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LetF be a field of characteristic different frozrandV be a vector space over Let.J : o — o’

be a fixed involutory automorphism d# In this paper we answer the following question: given
an invertible linear mafd” : V. — V, when does the vector spabteadmit a7-invariant non-
degeneratd-hermitian, resp.J-skew-hermitian, form?
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1. INTRODUCTION

LetTF be afield of characteristic different frotn Let.J : « — o be a fixed involutory automorphism
onF,ie. (a+ B) =a’ +p7, (aB)’ = a’37, (a’)’ = a. If there exists a non-zere such that
J(a) = o’ = —a, we say: %’/ = —2 has a solution iff”. This is always the case if is non-trivial.
LetV be a finite dimensional vector space offelin this paper we ask the following question.

Questionl : Given an invertible linear map : V. — V, when does the vector spateoverF
admit aT-invariant non-degenerate-hermitian, respJ-skew-hermitian, form?

We have answered the question in this note. This generalizes earlier work by Gongopadhyay and
Kulkarni [3] where the authors obtained conditions for an invertible linear map to admit an invariant
non-degenerate quadratic and symplectic form assuming that the underlying field is of large charac-
teristic. de Seguins Pazzis [1] extended the work of [3] over arbitrary characteristic. The technicalities
are slightly different in these works due to the underlying field characteristic. In this work we follow
ideas from [3].
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Let IF be the algebraic closure &t Let f(z) = Z?:o a;xt, ag = 1, be a monic polynomial of
degreed overF such that-1, 0, 1 are not its roots. Thdualof f(z) is defined to be the polynomial
f*(z) = (f(0)))LadfI (z~1), wheref/ (z) = Z?:o alzt. Thus,f*(x) = %Zgzoagfimi. In other
words, ifa in T is a root of f(x) with multiplicity &, then(a”)~! is a root of f*(z) with the same
multiplicity. The polynomialf (x) is said to beself-dualif f(z) = f*(z).

LetT : V — V be a linear transformation. A-invariant subspace is said to lmelecomposable
with respect tdl’, or simply T-indecomposablé it can not be expressed as a direct sum of two
properT-invariant subspacesy can be written as a direct suth = @, V;, where eaclV; is T-
indecomposable for = 1,2,...,m. In general, this decomposition is not canonical. But for each
i, (Vi, Tlv,) is “dynamically equivalent” tqF[xz]/(p(z)*), uu.), wherep(z) is an irreducible monic
factor of the minimal polynomial of’, andy, is the operatofu(z)] — [zu(z)], for eg. see [5].
Suchp(z)* is anelementary divisoof T'. If p(z)* occursd times in the decomposition, we calthe
multiplicity of the elementary divisqs(z)*.

Let xr(z) denote the characteristic polynomial of an invertible linear fiiapet
xr(x) = (& = )%z + 1) xor (@),

wheree, f > 0, andy,r(x) has noroot, or —1. The vector spac¥ has &l -invariant decomposition
V=VieV_19V,, wherefor\ =1,—1, V), is the generalized eigenspaceiad.e.

Vya={veV|(T-A)"v=0},

andV, = ker xo,r(T). LetT, denote the restriction df to V,. ClearlyT, has the characteristic
polynomialy,r(z) and does not have any eigenvalue 1 or -1.

With the notations as given above, we prove the following theorem that answers the above ques-
tion. WhenJ is the trivial automorphism, the following theorem descends to Theorem 1.1 of [3] in
view of Lemma 2.1 in Section 2.

Theorem1.1— Let[F be a field with characteristic different from two. L&t o — o be a fixed
non-trivial involutory automorphism oR. LetV be a vector space ovétof dimension at least. Let
T : V — V be an invertible linear map. The¥ admits aT-invariant non-degeneraté-hermitian,
resp. J-skew-hermitian form if and only if an elementary divisoffpfis either self-dual, or its dual
is also an elementary divisor with the same multiplicity.

We prove this theorem in the next section.

