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Let R be a commutative ring with identity. LetΓ(R) denote the maximal graph corresponding to

the non-unit elements ofR, i.e.,Γ(R) is a graph with vertices the non-unit elements ofR, where

two distinct verticesa andb are adjacent if and only if there is a maximal ideal ofR containing

both. In this paper, we have shown that, for any finite ringR which is not a field,Γ(R) is a Euler

graph if and only ifR has odd cardinality. Moreover, for any finite ringR ∼= R1×R2×· · ·×Rn,

where theRi is a local ring of cardinalitypαi
i for all i, and thepi’s are distinct primes, it is shown

thatAut(Γ(R)) is isomorphic to a finite direct product of symmetric groups. We have also proved

thatclique(G(R)′) = χ(G(R)′) for any semi-local ringR, whereG(R)′ denote the comaximal

graph associated toR.
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1. INTRODUCTION

The main objective of this paper is to study the interplay of ring-theoretic properties ofR with graph-

theoretic properties ofΓ(R).

In 1988, Beck [3], first introduced the idea of associating a graph to a commutative ring with unity.

Beck consideredR as a simple graph whose vertices are the elements ofR such that two different

elementsx andy are adjacent if and only ifxy = 0.

In 1995, Sharma and Bhatwadekar [7], introduced another graphical structure onR, which later

came to be known as comaximal graphs. In their graphical structure,R is a graph whose vertices are

elements ofR, and two distinct verticesx andy are adjacent if and only ifRx + Ry = R. Later,

1The author was supported by a grant from University of Delhi, No. DRCH/R&D/2013-14/4155.
2The author was supported by a grant from CSIR India, No. 09/045(1142)/2011-EMR-I.



234 ATUL GAUR AND ARTI SHARMA

in 2008, Maimaniet al. [6], further studied the graph structure defined by Sharma and Bhatwadekar,

and named such graph structures as “comaximal graphs”.

In 1999, the zero-divisor graph was introduced by Anderson and Livingston [1]. The zero-divisor

graph is defined as a graph in which each non-zero zero-divisor ofR is a vertex, and two distinct

verticesx andy are adjacent if and only ifxy = 0. This approach is slightly different from that of

Beck [3] in the sense that the set of all non-zero zero-divisors are considered as the vertex set instead

of considering the whole ofR. This study helps illuminate the structure ofZ(R), i.e., the set of

zero-divisors ofR. They had shown thatAut(Γ(Zn)) is a finite direct product of symmetric groups,

and thusΓ(Zn) is highly symmetrical.

As commutative rings were being associated with different graph structures with the aim of under-

standing the ring-theoretic properties with the help of graph-theoretic properties, the maximal graph

G(R) associated toR was introduced by the authors [5] in2013. The authors consideredG(R) as a

simple graph whose vertices are elements ofR, and two distinct verticesx andy are adjacent if and

only if there is a maximal ideal ofR containing both. Note that the maximal graph of a ringR can be

obtained as a complement of the comaximal graph, and vice versa also.

In this paper, we assume thatR is a commutative ring with identity. LetΓ(R) denote the simple

graph with vertices as non-unit elements ofR, where two distinct verticesa andb are adjacent if and

only if there is a maximal ideal ofR containing both. We shall continue to call this graph a maximal

graph ofR as the units inR are just the isolated vertices inG(R).

For a graphG, the degree of a vertexv is the number of edges incident withv. It is denoted by

d(v). Recall that a walk in a graphG is a finite sequence of verticesu = v0, v1, . . . , vn = v and

edgesa1, a2, . . . , an of G:

v0, a1, v1, a2, . . . , an, vn,

where the endpoints ofai are vi−1 and vi, for eachi. A walk is closed when the first and last

vertices,v0 and vn, are the same. A path is a walk in which no vertex is repeated. A graph is

said to be connected if there is at least one path between every pair of vertices inG. The distance,

d(u, v), between connected verticesu andv is the length of a shortest path connecting them, and

d(u, u) = 0. The diameter of a connected graph is the supremum of the distances between vertices.

