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Leta C C[zy,...,zq4] be amonomial ideal and (a) its multiplier ideal which is also a monomial
ideal. It is proved that ifi is strongly stable or squarefree strongly stable then $&(ig. Denote
the maximal degree of minimal generatorsuddy d(a). Whena is strongly stable or squarefree
strongly stable, it is shown that the Castelnuovo-Mumford regularity @f) is less than or equal
to d(a). As a corollary, one gets a vanishing result on the ideal sﬁ?@g)‘ onP4~! associated to

e

J(a) that Hi(P4~1; 7 (a)(s —i)) = 0, foralli > 0 ands > d(a).
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1. INTRODUCTION

Multiplier ideal sheaves have become fundamental tools in higher dimensional algebraic geometry,
which are found to be strongly related to adjoint ideals and test ideals in commutative algebra (cf.
[2, 8-12]). Let(X,Ox) be a smooth quasiprojective complex variety and Oy an ideal sheaf

on X. Then the multiplier ideal she@f (a) of a is also an ideal sheaf ai. WhenX is affine and

a is monomial, 7 (a) can be described explicitly by a remarkable theorem of Howald [7]. In this
case,J (a) is also a monomial ideal. In [5], the authors discussed the problem Wkieh= a. On

the other hand, Castelnuovo-Mumford regularity (or regularity) is an important invariant for graded
modules and coherent sheaves. It is worthwhile to estimate the regularity of multiplier ideals of
monomial ideals and the ideal sheaves associated to these multiplier ideals.

There is a nice theory for the regularity of monomial ideals (cf. [6]). Whena stable monomial
ideal, Eliahou and Kervaire's [4] well-known result states that the regularifyi®&qual to its gener-
ating degree. The main part of this paper focuses on the stability of the multiplier ideals of monomial
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ideals. We will show in Section 3 that if a monomial ideak strongly stable or squarefree strongly
stable, then so is its multiplier idedl(a). Section 4 is devoted to estimate the regularity of multiplier
ideals. After comparing the generating degrees ahd 7 (a), we prove that the regularity ¢f (a)

is less than or equal to the generating degree pfovided thata is strongly stable or squarefree
strongly stable. At the end, we get an unexpected vanishing result on the cohomology of the ideal
sheaf associated to the multiplier ideal of a strongly stable or squarefree strongly stable monomial
ideal.

2. PRELIMINARIES

Let K be a field andK[z1,. .., x4] a polynomial ring overs. Let I be an ideal ofK[x1, ..., z4).
Whenl is generated by monomials, we say thas a monomial ideal, and its minimal generating set
is denoted by (7). Further, if all the monomials it7(I) are squarefred, is said to be a squarefree
monomial ideal.

Let] C K[z1,...,x4) be a monomial ideal. Every monomief* - - - 2 € I corresponds to its
exponent vectofas, . . .,aq) € N¢ whereN contains0. The convex hull inR? of the set of all the
exponent vectors of monomials &fis called the Newton polygon df, denoted byP(7). Then the
set of monomials in the integral closufeof I is just the set of all the monomialg - - - z:3¢ with
(ai1,...,aq) € P(I) (cf. [13, Proposition 1.4.6]).

Let X be a smooth quasiprojective complex algebraic varietyeaadOx an ideal sheaf oX .
Letf : Y — X be alog resolution of with f~1(a) = Oy (—E). The multiplier ideal ofr is defined
to be

J(a) = fiOy(Ky/x — E),

whereKy, x = Ky — f*Kx is the relative canonical divisor (cf. [9]). Thefi(a) is an ideal sheaf
onX.

In the caseX = A%, Howald [7] gave an explicit description ¢f (a).

Howald Theorem— Leta C C[zy, ..., z4] be a monomial ideal. Thef (a) is also a monomial
ideal inC[xy,...,z4) and

J(a) = (' -2 < (ar,...,aq) + (1,...,1) € Int(P(a)) ﬂNd),

wherelnt(P(a)) denotes the interior aP(a).
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3. STABILITY OF MULTIPLIER IDEALS

For any monomiak, € Klz1,...,z4], setm(u) = max{i : z; | u}. Letl C Klz1,...,z4] be
a monomial ideal. | is called to be stable if for any monomiaé I and any: < m(u) one has

il ¢ ], and strongly stable if for any monomiale I and anyi < ¢ with z; | u one has’:* € I.

