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Let R be a commutative ring with identity. L& R) denote the maximal graph corresponding to
the non-unit elements @k, i.e.,I'(R) is a graph with vertices the non-unit elementd®fvhere

two distinct vertices: andb are adjacent if and only if there is a maximal idealfotontaining
both. In this paper, we have shown that, for any finite dtwgrhich is not a field['(R) is a Euler
graph if and only ifR has odd cardinality. Moreover, for any finite ridy~ Ry x Ry X - - - X Ry,
where theR; is a local ring of cardinality;" for all 7, and thep;’s are distinct primes, it is shown
that Aut(I'(R)) is isomorphic to a finite direct product of symmetric groups. We have also proved
thatclique(G(R)") = x(G(R)’) for any semi-local ringR, whereG(R)’ denote the comaximal
graph associated t8.
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1. INTRODUCTION

The main objective of this paper is to study the interplay of ring-theoretic propertieswith graph-
theoretic properties df(R).

In 1988, Beck [3], firstintroduced the idea of associating a graph to a commutative ring with unity.
Beck considered? as a simple graph whose vertices are the elemenis @iich that two different
elementse andy are adjacent if and only ify = 0.

In 1995, Sharma and Bhatwadekar [7], introduced another graphical structuRe which later
came to be known as comaximal graphs. In their graphical strudiuea graph whose vertices are
elements ofR, and two distinct vertices andy are adjacent if and only iRx + Ry = R. Later,
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in 2008, Maimaniet al. [6], further studied the graph structure defined by Sharma and Bhatwadekar,
and named such graph structures as “comaximal graphs”.

In 1999, the zero-divisor graph was introduced by Anderson and Livingston [1]. The zero-divisor
graph is defined as a graph in which each non-zero zero-divisérisfa vertex, and two distinct
verticesz andy are adjacent if and only ify = 0. This approach is slightly different from that of
Beck [3] in the sense that the set of all non-zero zero-divisors are considered as the vertex set instead
of considering the whole oR. This study helps illuminate the structure #fR), i.e., the set of
zero-divisors ofR. They had shown thatut(T'(Z,,)) is a finite direct product of symmetric groups,
and thud'(Z,,) is highly symmetrical.

As commutative rings were being associated with different graph structures with the aim of under-
standing the ring-theoretic properties with the help of graph-theoretic properties, the maximal graph
G(R) associated t& was introduced by the authors [5]2013. The authors considere®(R) as a
simple graph whose vertices are element&pénd two distinct vertices andy are adjacent if and
only if there is a maximal ideal aR containing both. Note that the maximal graph of a ridgan be
obtained as a complement of the comaximal graph, and vice versa also.

In this paper, we assume th&tis a commutative ring with identity. Ldt(R) denote the simple
graph with vertices as non-unit elementsiyfwhere two distinct vertices andb are adjacent if and
only if there is a maximal ideal ak containing both. We shall continue to call this graph a maximal
graph of R as the units iR are just the isolated vertices (i(R).

For a graph7, the degree of a vertexis the number of edges incident with It is denoted by
d(v). Recall that a walk in a grap&' is a finite sequence of vertices= vy, v1,...,v, = v and
edgesiy, as, . .., a, Of G:

Vo, Aa1,V1,02,...,0n,Un,

where the endpoints af; arev; 1 andv;, for eachi. A walk is closed when the first and last
vertices,vy and v, are the same. A path is a walk in which no vertex is repeated. A graph is
said to be connected if there is at least one path between every pair of vertigesltme distance,
d(u,v), between connected verticasandv is the length of a shortest path connecting them, and
d(u,u) = 0. The diameter of a connected graph is the supremum of the distances between vertices.
The eccentricity of a vertex is denoted byE(v) and is defined as the distance frento a vertex
farthest fromw in G, i.e.,

E(v) = maz{d(v,u) : uis avertex inG}.
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The minimum eccentricity value in a gragh is called the radius of that graph and is denoted by
rad(Q).

A subsetC' of the set of all vertices in a graph is said to be a clique if every pair of distinct
vertices inC' is adjacent irGG. If G contains a clique with vertices, and every clique i@ contains
at mostn vertices, we say that the clique numbeli(dfs n and denote it bylique(G).

Let x(G) denote the chromatic number of a gra@hi.e., the minimal number of colors which
can be assigned to the vertices®fn such a way that no two adjacent vertices have the same color.

