u)

· xju1

xm(u)
· · · xjus

xm(u)
· us+1 · · ·ur

∈ Ir.

Hence by Lemma 3.1 again we have thatxju
xm(u)

∈ I. ThereforeI is squarefree stable. 2

Let a ⊆ C[x1, . . . , xd] be a monomial ideal andP (a) the Newton polygon ofa. Recall that

a = (xa1
1 · · ·xad

d : (a1, . . . , ad) ∈ P (a))

and

J (a) = (xa1
1 · · ·xad

d : (a1, . . . , ad) + (1, . . . , 1) ∈ Int(P (a)) ∩ Nd).
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Let us discuss the stability ofJ (a).

Theorem3.5 — If a ⊆ C[x1, . . . , xd] is a strongly stable monomial ideal, thenJ (a) is also

strongly stable.

PROOF : Let u ∈ J (a) be a monomial. Suppose thatxt | u and j < t. Let us show that
xju
xt
∈ J (a), thenJ (a) is strongly stable.

Sincea is strongly stable by Proposition 3.3 andx1 · · ·xdu ∈ a, it follows thata contains

x1 · · ·xd

(
xju

xt

)
=

xj(x1 · · ·xdu)
xt

and
xj(x1 · · ·xd(

xju
xt

))
xt

.

Setx1 · · ·xdu = xα1
1 · · ·xαd

d . ThenP (a) contains points

(α1, . . . , αj−1, αj + 1, αj+1, . . . , αt−1, αt − 1, αt+1, . . . , αd)

and

(α1, . . . , αj−1, αj + 2, αj+1, . . . , αt−1, αt − 2, αt+1, . . . , αd).

In order to show thatxju
xt

∈ J (a), it is enough to show that the point(α1, . . . , αj−1,

αj + 1, αj+1, . . . , αt−1, αt − 1, αt+1, . . . , αd) is not on the boundary ofP (a). Note that it is not

on any coordinate hyperplane as its components are all positive. Suppose, on the contrary, that

(α1, . . . , αj−1, αj +1, αj+1, . . . , αt−1, αt−1, αt+1, . . . , αd) is on some hyperplaneH which bounds

P (a). Assume the equation ofH is

p1x1 + · · ·+ pdxd = p, pi ≥ 0, p > 0.

Since(α1, . . . , αd) is an interior point, it follows that

p1α1 + · · ·+ pdαd > p

p1α1 + · · ·+ pj(αj + 1) + · · ·+ pt(αt − 1) + · · ·+ pdαd = p

p1α1 + · · ·+ pj(αj + 2) + · · ·+ pt(αt − 2) + · · ·+ pdαd ≥ p.

It turns out thatpt > pj from the first and second formulae, andpt ≤ pj from the second and

third formulae, a contradiction. The result follows. 2

Remark3.6 : Whena ⊆ C[x1, . . . , xd] is a stable monomial ideal,a is also stable by Proposition

3.3. It is reasonable that Theorem 3.5 should be true for stable monomial ideals, but the authors can



172 ZHONGMING TANG AND CHENG GONG

not show this. The following is an example thata is a stable, but not strongly stable, monomial ideal

andJ (a) is not strongly stable.

Seta ⊆ C[x1, x2, x3] anda = (x1x
4
2, x

2
1x

3
2, x

3
1x

2
2, x

4
1x2, x

5
1, x1x

3
2x3, x

2
1x

2
2x3, x1x

2
2x

2
3). Thena is

stable, but not strongly stable. It is not difficult to see thatP (a) is the convex hull bounded by the

following four hyperplanes:

H1 : x1 = 1

H2 : x2 = 0

H3 : x1 + 2x2 = 5

H4 : x1 + x2 + x3 = 5.

Then the point(2, 2, 2) is an interior point, while the point(3, 1, 2) is on the boundary. It turns out

thatx1x2x3 ∈ J (a), while x2
1x3 6∈ J (a). This means thatJ (a) is not a strongly stable monomial

ideal.

Theorem3.7 — Let a ⊆ C[x1, . . . , xd] be a squarefree monomial ideal. ThenJ (a) is also

squarefree, and ifa is squarefree strongly stable thenJ (a) is also squarefree strongly stable.