Supposél’ : V — V is a linear map that admits an invariant hermitian or skew-hermitian form
H. Then canonical forms fdf' is known in the literature, for example, see [8]. This provides the
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necessary condition in the above theorem. The focus of this article is the converse part, i.e. the
sufficient conditions for a linear mdp to admit a non-degenerate hermitian form.

After finishing this work, we found the papers by Sergeichuk [6, Theorem 5], [7, Theorem 2.2],
where the author has obtained canonical forms for the pair®), whereB is a non-degenerate form
and A is an isometry of3 over a field of characteristic n@t The work of Sergeichuk not only gives
the necessary condition stated above, but the sufficient condition is also implicit there. However, it
has not been stated in a precise form as in the above theorem. Sergeichuk’s approach involves quivers
to derive the results. Our approach is simpler here.

2. PROOF OFTHEOREM1.1

For a matrixA = (a;;), let A7 be the matrixA’ = (aj};). Let H be aJ-sesquilinear form ofV.
The form H is J-hermitianor simply hermitian resp.skew-hermitianf for all u,v inV, H(u,v) =
H(v,u)’, resp.H(u,v) = —H(v,u)’. For alinear mag’ : V — V, we sayH is T-invariant orT’

is an isometry off if for all u,v € V, H(Tu,Tv) = H(u,v).

Lemma2.1 — LetT : V — V be a unipotent linear map with minimal polynomial — 1)",
n > 2. LetV beT-indecomposable.

(i) If n is even, resp. odd, thén admits ar’-invariant skew-hermitian, resp. hermitian form.

(ii) If nis even, resp. odd, ant = —z has a non-zero solution Iy thenV admits &l -invariant
hermitian, resp. skew-hermitian form.

PROOF: Let T be an unipotent linear map. Suppose the minimal polynomidl &fmp(x) =
(z — 1)™. Without loss of generality we can assume thas of the form

1 0 ...0 0
1 1 ...0 0
T 0 1 1 0 ..0O0 2.1)
1 0
0 0 1

Supposd’ preserves d-sesquilinear fornd . In matrix form, letd = (a;;). Then,(T7) HT =
H. This gives the following relations: Far<i <n — 1,

Ai+1n = 0= Ani+1, (22)
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Qi+ Qi j+1 + Qi1 + Qir15+1 = Q4 5, (2.3)
i.e. Qi j+1 + Q15 + Git15+1 = 0. (2.4)
From the above two equations we have,fo£ | <n —-3andi+2<i<n -1,
Ajp—1 = 0= Qp—1- (25)

This implies thatH is a matrix of the form

ai ai2 a3 a1 4 .. Glp-2 Alp-1 Qlip
az,1 ag2 23 A24 ... A2p-2 G251 O
as,1 ag2 a33 34 ... A375-2 0 0

; (2.6)

an-1,1 Aan-1,2 0
i 0 0 0 .. 0 0 0

where,

ait1,5 + ajjr1 + aip1541 = 0.

Choose a basisy, e, e3, ..., e, 0f V such thatl’ and H has the above forms with respect to the

basis. From (2.4) we have

an-t141 = (—1)" " a1 (2.7)

Note that it follows from (2.4) that; ,,—;+1 = (—1)l*1a1,n for1 <! < n. HenceH is non-
singular if and only ifa;, # 0. Continuing the procedure, all entries Bf excepta; ; can be
expressed as a scalar multipleagf, .

For H to be hermitian, from (2.7) we must halcz;afn_”r1 = an-i+1; = (—1)""a;n_s41. This
implies,a{m = (—1)”4‘1&17”. So, a non-zero choice af ,, is possible only if either is odd or, in
casen is even, them’ = —2 must have a solution i, which is always the case. The other case is
similar. O

Corollary 2.2 — Let[F be a field of characteristic different fromsuch thatz’ = —z has a
solution inF. LetV be ann-dimensional vector space of dimensipre overF. LetT : V — V be a
unipotent linear map such th#tis 7-indecomposable. The¥i admits al’-invariant non-degenerate
hermitian, as well as skew-hermitian form.