In Section2, we prove thafl'(R) is a Euler graph if and only iz has odd cardinality. We
also show thaCenter(I'(R)) = J(R), whereJ(R) is the Jacobson radical &. In Section3, we
prove thatAwt(I'(R)) is isomorphic to a finite direct product of symmetric groups, for any finite ring
R = R; x Ry x --- X Ry, where theR; is a local ring of cardinality" for all 7, and thep;’s are
distinct primes. Finally, in Sectiof, we have extended the result given by Sharma and Bhatwadekar
[7, Theorem 2.3] thatlique(R) = x(R) for comaximal graphs of finite rings to comaximal graphs
of semi-local rings.

2. BASIC PROPERTIES OF AMAXIMAL GRAPH

Throughout this sectionk denotes a finite commutative ring with unity that is not a field unless
otherwise stated. Clearly? has finitely many maximal ideals, say;, mo, ..., m,. For any ideal

I of R, |I| denotes the cardinality af, i.e., the number of elements in Also J(R) denotes the
Jacobson radical aR.

Lemma2.1 — Leta be a non-unit ofR and let{m | m is a maximal ideal oR anda € m} =
{mil, . ,mik}. Thend(a) = ]mil U---u mzk\ —1in F(R)

ProOOF: Clearly, an elemerit € R is adjacent ta if and only ifb € m;, U--- Um;,. AST(R)
is a simple graph, we havka) = |m;, U---Um;, | — 1. =

Corollary 2.2 — For alla € J(R), d(a) = | U m;| — 1in(R).
PROOF: This follows immediately from Lemma 2.1. O

Note that for any finite local rind? with maximal idealm, |R| = p™", wherep is a prime such
that| R/m| = p™, andn is the length ofR. We now have the following:

Proposition2.3 — LetR be a ring. Therk has odd cardinality if and only if every maximal ideal
has odd cardinality.
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PROOF: The necessary part is obvious. For the sufficient part, suppose every maximal i&eal of
has odd cardinality.

Suppose, if possible, thak| is even. Then there existse R, a # 0, such thaka = 0. Assume,
if possible, thatz is a unitinR. Then2 = 0 in R, and henceR is a vector space over the field of
integers modul@. In particular, the cardinality of every non-zero maximal idealois a positive
power of2. Thus(0) is the only maximal ideal oR, i.e., R is a field. A contradiction. Therefore,
a is a non-unit ink. Thus there is a maximal ideal of R containinga. Then|m| is even. Again, a
contradiction. O

We now recall the definition of a Euler graph from [4].

Definition 2.4 — Euler Graph : A closed walk running through every edge of the graph
exactly once is called a Euler line and a gr&pkhat contains a Euler line is called a Euler graph.

Recall from [4, Theorem 2.4] that a connected grapls a Euler graph if and only if all the
vertices ofGG are of even degree. In the next theorem, we give another characterization for a maximal
graphI'(R) to be a Euler graph.

Theorem2.5— Let R be aring. Thed'(R) is a Euler graph if and only iR has odd cardinality.

PROOF: First supposd’(R) is a Euler graph. Then all the verticesIofR) would be of even
degree. Since by [2, Proposition 1.1%}; ¢ Ul my, choosea; € m; \ Ul m; forall i =
1,2,...,n. Now, by Lemma 2.1d(a;) = |m;| — 1, ]|¢e |m;| = d(a;) + 1, and héﬁc¢ml~| is odd for
alli =1,2,...,n. Therefore, by Proposition 2.& has odd cardinality.

Conversely, supposk has odd cardinality. Now, by Proposition 2.3, all the maximal idealB of
would be of odd cardinality. Let € m;, N"m;,N---Nm;,. Then by Lemma 2.X(a) = |U§:1mij |—1.
Now, as the cardinality of all the terms in the expansiotu:fL1 m;, | is odd, and the number of terms
in the expansion ig* — 1, we conclude thaltule m;, | is odd, and hencé(a) is even. Therefore,
every vertex of'(R) has even degree, and heddeR) is a Euler graph. O

Proposition2.6 — Let R be a ring. Thenrad(I'(R)) < diam(I'(R)) < 2. In particular,
rad(I'(R)) = diam(I'(R)) = 0 if R is a field, andrad(I'(R)) = diam(I'(R)) = 1if R is
local other than a field.

PROOF: Since0 belongs to every maximal idedl js adjacent to every vertex of R), and hence
E(0) = 1. Now, asI'(R) is a simple graph, we have

rad(I'(R)) = 1.
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Now, if R is a local ring, theni(a,b) = 1 for every pair of vertices, b (a # b) of I'(R), and
hence
diam(T'(R)) = max{d(a,b) : aand b are vertices @f(R)} = 1.