The eccentricity of a vertexv is denoted byE(v) and is defined as the distance fromv to a vertex

farthest fromv in G, i.e.,

E(v) = max{d(v, u) : u is a vertex inG}.
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The minimum eccentricity value in a graphG is called the radius of that graph and is denoted by

rad(G).

A subsetC of the set of all vertices in a graphG is said to be a clique if every pair of distinct

vertices inC is adjacent inG. If G contains a clique withn vertices, and every clique inG contains

at mostn vertices, we say that the clique number ofG is n and denote it byclique(G).

Let χ(G) denote the chromatic number of a graphG, i.e., the minimal number of colors which

can be assigned to the vertices ofG in such a way that no two adjacent vertices have the same color.

In Section2, we prove thatΓ(R) is a Euler graph if and only ifR has odd cardinality. We

also show thatCenter(Γ(R)) = J(R), whereJ(R) is the Jacobson radical ofR. In Section3, we

prove thatAut(Γ(R)) is isomorphic to a finite direct product of symmetric groups, for any finite ring

R ∼= R1 × R2 × · · · × Rn, where theRi is a local ring of cardinalitypαi
i for all i, and thepi’s are

distinct primes. Finally, in Section4, we have extended the result given by Sharma and Bhatwadekar

[7, Theorem 2.3] thatclique(R) = χ(R) for comaximal graphs of finite rings to comaximal graphs

of semi-local rings.

2. BASIC PROPERTIES OF AMAXIMAL GRAPH

Throughout this section,R denotes a finite commutative ring with unity that is not a field unless

otherwise stated. Clearly,R has finitely many maximal ideals, say,m1, m2, . . . ,mn. For any ideal

I of R, |I| denotes the cardinality ofI, i.e., the number of elements inI. Also J(R) denotes the

Jacobson radical ofR.

Lemma2.1 — Leta be a non-unit ofR and let{m | m is a maximal ideal ofR and a ∈ m} =

{mi1 , . . . ,mik}. Thend(a) = |mi1 ∪ · · · ∪mik | − 1 in Γ(R).

PROOF : Clearly, an elementb ∈ R is adjacent toa if and only if b ∈ mi1 ∪ · · · ∪ mik . As Γ(R)

is a simple graph, we haved(a) = |mi1 ∪ · · · ∪mik | − 1. 2

Corollary 2.2 — For alla ∈ J(R), d(a) = | ∪n
i=1 mi| − 1 in Γ(R).

PROOF : This follows immediately from Lemma 2.1. 2

Note that for any finite local ringR with maximal idealm, |R| = pmn, wherep is a prime such

that|R/m| = pm, andn is the length ofR. We now have the following:

Proposition2.3 — LetR be a ring. ThenR has odd cardinality if and only if every maximal ideal

has odd cardinality.
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PROOF : The necessary part is obvious. For the sufficient part, suppose every maximal ideal ofR

has odd cardinality.

Suppose, if possible, that|R| is even. Then there existsa ∈ R, a 6= 0, such that2a = 0. Assume,

if possible, thata is a unit inR. Then2 = 0 in R, and henceR is a vector space over the field of

integers modulo2. In particular, the cardinality of every non-zero maximal ideal ofR is a positive

power of2. Thus(0) is the only maximal ideal ofR, i.e.,R is a field. A contradiction. Therefore,

a is a non-unit inR. Thus there is a maximal idealm of R containinga. Then|m| is even. Again, a

contradiction. 2

We now recall the definition of a Euler graph from [4].

Definition 2.4 — Euler Graph : A closed walk running through every edge of the graphG

exactly once is called a Euler line and a graphG that contains a Euler line is called a Euler graph.

Recall from [4, Theorem 2.4] that a connected graphG is a Euler graph if and only if all the

vertices ofG are of even degree. In the next theorem, we give another characterization for a maximal

graphΓ(R) to be a Euler graph.