INVARIANT FORM UNDER A LINEAR MAP 215

Lemma2.3 — LetT : V — V be an invertible linear map. If has no eigenvalugé or —1, then
there exists &'-invariant non-degenerate hermitian forméif and only if there exists &-invariant
non-degenerate skew-hermitian formén

PrOOF: Assume H is aT-invariant hermitian form. Define a forH; onV as follows:

Foru,vinV, Hp(u,v)=H((T —T 1 )u,v).

Note that
Hr(u,v) = H((T T ")u,v)
= H(Tu v) H(T u,v)
= H(u, T ') — H(u,Tv), sinceT is an isometry.
= H(u, T 'v—Tv)

= —H(u,(T—T 1 ))
= —H{((T — T Y, u), sinceH is hermitian.
= —Hi(v,u).

Thus Hr is a T-invariant non-degenerate skew-hermitian form¥n Also it follows by the
same construction that corresponding to e&einvariant skew-hermitian form, there is a canonical
T-invariant hermitian form. O

Lemma2.4 —LetT : V — V be an invertible linear map with characteristic polynomyia(z) =
p(z)¢, wherep(x) # x + 1, is irreducible oveff, and is self-dual. LeV beT-indecomposable. Then
there exists &-invariant non-degenerate hermitian, resp. skew-hermitian forii.on

PROOF: SinceV is T-indecomposabléV, T') is dynamically equivalent to the pa(ﬂF[x]/(p(a:)d),
1), Wherey, is the operatop. [u(z)] — [zu(z)], cf. [5]. Hence without loss of generality we as-
sumeV = Flz]/(p(x)?), T = p, and let

B={e1=1es=1x,...,¢ :xk_l}, k = d.degp(z).

be the corresponding basis.

. J
Let xr(z) = p(z)¢ = Zf:o c;iz'. Sincexr(x) is self-dual, we must havg = -+, 1 < ¢ <

k — 1, cocy = 1. If possible, suppos& = (h;;) be aT-invariant sesquilinear form o‘iv\’ Then

hij = H(e;,ej) = H(pugei, pz€j) = hiy1,j41, 1 <i <k, 1 <j<k.
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Hence, a possibl&-invariant sesquilinear form should be represented necessarily by a matrix of the
following form:

a1 (6] a3 e Q1 QO
B2 a1 oz ... Qp2 Qg
Bz B2 a1 ... ap_3 Q2
X = ) . ) ) ) ) . (2.8)
Br-1 Br—2 Br—3 ... o Qs
Br  Br-1 Br—2 ... [P o1

Let

S = {A = (a;j) € My(F) | (T7)'AT = A}.

ThusT has an invariant form if and only & # ¢.

Let C be the companion matrix @f, given by:

0 0 —Cp
1 0 —C1
C = 0 1 —C2
0 00 1 —cpq
Let
b1 0
B2 B 0

Bz B2 b1

Br-1 Br—2 Br—3 ... B1 0
Br  Br-1 Br—2 ... P2 [
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We consider the equatidi®”’)! H,C = H;. Simplifying the left hand side, we get

51 0 0 0

0 al
B2 B ... 0 as
Bs B2 B 0O ... 0 as
0 a4 ,

CHYH\C=| Bs B3 [ (i

Br-1 Br—2 Br-3 Bk-4 ... B ax—1

k—1
bpo—1 br—2 br—3 bp—a ... b1 —> Ty cibr_;
where
a; = —cofit1 —c1Bi —c2fic1 — ... — ci—1P,
bi = _Ci—lﬁi — Ci_Qﬁi—l — ... Cg_iﬁl-

Comparing both sides ¢t07)' H,C = H; gives

1 .
Biv1 = a(_clﬁi —cfic1— ... —¢i—1f1), 1 <i<k-—2. (2.9)

Now, by back substitution it is easy to see that@ltan be expressed as a multiple®fby an
expression ir%, ..., %=L Next, consider

co

a1 G2 &3 ... Op_1q (677
0 a1 6 ... Op_—92 Ofp_1q
0 0 a1 ... O3 OG22
Hy =
(05} a9
0 (05}

