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In the present paper the orthogonality relations, exhibited by both numerator and denominator

polynomials of both even and odd order convergents of a reguiraction of a power series

with coefficients as reciprocal of odd numbers are described. The two sequences of convergents
are nothing but diagonal and upper diagonal Pade approximants for the power series. The two
orthogonal polynomials extracted from denominators are shown to be classical orthogonal poly-

nomials and two orthogonal polynomials extracted from numerators are shown to be non-classical

orthogonal polynomials..
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1. INTRODUCTION

Pade approximants and continued fractions have a strong connection. A Pade approximant has a
power series expansion which matches with the power series to be approximated as for as possible.
This property completely defines the denominator as well as numerator of the Pade approximant un-
der consideration [5]. The numerator and denominator sequences of polynomials of both even and
odd order convergents of @-fraction expansion corresponding to a power series expansions are
naturally orthogonal polynomials. The two sequences of convergents are nothing but diagonal and
upper diagonal Pade approximants for the power series. Orthogonal polynomials have very useful
properties in the solution of mathematical and physical problems. They have relations with mo-
ment problems, rational approximation, operator theory, analytic functions, interpolation, quadrature,
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electrostatics, statistical quantum mechanics, number theory, graph theory, combinatorics, random
matrices, stochastic process and etc. [13].

There is a very interesting literature [2, 3] which interprets fhat 1/n] and[n/n| order Pade
approximant provides an orthogonality relation between its denominator and numerator polynomials
and the power series expansion. They are nothing but even and odd order convergents [2, 3, 9, 15]
of a regularC-fraction expansion of the power series expansion. The denominator and numerator
polynomials transformed to monic form are orthogonal polynomials with respect to a linear moment
functional L : P — R from the space of all polynomials ovRrinto R which has:th moment same
as the coefficient af™ in a known power series [11, 12].

According to Favard's theorem [4, 7, 8, 10] the necessary and sufficient condition for orthogonal-
ity of P, (x) is to satisfy the following three term recurrence relation:

P_l(ili) = 0, P[)(l’) = 1,
P.(z) = (x—cp)Ppo1(x) — A\pPp2(x), n=1,2,3,4,..., (1)

wherec,, 's are real and,, ’s are non-zero numbers. The orthogonality relation [7, 8, 10] is given by

L{Poy(z) Py ()} = { N ™ @)

)\1)\2 B '/\n+1, m=n.

Motivated strongly by the above works, in the present paper, the orthogonality relations, exhib-
ited by both numerator and denominator polynomials of both even and odd order convergents of a
regularC-fraction of a series with coefficient as reciprocal of odd nhumbers connected to Pade ap-
proximants. In Section two and three, we compute four sequences of orthogonal polynomials. In the
last Section, the two orthogonal polynomials extracted from denominators are shown to be classical
orthogonal polynomials and two orthogonal polynomials extracted from numerators are shown to be
non-classical orthogonal polynomials.

2. COMPUTATION OF DESIRED ORTHOGONAL POLYNOMIALS
The series with coefficient as reciprocal of odd number is given by
1 1 1 . 1
T(z) =1+ = S22 3
(1) =ltgetgatgot+oy
which has the regular’-fraction [2, 9]

:L'n+--~,

1 Far e P T ©
T(x)=— 3)

I+ 1 + 1 + 1 4.+ 1 + o
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It has a a remarkable hypergeometric representation
1 3
Tx)= o1 | =, 1;,=;
(l’) 241 <2> ) 2 Y )
In the standard notation of hypergeometric series [6, 14] is

2Fi(abicir) = (azz)(nb)n:::,

n=0

where(a)o =1, (a)p, =ala+1)---(a+n—1).

In the context of Pade table [2, 3], the continued fraction provides a staircase sequence of Pade

approximants

[O/O]T(x)? [O/l]T(x)7 [1/1]T(x)7 [1/2]T(x)7 [2/2]T(1’)a SRR [TL - 1/n]T(x)7 [n/n]T(x)a cey

which are given by

é _ 1 _ P(§070) é _ 1— %LU _ Pl(Ll) A2n+1 _ P7(ln,n)
Bi 1 Q00" By 1-{a QMW7 Banpn Qi)

and

A2 1 B Pé()’l) A4 — %ﬂ? P1(1’2) A2n—|—2 . P»,(ln_lm)

By 1-1lz Q60,1)’§4 18z 222 Q""" Banya it

Now, we compute even and odd order convergents of (3). Let us make use of definitions of even
parts of continued fraction as given in [15] is

1 asas asas )
l+as - 14+a3+aq - 1+as+ag — ... _
[n — 1/n]r(x) Pade approximants can be computed using the continued fraction (4):
_ B _ _ (2n—1)2(2n)? 2
L e @ (s iten) @ o
—1 55 351 1342402 — :
L+ (F)e _1-mem? _ 1~ moan?® _.._ 1~ edaaiass?® |