Lo (u)

Similarly, for any squarefree monomial ideal, we say that | is squarefree stable if for any squarefree
monomialu € I and anyi < m(u) with x; 1 v one has{% € I, and squarefree strongly stable if

for any squarefree monomial € I and anyi < ¢ with z; | »w andx; 1 u one has% € I. Let] be

the integral closure of, which is also monomial. The following two lemmas are well-known (cf. [6,
Theorem 1.4.2] and [13, Proposition 1.4.6]).

Lemma3.1 — A monomiak: € T if and only if there exist > 0 and monomialsy, ..., u, € I
such that” = uq - - - u,.

Lemma3.2 — LetG(I) = {w1,...,us} whereu; = 217" ---2’¢, j = 1,...,s. Then a mono-
mial u = 27" - 2)? € 1 if and only if there exist nonnegative rational numbeys . ., ¢, such that
> 5—1 ¢; = 1 and component-wise,

S

(n1,...,nq) > ch(njl,...,njd).

j=1
In order to discuss the stability of multiplier ideals, we need the stability of integral closures.

Proposition3.3 — LetI be a monomial ideal. If is (strongly) stable, then is also (strongly)
stable.

PrROOF: Let us show the statement for stability. The argument for the strongly stability case is

similar.

Letw € I be a monomial. Then, by Lemma 3.1, there exist 0 and monomials., ..., u,
€ I such thatu" = w; ---u,. Notice thatm(u;) < m(u), 7 = 1,...,r, and if 2,7, ) | u;, then
m(u;) = m(u). Further, for anyj < m(u), if T ) | u, thenx?ui € I by the stability of/. From
u" = up---u,, We see that there exist,...,s, > 0suchthatr = s; +--- + s, andxi;(u) | i,
¢t =1,...,r, where we use the convention tmgtl(u) = 1. Then, for anyj < m(u), one has that
zﬂu el,i=1,...,r. Itfollows that

m(u)
< zju >’” B zilur o xuy
Lm(u) xfé(u) 9”}55(“)

Then, by Lemma 3.1 again, we get t@éﬂt’(“—) € 1. Hencel is stable. O
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Proposition3.4 — LetI be a squarefree monomial ideal. Thers also squarefree, and ifis
squarefree (strongly) stable théiis also squarefree (strongly) stable.

PROOF : Firstly, we show thatl is squarefree. Suppose th@{l) = {ui,...,us} and
uj = oyt x?? j = 1,...,s wherenj < 1. Letu = z}'---2¢ € G(I), let us show that
u IS squarefree.

Sinceu € I, it follows from Lemma 3.2 that there exist rational numbers> 0,5 = 1,...,s,
suchthab 7, ¢; = 1and

S
(n1,...,nq) > ch(njl, oy Md).
j=1

We claim thatn; < 1+ 77, ¢jny; holds for anyi. Otherwise, there is somesuch that
(nl, ey N1,y — Lingyg, .. ,nd) > Z;:l cj(njl, ce ,njd), which implies thatx% € I. This
contradictsu € G(I). Therefore, for any,

s s
ni<1—|—chnji§ 1—}-20]':2,
Jj=1 Jj=1

thusn; < 1. Henceu is squarefree anflis a squarefree monomial ideal.

Now we prove thatl is squarefree stable provided thats squarefree stable, and omit the ar-
gument for the statement on the squarefree strongly stabilityx L&t/ be a squarefree monomial.
Then by Lemma 3.1 that there exists> 0 such that” = vuq - - - u,, wherev is a monomial and
u; € I,i=1,...,r, are squarefree monomials. For any. m(u) with x; { u, one has that; { u;,

i = 1,...,r. Without loss of generality, suppose that,,,y | u;, i = 1,...,s, andz,, ) 1 i,
i=s+1,...,r. Then

. T " S . .
( xju ) fr— ‘Z,‘_S . xjul PEEErY xjus .us+1...uT
e I
Hence by Lemma 3.1 again we have t@%@“—) € 1. Thereforel is squarefree stable. O
Leta C C[xy,...,x4] be a monomial ideal an#(a) the Newton polygon ofi. Recall that
a=(2f* a2y (a1,...,aq) € P(a))

and
J(a) = (7' -2 < (a1,...,aq) + (1,...,1) € Int(P(a)) NNY).
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Let us discuss the stability ¢f (a).

Theorem3.5— If a C Clzy,...,xz4] is a strongly stable monomial ideal, thef(a) is also
strongly stable.

PROOF: Letu € J(a) be a monomial. Suppose that | w and;j < t. Let us show that
“% € J(a), thenJ (a) is strongly stable.