Theorem2.5— LetR be a ring. ThenΓ(R) is a Euler graph if and only ifR has odd cardinality.

PROOF : First supposeΓ(R) is a Euler graph. Then all the vertices ofΓ(R) would be of even

degree. Since by [2, Proposition 1.11],mi * ∪n
j=1
j 6=i

mj , chooseai ∈ mi \ ∪n
j=1
j 6=i

mj for all i =

1, 2, . . . , n. Now, by Lemma 2.1,d(ai) = |mi| − 1, i.e., |mi| = d(ai) + 1, and hence|mi| is odd for

all i = 1, 2, . . . , n. Therefore, by Proposition 2.3,R has odd cardinality.

Conversely, supposeR has odd cardinality. Now, by Proposition 2.3, all the maximal ideals ofR

would be of odd cardinality. Leta ∈ mi1∩mi2∩· · ·∩mik . Then by Lemma 2.1,d(a) = |∪k
j=1mij |−1.

Now, as the cardinality of all the terms in the expansion of|∪k
j=1 mij | is odd, and the number of terms

in the expansion is2k − 1, we conclude that| ∪k
j=1 mij | is odd, and henced(a) is even. Therefore,

every vertex ofΓ(R) has even degree, and henceΓ(R) is a Euler graph. 2

Proposition2.6 — Let R be a ring. Thenrad(Γ(R)) 6 diam(Γ(R)) 6 2. In particular,

rad(Γ(R)) = diam(Γ(R)) = 0 if R is a field, andrad(Γ(R)) = diam(Γ(R)) = 1 if R is

local other than a field.

PROOF: Since0 belongs to every maximal ideal,0 is adjacent to every vertex ofΓ(R), and hence

E(0) = 1. Now, asΓ(R) is a simple graph, we have

rad(Γ(R)) = 1.



EULERIAN GRAPHS AND AUTOMORPHISMS OF A MAXIMAL GRAPH 237

Now, if R is a local ring, thend(a, b) = 1 for every pair of verticesa, b (a 6= b) of Γ(R), and

hence

diam(Γ(R)) = max{d(a, b) : a and b are vertices ofΓ(R)} = 1.

If R is not local, thendiam(Γ(R)) = 2 as for any non-zero, non-unit elementsa andb, belonging to

distinct maximal ideals ofR, {a, 0, b} is a path joininga to b. Therefore,

We now recall the following definition from [4].

Definition2.7 — Center: The set of vertices with minimum eccentricity of a graphG is called

the center ofG and denoted byCenter(G).

Proposition2.8 — LetR be a ring. ThenCenter(Γ(R)) = J(R).

PROOF : Let a ∈ J(R). Thend(a, b) = 1 for every vertexb (6= a) of Γ(R). Therefore,a ∈
Center(Γ(R)).

Conversely, supposea ∈ Center(Γ(R)). ThenE(a) would be minimum. Now, by Proposition

2.6,rad(Γ(R)) = 1, and henceE(a) = 1. SinceΓ(R) is connected, we conclude thatd(a, b) = 1

for every vertexb (6= a) in Γ(R). Therefore,a ∈ J(R). HenceCenter(Γ(R)) = J(R). 2

3. AUTOMORPHISM GROUP OFΓ(R)

In this section also, we continue to letR be a finite commutative ring with unity. We begin this

section with the following result in the form of a remark which is well known, but is given for the

completeness.

Remark3.1 : If R is a ring, thenR ∼= ∏n
i=1 Ri, whereRi is a finite local ring with maximal

ideal, sayni, for all i. Also, |Ri| = pmiαi
i for some primepi, wheremi is the length ofRi and

|Ri/ni| = pαi
i for all i. Also, if mi = R1 × · · · ×Ri−1 × ni ×Ri+1 × · · · ×Rn, then

|mi| = p
(mi−1)αi

i

n∏
j=1
j 6=i

p
mjαj

j = p−αi
i |R|

for all i. Note that if thepi’s are distinct for alli, then|mi| 6= |mj |, mi 6= mj , wheneveri 6= j.