PROOF : Firstly, let us show thatJ (a) is squarefree. Suppose thatG(a) = {u1, . . . , us} and

uj = x
nj1

1 · · ·xnjd

d , j = 1, . . . , s. Let u = xn1
1 · · ·xnd

d ∈ G(J (a)). Then(n1 + 1, . . . , nd + 1) ∈
Int(P (a)). It follows from Lemma 3.2 that there exist rational numberscj ≥ 0, j = 1, . . . , s, such

that
∑s

j=1 cj = 1 and

(n1 + 1, . . . , nd + 1) ≥
s∑

j=1

cj(nj1, . . . , njd).

By the assumption that(n1 + 1, . . . , nd + 1) is an interior point ofP (a), we may assume that

(n1 + 1, . . . , nd + 1) ∈ Int(Q) where

Q = {(e1, . . . , ed) ∈ Rd
≥0 : (e1, . . . , ed) ≥

s∑

j=1

cj(nj1, . . . , njd)},

for somecj ≥ 0, j = 1, . . . , s, with
∑s

j=1 cj = 1. Thusni + 1 >
∑s

j=1 cjnji, i = 1, . . . , d.

Claim : one has thatni ≤
∑s

j=1 cjnji for any i. Otherwise, there exists somei such that

ni >
∑s

j=1 cjnji. Then

(n1 + 1, . . . , ni−1 + 1, ni, ni+1 + 1, . . . , nd + 1) >

s∑

j=1

cj(nj1, . . . , njd).
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It follows that(n1 + 1, . . . , ni−1 + 1, ni, ni+1 + 1, . . . , nd + 1) ∈ Int(Q) ⊆ Int(P (a)), so that
u
xi
∈ J (a). This contradictsu ∈ G(J (a)).

From this claim, we have that, for anyi, ni ≤
∑s

j=1 cj = 1. Henceu is squarefree, andJ (a) is

a squarefree monomial ideal.

Now, we prove thatJ (a) is squarefree strongly stable. Letu ∈ J (a) be a squarefree monomial.

Suppose thatj < t such thatxt | u butxj - u. Fromu ∈ J (a), we have

x1 · · ·xdu = v′v,

wherev ∈ G(a) which is squarefree, thenxt | v′. In fact, for anyv ∈ G(a), asv | x1 · · ·xd, there

exists some monomialv′ such thatx1 · · ·xdu = v′v. Take any such an equality, we get

x1 · · ·xd(
xju

xt
) =

(
xjv

′

xt

)
v ∈ a.

Let x1 · · ·xdu = xα1
1 · · ·xαd

d . In order to show thatxju
xt

∈ J (a), we have to show that the point

(α1, . . . , αj−1, αj +1, αj+1, . . . , αt−1, αt− 1, αt+1, . . . , αd) is not on the boundary ofP (a). This is

true whena contains the following element

xj(x1 · · ·xd(
xju
xt

))
xt

,

by a similar argument to the proof of Theorem 3.5.

Suppose that there is somev ∈ G(a) such thatxt - v. Thenx2
t | v′ for any monomialv′ such that

x1 · · ·xdu = v′v. In this case

xj(x1 · · ·xd(
xju
xt

))
xt

=

(
x2

jv
′

x2
t

)
v ∈ a.

Hencexju
xt
∈ J (a). In the following, we assume thatxt | v for anyv ∈ G(a).

If there exists somev ∈ G(a) such thatxj - v, thenxjv
xt
∈ a by the strongly stability ofa, which

is proved by Proposition 3.4. It follows that we also have

xj(x1 · · ·xd(
xju
xt

))
xt

=
(

xjv
′

xt

)(
xjv

xt

)
∈ a.