Thenth convergent of the continued fraction (5) is
32n3424n2—1 (2n—1)2(2n)?
Agpya(z) (1 - (4n—1)(4:1r1+1)(4n+3)x> Agn () — ((4n73)(4n71()2(4n+1)> 2% Agn—a()

Ba, - n34+24n2 — 2n—1)2(2n)2
2n+2(2) (1 ~ T DTS x) Bap(2) — <(4n—(3)(4n)—1()2()4n+1)> 7 Bon—s(2)

9

with 1
= , — == n=23,....
By 1—%37 By 1—%3:4—%3:2
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Let us make use of definitions of odd parts of continued fraction as given in [15] is

1 ag asaq asae (6)
l4as+a3 - 14+as4+as - 1+ag+ar _ ... _
[n/n]r(xz) Pade approximants can be computed using the continued fraction (6):
B (2n)2(2n+1)? ) 2
Lmr o ()(5)37 (<4n71><4n+1>2<4n+3> v @)
— 9 161 32n3+72n24+48n+9 )
l-1572 _l-moom? . _ - aahisaan®

Thenth convergent of the continued fraction (7) is

32(n—1)3472(n—1)24+48(n—1)+9 2n—2)2(2n—1)2
Aspi1(z) _ (1 - X (An—3)(dn—1)(dn+1) x) Aon—1(x) — (4n(75)(4n73)2(4n71)x2A2n*3(‘r)

Ba, 32(n—1)3+472(n—1)2+48(n—1)+9 2n—2)2(2n—1)2 ’
2n+1(7) (1 - & (4)n—3)((4n—i)(4n-£1) : x) Ban—1(z) — (4n(—5)(47)1—(3)2(421—1)x2B2n—3(x)

4
A _ 1 A _ 1755t o
Bl 1 BS 1_5.’,C

3. THE ORTHOGONALITY RESULTS

In this section, we establish the orthogonality for the following four polynomials:

n 1 " 1
pu(z) = z"Anio <$> ) qn(x) = 2" Bay, (m> )
ro(x) = a™Agni <1> , Sn(x) = 2" Bapy1 <1> ,

T T
n = 0,1,2,..., where By (i) = 1.

Orthogonality of g, () :

Consider the series

1 1 1
T(x)=14+ = Za2 0 T3
(z) +3x+5x +7:c + +2n+1:v

The linear moment generating function with respect'te), denoted by.r, hasnth moment,

L

1
2n+1°

LT{QZ”} =

The three term recurrence relationg@f z) is

n3 n? — n— 1)2(2n)2
(@) <( 3203 + 24n2 — 1 (2n — 1)2(2n)

4n — 1)(471 + 1)(4n + 3)) qn(x) B (4n — 3)(4n _ 1)2(4n T 1)%7,—1(:17)7

1
qO(”L) = 1; (I1($):l*§» TL:1,2,3,... . (8)



where); = 1 and)\, =

wherel; = 1and);, =
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As aresult, application of (1) and (2), the orthogonality;pfz) is given by

0, m#n;
)\1)\2 s )\n+1, m=mn,

Lr{gm(z)gn(z)} = {

(2k — 3)2(2k — 2)?
(4k — 7)(4k — 5)2(4k — 3)

Orthogonality of s, (z) :

 k=2,34,...,n+1.

Following [2, 3] we obtain the series

W—l+§x+§xz+ + 3 "+
T N 57 7 2n + 3

The linear moment generating function with respectii(r), denoted by, , hasnth moment

Ti(z) =

3

LT1{'rn} = m + 3

The three term recurrence relationsgf(x) is

32n% + 72n% +48n + 9 (2n)%(2n + 1)?
snt1(2) ( T Un+1)(n +3)(4n + 5)) ()~ T D s 2 13 @)
so(z) = 1, sl(x):m—g, n=123,... .

Invoking (1) and (2), we obtain the orthogonality0f(z) is

0, m # n;

AA2- Apg1, m=n,

L, {Sm(x)sn(x)} = {

(2k — 2)%(2k — 1)?
(4k — 5)(4k — 3)2(4k — 1)

Orthogonality of r,,(x) :

k=23,...,n+ 1.

Following [2, 3], we obtain the series

1 1 4
=1z 2 _dyz® —dyat — - —dpa™ — -
T(x) 37 T gxpt T T v
and
1
T(I)_l 2 3 n
To(x) = -3 — =1+ dox +dsz” + dyx® + - + dpprz™ + -+ .