Theorem3.2 — Let X = {m1, . . . , mn} be the set of all maximal ideals ofR. Assume that

|mi| = p−αi
i |R|, where thepi’s are distinct primes. LetI1, . . . , Ir, J1, . . . , Js ∈ X such that theIj ’s

rad(Γ(R)) ≤ diam(Γ(R)) ≤ 2.                                2
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(respectively,Jk’s) are pairwise distinct, and| ∪r
j=1 Ij | = | ∪s

k=1 Jk|. Thenr = s, and there exists

an r-permutationσ such thatIj = Jσ(j) for all j = 1, . . . , r.

PROOF : For any1 ≤ t ≤ n andi1 < i2 < · · · < it, by [2, Proposition 1.10], we have

|mi1 ∩ · · · ∩mit | = p
−αi1
i1

· · · p−αit
it

|R|. (i)

Let |Ij | = |R|/mj (respectively,|Jk| = |R|/lk), wheremj , lk ∈ {pα1
1 , . . . , pαn

n }. Clearly, the

mj ’s (respectively,lk’s) are pairwise distinct.

Let Y denote the power set ofR. Defineφ : Y −→ [0, 1] by φ(A) = |A|/|R|. Clearly,φ is

a probability function. By (i),m1, . . . ,mn are mutually independent with respect toφ. Therefore,

R \m1, . . . , R \mn are also mutually independent with respect toφ. Thus we have

φ(R \ ∪r
j=1Ij) = φ(∩r

j=1(R \ Ij)) =
∏r

j=1 φ(R \ Ij) =
∏r

j=1(1−m−1
j ) and

φ(R \ ∪r
k=1Jk) = φ(∩s

k=1(R \ Jk)) =
∏s

k=1 φ(R \ Jk) =
∏s

k=1(1− l−1
k ),

i.e.,

l1 · · · ls
r∏

j=1

(mj−1) = m1 · · ·mr

s∏

k=1

(lk−1) (ii)

We now claim that{l1, . . . , ls} ∩ {m1, . . . , mr} 6= ∅. Assume to the contrary. Thenl1, . . . , ls,

m1, . . . , mr are pairwise relatively prime. Thusm1 · · ·mr divides
∏r

j=1(mj−1), which is absurd.

Therefore, without loss of generality, we may assume thatmr = ls. Now we have

l1 · · · ls−1

r−1∏

j=1

(mj−1) = m1 · · ·mr−1

s−1∏

k=1

(lk−1) (iii)

Proceeding as above, we getr = s, and{l1, . . . , ls} = {m1, . . . ,mr}. Now, by Remark 3.1, we

get{J1, . . . , Js} = {I1, . . . , Ir}. 2

Note that the condition, thepi’s are distinct primes, in the above theorem is necessary as we have

the following example:

Example3.3 : LetR ∼= F1 × F2 × F3, where F1, F2, F3 are fields with |F1| = 24, |F2| = 22,

and|F3| = 5. Thenm1 = {0}×F2×F3, m2 = F1×{0}×F3, andm3 = F1×F2×{0}. Therefore,

|m1| = 22 · 5 = 20, |m2| = 24 · 5 = 80, and|m3| = 24 · 22 = 64. Also,m1 ∩m3 = {0} × F2 × {0};
so that|m1 ∩m3| = 4. Therefore,

|m1 ∪m3| = 20 + 64− 4 = 80 = |m2|.
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We now recall the following definition from [4].

Definition3.4 —Graph Automorphism : A graph automorphismf : G → G of a graphG

is a bijection on the vertex set ofG which preserves adjacencies.