Sinceua is strongly stable by Proposition 3.3 angd- - - z4u € a, it follows thata contains

TiU Ti(T1 T
T2 <J> :M
Tt Tt

and

Tt

Setz; - - xqu = x7* - - - 2%, ThenP(a) contains points

(a17 sy 1, O + 17 Qjtly ey Qp—1, Q¢ — 17 A1y - 7ad)
and
(alv sy Q1 O + 2> Ojt1y--5 Q1,0 — 27 180 R O4d)-
In order to show that’® < J(a), it is enough to show that the poirftv, ..., a; 1,
aj + 1, 0501, .., 41,00 — 1,441, ..., q) is NOt ONn the boundary aP(a). Note that it is not

on any coordinate hyperplane as its components are all positive. Suppose, on the contrary, that
(01, ., 051,054+ 1, 041, .., oq—1, 00— 1,441, . .., q) IS ON SOMe hyperplang which bounds
P(a). Assume the equation @ is

p1T1 + -+ paTq = P, pi = 0,p>0.
Since(ay, . .., aq) is an interior point, it follows that
p1oq + -+ pgog > p

prag+ -+ pilaj+ 1)+ -+ plag — 1)+ +pgag =p
plal+---+pj(aj+2)+-~+pt(at—2)+‘--+pdadzp.

It turns out thatp; > p; from the first and second formulae, apd< p; from the second and
third formulae, a contradiction. The result follows. O

Remark3.6 : Whena C Clz, ..., z4] is a stable monomial ideai,is also stable by Proposition
3.3. Itis reasonable that Theorem 3.5 should be true for stable monomial ideals, but the authors can
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not show this. The following is an example thais a stable, but not strongly stable, monomial ideal
andJ (a) is not strongly stable.

Seta C Clzy, 72, x3] anda = (2125, 2323, 2323, vixg, 23, 212323, 232373, 212323). Thena is

stable, but not strongly stable. It is not difficult to see tRét) is the convex hull bounded by the
following four hyperplanes:

Hy: x1+x9+2x3=05.

Then the point2, 2, 2) is an interior point, while the poir{8, 1, 2) is on the boundary. It turns out
thatz,zors € J(a), while z3z3 ¢ J(a). This means thay/ (a) is not a strongly stable monomial
ideal.

Theorem3.7— Leta C Clzy,...,z4] be a squarefree monomial ideal. Thefa) is also
squarefree, and ifi is squarefree strongly stable thef(a) is also squarefree strongly stable.

PROOF: Firstly, let us show tha{7 (a) is squarefree. Suppose th@fa) = {u,...,us} and
uj = oz j =1, s Letu = 2}t -2t € G(T(a)). Then(ng +1,...,n4+ 1) €
Int(P(a)). It follows from Lemma 3.2 that there exist rational numbers> 0, j = 1,...,s, such
that) %_, ¢; = 1 and

S
(TLl + 1,...,nd+1) > ch(njl,...,njd).
j=1

By the assumption that; + 1,...,n4 + 1) is an interior point ofP(a), we may assume that
(n1+1,...,nq+1) € Int(Q) where

s
Q = {(61,...,€d) S Réo : (61,...,€d) > ch(njl,. . .,njd)},
j=1

forsomec; > 0,7 =1,...,s,with> 2%, ¢; = 1. Thusn; + 1 > >>%_, ¢jnji, i = 1,...,d.
Claim : one has thab; < >°_, ¢;jn;; for anyi. Otherwise, there exists somesuch that
n; > Zj’:l CjNjs. Then

s
(nl+1,...,ni_1+1,ni,ni+1+1,...,nd—|—1) > ch(nﬂ,...,njd).
j=1
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It follows that(ny +1,...,m,-1 + 1,n5,ni41 + 1,...,ng+ 1) € Int(Q) C Int(P(a)), so that
+ € J(a). This contradicts, € G(J (a)).

From this claim, we have that, for anyn; < ijl ¢; = 1. Henceu is squarefree, and (a) is
a squarefree monomial ideal.

Now, we prove that7 (a) is squarefree strongly stable. Letc 7 (a) be a squarefree monomial.
Suppose thaf < ¢ such thate; | v butz; { u. Fromu € J(a), we have

/
Ty Tqu = V0,

wherev € G(a) which is squarefree, thery | '. In fact, for anyv € G(a), asv | z; - - - z4, there
exists some monomiaf such thatr; - - - z4u = v'v. Take any such an equality, we get
Tiu xiv’
Tt T
Leta; - zqu = 2" - -z In order to show thafg € J(a), we have to show that the point
(oa,...,aj-1, 05+ 1,041, ... ,04-1,040 — 1, 0441, ..., q) IS NOt on the boundary dP(a). This is
true whena contains the following element

iz za())

)

Tt
by a similar argument to the proof of Theorem 3.5.