The remainder case is that for anyv ∈ G(a), xj | v and xt | v. In this case, the New-

ton polygonP (a) is symmetric betweenxj-axis andxt-axis. On the other hand,x1 · · ·xd(
xju
xt

) is

obtained fromx1 · · ·xdu by exchanging betweenxj andxt. Then the point(α1, . . . , αj−1, αj +

1, αj+1, . . . , αt−1, αt − 1, αt+1, . . . , αd) is not on the boundary ofP (a) because that neither is the

point (α1, . . . , αd) by the assumption onu. The proof is complete. 2
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4. REGULARITY OF MULTIPLIER IDEALS

Let a be a monomial ideal, its generating degreed(a) is defined as:

d(a) = max{deg(u) : u ∈ G(a)}.

Proposition4.1 — Leta ⊆ C[x1, . . . , xd] be a monomial ideal. Then

d(J (a)) ≤ d(a).

PROOF : Suppose thatG(a) = {u1, . . . , us} and uj = x
nj1

1 · · ·xnjd

d , j = 1, . . . , s. Let

u = xn1
1 · · ·xnd

d ∈ G(J (a)). Then (n1 + 1, . . . , nd + 1) ∈ Int(P (a)) and, as in the proof of

Theorem 3.7, we have that(n1 + 1, . . . , nd + 1) ∈ Int(Q) where

Q = {(e1, . . . , ed) ∈ Rd
≥0 : (e1, . . . , ed) ≥

s∑

j=1

cj(nj1, . . . , njd)},

for somecj ≥ 0, j = 1, . . . , s, with
∑s

j=1 cj = 1.

By the claim in the proof of Theorem 3.7, we have thatni ≤
∑s

j=1 cjnji for anyi. It follows that

deg(u) =
d∑

i=1

ni ≤
d∑

i=1

s∑

j=1

cjnji

=
s∑

j=1

cj(
d∑

i=1

nji) =
s∑

j=1

cjdeg(mj)

≤
s∑

j=1

cjd(a) = d(a)
s∑

j=1

cj = d(a).

This proves thatd(J (a)) ≤ d(a). 2

This upper bound ford(J (a)) is helpful for computingJ (a).

Let S = K[x1, . . . , xd] be a polynomial ring over a fieldK andM a finitely generated graded

S-module. Let

· · · → Fj → · · · → F0 → M → 0

be a minimal free resolution ofM , whereFj = ⊕iS(−aji). One says thatM is m-regular ifaji − j

≤ m for all i, j and defines the Castelnuovo-Mumford regularity (or regularity) ofM by

reg(M) = min{m : M is m-regular}.
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For the properties of the regularity, we refer to [3]. The paper [14] contains some new results

about the regularity of operations of ideals. For the regularity of monomial ideals, the following

result is well-known.

Lemma4.2 ([4, Theorem 2.1], [1, Corollary 2.6]) — LetI ⊆ S be a monomial ideal. IfI is stable

or squarefree stable, then

reg(I) = max{deg(u) : u ∈ G(I)}.

Let F be a coherent sheaf onPn. We say thatF is m-regular ifH i(Pn;F(m − i)) = 0 for all

i > 0. Its Castelnuovo-Mumford regularity (or regularity) is defined as

reg(F) = min{m : F is m-regular}.

The following result is also well-known (cf. [3, Proposition 4.16]).

Lemma4.3 — LetM̃ be the coherent sheaf onPd−1 associated toM . Then

reg(M̃) ≤ reg(M).

Then we get our main theorem.

Theorem4.4— Leta ⊆ C[x1, . . . , xd] be a monomial ideal. Suppose thata is strongly stable or

squarefree strongly stable. Then

reg(J (a)) ≤ d(a).

PROOF : By Theorems 3.5 and 3.7,J (a) is also strongly stable or squarefree strongly stable. On

the other hand,d(J (a)) ≤ d(a) by Proposition 4.1. Then the result follows from Lemma 4.2. 2

As a corollary, we have the following vanishing result.

Corollary 4.5 — Leta ⊆ C[x1, . . . , xd] be a monomial ideal. Suppose thata is strongly stable or

squarefree strongly stable. Then, for alli > 0 ands ≥ d(a),

H i(Pd−1; J̃ (a)(s− i)) = 0.

PROOF : This is because thatreg(J̃ (a)) ≤ reg(J (a)) ≤ d(a). 2
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