The setAut(G) of all graph automorphism of a graphG forms a group under composition of

functions. IfG hasn vertices, then in an obvious way,Aut(G) is isomorphic to a subgroup ofSn,

and clearlyAut(Kn) ∼= Sn, whereKn is a complete graph withn vertices. In fact, for a graphG

with n vertices,Aut(G) ∼= Sn if and only if G = Kn.

To prove the main result of this section, we first establish some notation. Let

V(1,0,...,0) = {x ∈ R : x ∈ m1 only},

V(0,1,...,0) = {x ∈ R : x ∈ m2 only},

. . .

V(0,0,...,1) = {x ∈ R : x ∈ mn only},

V(1,1,...,0) = {x ∈ R : x ∈ m1 ∩m2 only},

. . .

V(1,1,...,1) = {x ∈ R : x ∈ ∩n
i=1mi}.

Also, let |Vd| = nd, whered ∈ X = {(i1, i2, . . . , in) : i1, i2, . . . , in ∈ {0, 1}}.

Lemma3.5 — LetR be a ring as in Theorem 3.2. Then, for anyx, y ∈ R, d(x) = d(y) in Γ(R)

if and only if x, y belong to the sameVd.

PROOF: The sufficiency follows from Corollary 2.2. For necessity, assumed(x) = d(y) for some

x, y ∈ R. Supposemi1 , mi2 , . . . , mit are the only maximal ideals containingx, andmj1 , mj2 , . . . , mjl

are the only maximal ideals containingy. Then, by Corollary 2.2,d(x) = | ∪t
r=1 mir | − 1 and

d(y) = | ∪l
k=1 mjk

| − 1. Sinced(x) = d(y), we have| ∪t
r=1 mir | = | ∪l

k=1 mjk
|. Now, the result

follows from Theorem 3.2. 2

Now, we are ready to give the main result of this section.

Theorem3.6 — Let R be a ring as in Theorem 3.2. ThenAut(Γ(R)) is isomorphic to a finite

direct product of symmetric groups. Specifically,

Aut(Γ(R)) ∼=
∏
{Snd

: d ∈ X}.
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PROOF : Since a graph automorphism preserves degree, and by Lemma 3.5, two vertices of

Γ(R) have the same degree if and only if they are in the sameVd, we havef(Vd) = Vd for each

f ∈ Aut(Γ(R)) andd ∈ X. Also, observe thatΓ(Vd) is a complete graph withnd vertices. Therefore,

Aut(Γ(Vd)) ∼= Snd
for all d ∈ X.

DefineΦ : Aut(Γ(R)) → ∏{Snd
: d ∈ X} by Φ(f) = (f |Vd

)d∈X , wheref |Vd
is the restriction

of f onVd, and can be viewed in the natural way as an element ofSnd
for all d ∈ X. Obviously,Φ is

a one-one group homomorphism.

To show thatΦ is onto, it is enough to show that for eachd ∈ X, and permutationσ ∈ Snd
there

is anf ∈ Aut(Γ(R)) with f |Vd
= σ andf |Vd′ = IVd′ for all d′ 6= d in X. SinceAut(Γ(Vd)) ∼= Snd

,

σ is an automorphism onVd. Now extendσ to an automorphismτ onΓ(R) by definingτ(a) = a for

all a 6∈ Vd. ClearlyΦ(τ)|Vd
= σ andΦ(τ)|Vd′ = IVd′ for all d′ 6= d in X. 2

From the above theorem, to determineAut(Γ(R)), it is enough to computend, i.e., the cardinality

of Vd for all d ∈ X. Now, we compute the exact value of thend’s. First, we assume thatR is a

reduced ring. Then, eachRi is a field, and hence|Ri| = pαi
i , since the length ofRi is one for all

i = 1, 2, . . . , n. Therefore,

|V(1,0,...,0)| = |m1 \ (m2 ∪m3 ∪ · · · ∪mn)|

= (pα2
2 − 1)(pα3

3 − 1) · · · (pαn
n − 1).