Suppose that there is somes G(a) such thatr, { v. Thenz? | ' for any monomiab’ such that
1 -+ - xqu = v'v. In this case

Hence% € J(a). In the following, we assume that | v for anyv € G(a).
If there exists some € G(a) such thatz; 1 v, then% € a by the strongly stability ofi, which
is proved by Proposition 3.4. It follows that we also have

xj(zy-- $d(%)) AN E ca
Tt Tt Tt .

The remainder case is that for anye G(a), ; | v andz; | v. In this case, the New-

ton polygonP(a) is symmetric betweem -axis andz;-axis. On the other hand; - - -xd(%) is
obtained fromz; - - - xqu by exchanging between; andx;. Then the poinfai,...,oj_1,05 +
L1, 01,00 — Loy, ..., oq) iS Ot on the boundary aP(a) because that neither is the
point (a1, . .., aq) by the assumption oa. The proof is complete. O
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4. REGULARITY OF MULTIPLIER IDEALS

Let a be a monomial ideal, its generating dege#ée) is defined as:
d(a) = max{deg(u) : u € G(a)}.
Proposition4.1 — Leta C Cl[zy, ..., z4] be a monomial ideal. Then

d(J(a)) < d(a).
PROOF : Suppose thaG(a) = {ui,...,us} andu; = 2" -2, j = 1,...,s Let
u =itz € G(J(a)). Then(n; +1,...,ns + 1) € Int(P(a)) and, as in the proof of
Theorem 3.7, we have that; + 1,...,n4 + 1) € Int(Q) where

S
Q={(e1,...,eq) € Réo c(er,...,eq) > ch(njl,...,njd)},
j=1

for somec; > 0,7 =1,...,s,with>>°_, c; = 1.
By the claim in the proof of Theorem 3.7, we have thaK Z§:1 c;ny; for anys. It follows that

d d s
deg(u) = > mi<Y > ¢myi
i=1

i=1 j=1

s d s
= Y Qo) = cjdeg(my)
j=1

j=1 =1

< ) cid(a) =d(a) ) ¢j = d(a).
j=1 i=1

This proves thatl(7 (a)) < d(a). O
This upper bound fod (7 (a)) is helpful for computing7 (a).

Let S = KJz1,...,x4] be a polynomial ring over a field and M a finitely generated graded

S-module. Let
--—>FJ~—>~--—>F0—>M—>O

be a minimal free resolution d¥f, whereF; = ©;S(—a;;). One says that/ is m-regular ifa;; — j
< m for all i, j and defines the Castelnuovo-Mumford regularity (or regularity)/oby

reg(M) = min{m : M ism-regular}.
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For the properties of the regularity, we refer to [3]. The paper [14] contains some new results
about the regularity of operations of ideals. For the regularity of monomial ideals, the following
result is well-known.

Lemmad.2 ([4, Theorem 2.1], [1, Corollary 2.6]) — LétC S be a monomial ideal. If is stable
or squarefree stable, then
reg(I) = max{deg(u) : u € G(I)}.

Let F be a coherent sheaf d@f. We say thatF is m-regular if H*(P™; F(m — i)) = 0 for all
1 > 0. Its Castelnuovo-Mumford regularity (or regularity) is defined as

reg(F) = min{m : F ism-regular}.

The following result is also well-known (cf. [3, Proposition 4.16]).

Lemmad.3 — Let M be the coherent sheaf @i~ associated td/. Then

reg(M) < reg(M).

Then we get our main theorem.

Theorem4.4— Leta C Clzy,...,z4) be a monomial ideal. Suppose thais strongly stable or
squarefree strongly stable. Then
reg(J(a)) < d(a).

PrROOF: By Theorems 3.5 and 3.7 (a) is also strongly stable or squarefree strongly stable. On
the other handj(7 (a)) < d(a) by Proposition 4.1. Then the result follows from Lemma 4.2. O
As a corollary, we have the following vanishing result.

Corollary 4.5 — Leta C C[zy, ..., z4] be a monomial ideal. Suppose thés strongly stable or
squarefree strongly stable. Then, foratt 0 ands > d(a),

H (P 7 (a)(s — i) = 0.

—~

PROOF: This is because thatg(7(a)) < reg(J(a)) < d(a). O
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