Comparing both sides of the equatiait’)! HoC = H, we get
Cgai+1 = —c{ai — —cgozi,l - —03‘]041-,2 - = c;»]_loq, 1<i<k—-1. (2.10)

By back substitution it is easy to see that eaghcan be expressed as a multiplecaf by an
J

. . CJ ck’—l
expression ins, ..., =+,
€o €0

Thus H, and Hy are elements from the sétand for 3, # 0, resp. a1 # 0, they give non-
degenerate sesquilinear forms. We also seefihat H, + H, is an element in the sé&tand is of the
form (2.8). If we choos@ = o, it follows from (2.9) and (2.10) that; 1 = 3/, ,,1 <i <k —1,
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and hence the fornil is hermitian. If we choosg; = —a, it follows H is skew-hermitian. It can
be seen thalf may be chosen to be non-degenerate. O

Remark2.5 : We would like to clarify a small inaccuracy in the statement of [3, Lemma 3.2(i)]. It
has been stated there that founipotent andV, B) aT-indecomposable bilinear space, the bilinear
form B degenerate implie® = 0. This statement needs slight modification. For exampl¥,ig of
dimensior2,

thenV is T-indecomposable, preservBswhich is degenerate, bi +# 0. Following similar com-
putations as in the proof of Lemma 2.1, we can modify the statement as follows: with the hypothesis
as in Lemma 3.2 of [3]B degenerate implies that the radical®is a co-dimension one subspace of

V. What had been used in the relevant parts of [3], especially in the proof of Theorem 1.3., is actually
the following lemma.

Lemma— LetV be a vector space equipped with a non-degenerate symmetric or skew-symmetric
bilinear form B over a fieldF of large characteristic. Suppo%e: V — V is a unipotent isometry.
Let W be aT-indecomposable subspacet\af Then eitherB|y = 0 or, Bl is non-degenerate.

The proof of the lemma is a slight modification of the proof of Lemma 2.2(i) in [4].
2.1 Proof of Theorem 1.1

PROOF: Suppose that the linear md@padmits an invariant non-degenerate hermitian, resp skew-
hermitian, formH. Then the necessary condition follows from existing literatures, for example see
[6-8].

Conversely, lety be a vector space of dim > 2 over the fieldF andT : V — V an invert-
ible map such that an elementary divisorofis either self-dual or, its dual is also an elementary
divisior. For an elementary divisdr(x), let V;, denote thel-indecomposable subspace isomorphic
to F[x]/(h(x)). From the structure theory of linear maps, for eg. see [2, 5], it follows¥haas a
primary decomposition of the form

mi mo
V= @Vfi e @(Vgi @ Vgr), (2.11)
i=1 j=1
where for eacti = 1,2, ...,my, fi(z) is either self-dual, or one df + 1)* and(z — 1), for each

Jj=1,2,...,ma, gi(z), g/ (x) are dual to each other angl(z) # g’ (x). To prove the theorem it is
sufficient to induce &-invariant hermitian (resp. skew-hermitian) form on each of the summands.
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Let W be anT-indecomposable summand in the above decomposition apfidgt be the corre-
sponding elementary divisor. Suppgge)* is self-dual. It follows from Lemma 2.4 that there exists
aT-invariant non-degenerate hermitian, as well as skew-hermitian forii.on

Suppose(x)* is not self-dual. Then there is a dual elementary divigér)~. W, = ker p(T)*,
Wy = kerp*(T)*. ThenW,- can be considered as dual ¥, and the dual pairing gives ‘a-
invariant non-degenerate formon W, & W, whereh|w, = 0 = hlw,..

Supposep(z)¥ = (z — 1)*. Then the respective forms are obtained from Lemma 2.1. Suppose
p(x)* = (z + 1)*. Let T, denote the restriction ¢f to W. Then the minimal polynomial df;,, is
(x + 1)*. Thus the minimal polynomial of T, is (x — 1)*. FurtherT,, preserves a hermitian (resp.
skew-hermitian) form if and only i-T, also preserves it. Thus this case reduces to the previous case
and the existence of the required forms are clear.

This completes the proof. O
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