Similarly,

|V(0,1,...,0)| = (pα1
1 − 1)(pα3

3 − 1) · · · (pαn
n − 1),

. . .

|V(0,0,...,1)| = (pα1
1 − 1)(pα2

2 − 1) · · · (pαn−1

n−1 − 1),

|V(1,1,...,0)| = (pα3
3 − 1)(pα4

4 − 1) · · · (pαn
n − 1),

. . .

|V(1,1,...,1,0)| = (pαn
n − 1),

. . .

|V(1,1,...,1)| = 1.

We now assume thatR is not reduced. Then,

|V(1,0,...,0)| = p
(m1−1)α1

1 p
(m2−1)α2

2 · · · p(mn−1)αn
n (pα2

2 − 1)(pα3
3 − 1) · · · (pαn

n − 1),
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|V(0,1,...,0)| = p
(m1−1)α1

1 p
(m2−1)α2

2 · · · p(mn−1)αn
n (pα1

1 − 1)(pα3
3 − 1) · · · (pαn

n − 1),

. . .

|V(0,0,...,1)| = p
(m1−1)α1

1 p
(m2−1)α2

2 · · · p(mn−1)αn
n (pα1

1 − 1)(pα2
2 − 1) · · · (pαn−1

n−1 − 1),

|V(1,1,...,0)| = p
(m1−1)α1

1 p
(m2−1)α2

2 · · · p(mn−1)αn
n (pα3

3 − 1)(pα4
4 − 1) · · · (pαn

n − 1),

. . .

|V(1,1,...,1,0)| = p
(m1−1)α1

1 p
(m2−1)α2

2 · · · p(mn−1)αn
n (pαn

n − 1),

. . .

|V(1,1,...,1)| = p
(m1−1)α1

1 p
(m2−1)α2

2 · · · p(mn−1)αn
n .

Corollary 3.7 — LetR = Zn. Then

(a) Aut(Γ(Zn)) is trivial if and only ifZn is a field;

(b) Aut(Γ(Zn)) ∼= S2,which is abelian, if and only ifn = 4 or 6.

PROOF : (a) is obvious. For(b), let n = 4. ThenZ4 is a local ring with maximal ideal of

cardinality two. Therefore,|V1| = 2, and henceAut(Γ(Z4)) ∼= S2. Now let n = 6. Then

Z6 is a ring with two maximal idealsm1 andm2, wherem1 = {0, 3} andm2 = {0, 2, 4}. Thus

|V(1,0)| = 1, |V(0,1)| = 2, and|V(1,1)| = 1. Therefore,Aut(Γ(Z6)) ∼= S1 × S2 × S1
∼= S2.

Conversely, suppose thatAut(Γ(Zn)) ∼= S2. Since the number ofVd’s is 2k − 1, wherek is the

number of maximal ideals inZn, we have

Aut(Γ(Zn)) ∼= S2
∼= S1 × · · · × S1(m times)× S2,

wherem = 2k − 2. Note that the cardinality of any maximal ideal, saymi, in Zn is the sum of the

cardinalities of2k−1 Vd’s. Also note that the cardinality of all theVd’s is 1 except the one which

is of cardinality two. Therefore, ifk ≥ 3, thenZn will have at least two maximal ideals of the

same cardinality, which is absurd inZn. Now, if k = 1, thenZn is a local ring with maximal ideal of

cardinality two, and hencen = 4. If k = 2, then|m1| = |V(1,0)|+|V(1,1)| and|m2| = |V(0,1)|+|V(1,1)|.
SinceZn is a reduced ring, we have either|V(1,0)| = 1, |V(0,1)| = 2, and|V(1,1)| = 1, or |V(1,0)| =

2, |V(0,1)| = 1, and|V(1,1)| = 1. Therefore, the only possibility forn is 6. 2
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4. COMPLEMENT OF MAXIMAL GRAPHS

Throughout this section, we will denote the maximal graph [5] associated to a ringR by G(R), i.e.,

the vertices ofG(R) are all the elements ofR, and two distinct verticesx, y are adjacent inG(R)

if and only if there is a maximal ideal inR containing bothx, y. We begin this section with the

following definition.