The linear moment generating function with respecti¢x) denoted byLr, hasnth momentLy, {z"}

= dn+1~

(9)
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The three term recurrence relatiorof(x) is

B 32n% + 72n% +48n + 9 (2n)%(2n +1)?
rati(e) = < _@n+nun+$@n+@>’*)_gnn@n+U%M+3f”“@’

4
ro(z) = 1, rl(x):x—37 n=1,23.... (10)

Invoking (1) and (2), we obtain the orthogonality:9f(x) is

0, m # n,

AtA2- Ay, m=n,

Ly, {rm(z)rn(z)} = {

(2k — 2)%(2k — 1)?
(4k — 5)(4k — 3)2(4k — 1)’
Suppose, (1) = 2" + rp_12" " + -+ + 1w + 79. SinceLr, {ro(x)r,(x)} = 0, we can computd,, using

where); = 1 and)\, =

k=2,3,....n+1.

dp = —[rn_1dp_1+---+711di +10], do=1, n=1,2,... .
Orthogonality of p,,(z) :

Following [2, 3], we obtain the series

11 107 4 3 "
=14+ —z+-—z"+esx”+ - +ex"+ .

T
3(7) 21 " 315

_9x5 [1-37— 1y
4 2

The linear moment generating function with respecti(r) denoted byL 7., hasnth moment

LTs{In} = €p.

The three term recurrence relationof(x) is

_ 32n+1)%+24(n+1)2 -1 (2n + 1)%(2n + 2)?
Pa+i(®) = <“””_ (4n + 3)(4n + 5)(4n + 7) ) (@) = G D@ 132 @n 15t @
po(z) = 1, pl(x)zx—%7 n=12,3,..., . (11)

Invoking (1) and (2), we obtain the orthogonalityf(x) is

0, m #n,

)\1>\2"'>\n+17 m=n,

L, {Pm(x)pn()} = {

(2k —1)2(2k)?
(4k — 3)(4k — 1)2(4k + 1)’
Suppose,, (z) = 2™ + pp_12™ " + - + p1x + po. Since Ly, {po(z)pn(x)} = 0, we can compute,,
using

where)\; = 1 and)\;, =

k=2,3,...,n+1

en = _[pn—len—l —+ .. _|_p1€1 +p0]’ ey = 17 n = 172,... .
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4. CLASSICAL ORTHOGONAL POLYNOMIALS

The following theorem [1, 4], gives necessary and sufficient conditions for classical orthogonality of polyno-
mials:

Theorem4.1— {Pn(m) d (P”“(m)

,— is a pair of classical orthogonal polynomials if and only if
dx n+1

1. P,(z) satisfies

Pn+1(x) = ( ﬁn) n nPnfh 7121,2,3,...,
Po(z) = 1, Pi(z) =z — fo.

2. Py(a) = L <P”“(x)> +a7,,,n% <P”(x)> +an,n_1% (P"‘l(z)> :

dx n+1 n n—1
With @y, n—1 # (n — 1)y, forn > 2.

Theorem4.2— The polynomialg,, (z) ands,, (x) are classical orthogonal polynomials.

ProOF: Using (8) and (9), we directly obtain the result thafx) ands,, (z) are orthogonal polynomial
with respect taL; and L, respectively. Now, we observe that

1 11
qn(xz) = "I <—n,—n—|—2;—2n+2,x>
= Z(_1)r(rzr(b7_£2)mn—r’ n=0,1,2,..., (12)
r=0 ( r2)
11
sn(z) = 2"k (—717 n 5,—2 2§x)
n n n+%
= Z(—l)r%x"#, n=20,1,2,... . (13)
r=0 ( lr 2)
Using (12), we obtain the relation
_ 4 (di() 2n d ([ gu(x)
»() = dx( n+1 + (4n — 1)(4n + 3) dx n
 (2n=2)2n-1)(2n)* d (gua(z -
n—3)dn—12(n+ Nde \ n—1 )7 "= 2% (14)

Using (8), (14) and Theorem 4.4, () is classical orthogonal polynomials.

Using (13), we obtain the relation

o) = % (ST:L(T)) C (n+ 12)7(l4n+ 5) dzx (Snvsx))

(G0t D@ d (seal))
(4n—1)(4’n—|—1)2(4n—|—3)dx<n_l )’n2a3a-~-~ (15)
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Using (9), (15) and Theorem 4.4, (z) is classical orthogonal polynomials.
Theorem4.3— The polynomials, (z) andp,, (z) are non-classical orthogonal polynomials.

ProOF: Using (10) and (11), we directly obtain the result thafzr) andp,, (x) are orthogonal polynomial
with respect td.r, and L, respectively. Now, we observe thaf(x) andp,, () do not satisfy the conditioR
of Theorem 4.1, because

ra(z) = d(r4(x))+ 149 d(rg(x))_ 22291 d(?"g(l‘))
dz \ 4 13x17x 12dx \| 3 (13)2 x 11 x 15 x 18 dz \_ 2
8777941 d (ri(x)
(13)2><15><17><11><92><7><4dm( 1 )

(r) = i pa(z) _ 2 i p3(z) _ 52778 i p2()
P\t = w1 19x 15dz \ 3 15x13x17x19x9x5dx \ 2

164708 d <p1(a?)> .

+

+19><15><13><11><9><7><5><3% 1

Hencer,, () andp, (z) are non-classical orthogonal polynomials.
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