Definition4.1 — The complementG′ of a graphG is a graph with the same vertex set asG, and

with the property that two vertices are adjacent inG′ if and only if they are not adjacent inG.

Throughout this section,G(R)′ denotes the complement of maximal graphG(R) associated to

R. Note that the graphG(R)′ is precisely the comaximal graph associated toR as defined in [7] and

vice versa also, i.e., the maximal and comaximal graph associated toR are just the complement of

each other. In general, for any graphG, the following need not be true:

clique(G) = χ(G) if and only if clique(G′) = χ(G′). (iv)

For example, consider the following graphG and its complementG′.

In the above graph,clique(G) = 2 6= χ(G) = 3; however,

clique(G′) = χ(G′) = 3.
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But for a maximal graphG(R) of a finite ringR, both the equalities in (iv) holds independently.

Note that, for any finite ringR, clique(G(R)) = χ(G(R)), by [5, Theorem 3.5]. Since the graph

G(R)′ is nothing but the comaximal graph associated toR as defined in [7], by [7, Theorem 2.3], we

haveclique(G(R)′) = χ(G(R)′).

Sharma and Bhatwadekar [7], proved that, for any finite ringR,

clique(G(R)′) = χ(G(R)′) = m + n,

wherem is the number of units andn is the number of maximal ideals inR.

In the next theorem we are extending the same result to semi-local rings and thereby establishing

Beck’s conjecture [3] for comaximal graph of semi-local rings. Recall that for any two setsA,B,

|A| ≤ |B| if there is an injective map fromA to B.

Theorem4.2— LetR be a semi-local ring. Then

clique(G(R)′) = χ(G(R)′) = n + |U(R)|,
whereU(R) is the set of all units inR andn is the number of maximal ideals inR.

PROOF : First assumeU(R) = {u1, u2, . . . , um} is a finite set. Since theui’s are just isolated

vertices inG(R), {u1, u2, . . . , um} forms a clique inG(R)′. Let m1, m2, . . . ,mn be the maximal

ideals ofR. Chooseai ∈ mi \ ∪n
j=1
j 6=i

mj for all i = 1, 2, . . . , n. Now, for any i, ai cannot be

adjacent touj for all j, and there cannot be any edge betweena1, . . . , an in G(R); so we conclude

that {u1, . . . , um, a1, a2, . . . , an} forms a clique inG(R)′. Note that this is a maximal clique in

G(R)′ as any clique inG(R)′ can contain at most one element of every maximal ideal. Therefore,

clique(G(R)′) = n + m.

Sinceclique(G(R)′) = m + n ≤ χ(G(R)′), we need at leastn + m colors to colorG(R)′.

We now produce a coloring with exactlym + n colors. First we assign them + n distinct colors

to the elementsu1, . . . , um, a1, a2, . . . , an. As no pair of elements inm1 is adjacent to each other

in G(R)′, we assign the same color to every element ofm1 as that ofa1. Similarly, no pair of

elements inm2 is adjacent to each other inG(R)′, we assign the color ofa2 to all the elements of

m2 \ m1. Proceeding in the same way, eventually we assign the color ofan to all the elements of

mn \ ∪n−1
i=1 mi. Thus we can colorG(R)′ with m + n colors, i.e.,χ(G(R)′) ≤ m + n. Therefore,

clique(G(R)′) = χ(G(R)′) = n + |U(R)|.

Now assumeU(R) is an infinite set. Then, by the same argument as above, the elements of

U(R) together with{a1, a2, . . . , an} forms a maximal clique inG(R)′. Therefore,clique(G(R)′) =

n + |U(R)|.
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Also, as all the non-units inR can be colored with exactlyn colors as shown above, we conclude

thatχ(G(R)′) ≤ n + |U(R)|. Therefore,

clique(G(R)′) = χ(G(R)′
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