If R is notlocal, thenliam(I'(R)) = 2 as for any non-zero, non-unit elementandb, belonging to
distinct maximal ideals oR, {a, 0, b} is a path joining: to b. Therefore,

rad(I'(R)) < diam(I'(R)) < 2. O

We now recall the following definition from [4].

Definition2.7 — Center: The set of vertices with minimum eccentricity of a gra@hs called
the center ofy and denoted by'enter(G).

Proposition2.8 — LetR be aring. Theenter(I'(R)) = J(R).

PROOF: Leta € J(R). Thend(a,b) = 1 for every vertexb (# a) of I'(R). Thereforea €
Center(I'(R)).

Conversely, suppose € Center(I'(R)). ThenE(a) would be minimum. Now, by Proposition
2.6,rad(I'(R)) = 1, and hence®(a) = 1. Sincel'(R) is connected, we conclude thé(u,b) = 1
for every vertex (# a) in I'(R). Thereforeq € J(R). HenceCenter(I'(R)) = J(R). O

3. AUTOMORPHISMGROUP OFI'(R)

In this section also, we continue to I& be a finite commutative ring with unity. We begin this
section with the following result in the form of a remark which is well known, but is given for the
completeness.

Remark3.1 : If R is aring, thenRk = [[" , R;, whereR; is a finite local ring with maximal
ideal, sayn;, for all . Also, |R;| = p;"** for some primep;, wherem; is the length ofR; and
|Rl/nz| :p?i foralli. Also, ifm; = Ry x --- X R;_1 X n; X Ri—i—l x -+ X R,, then

n
m;—1)a; mja

fmi] = p{ P = p; R
j=1
J#i
for all . Note that if thep;’s are distinct for alli, then|m;| # |m;|, m; # m;, whenever # j.

Theorem3.2 — Let X = {my,...,m,} be the set of all maximal ideals @¢f. Assume that
|m;| = p; “*|R|, where thep;'s are distinct primes. Lefy, ..., I, Ji,...,J; € X such that the;’s
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(respectively,Ji;'s) are pairwise distinct, andl Uiy I;| = | U;_; Jk|. Thenr = s, and there exists
anr-permutations such thatl; = J,; forall j =1,...,r.

PROOF: Foranyl <t <mnandi; < iy < --- < i, by [2, Proposition 1.10], we have

Img, N - Nmy, | :p;ail ...p;ait‘R’_ 0

Let |I;| = |R|/m; (respectively|J;| = |R|/lx), wherem;,l;, € {p{*,...,p5"}. Clearly, the
m;'s (respectively/,’s) are pairwise distinct.
Let Y denote the power set df. Define¢: Y — [0,1] by ¢(A) = |A|/|R|. Clearly,¢ is

a probability function. By (i)m, ..., m, are mutually independent with respectgo Therefore,
R\ my,..., R\ m, are also mutually independent with respecptahus we have

PR\ Uj_Ij) = o(Mj_ (R\ 1)) = [Ty o(R\ I;) =T[5, (1 - mjl) and
SR\ Upy i) = 0Ny (R\ i) = [Ty o(R\ Ji) = [Ty (1= 31),

T S

ll'”ls H(mj—l) =Mmq - "My H(lk_l) (II)
j=1 k=1
We now claim thafly,...,ls} N {mq,...,m,} # (. Assume to the contrary. Thén ..., I,
mi,...,m, are pairwise relatively prime. Thus; - --m, divides[[’_, (m;—1), which is absurd.
Therefore, without loss of generality, we may assumesthat [;. Now we have

r—1 s—1
ll'-'lsfl H(mj—l) =mi---Mr_1 H(lk_l) (III)
j=1 k=1
Proceeding as above, we get s, and{l4,...,ls} = {m1,...,m,}. Now, by Remark 3.1, we
get{Jl,...,Js}:{Il,...,lr}. O

Note that the condition, thg’s are distinct primes, in the above theorem is necessary as we have
the following example:

Example3.3: LetR = Fy x F, x I3, where Fy, Fy, F; are fields with |Fy| = 24, |Fy| = 22,
and|F3| = 5. Thenm; = {0} x F x F3, mg = F} x {0} x F3, andmg = F} x F x {0}. Therefore,
lmy| =225 =20, |my| = 2% -5 = 80, and|ms| = 2% - 22 = 64. Also,m; Nm3 = {0} x F» x {0};
so thatjm; N m3| = 4. Therefore,

\ml Um3]:20+64—4:80:\m2].
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We now recall the following definition from [4].

Definition 3.4 — Graph Automorphism : A graph automorphisnf : G — G of a graphGG
is a bijection on the vertex set 6f which preserves adjacencies.

The setAut(G) of all graph automorphism of a gragh forms a group under composition of
functions. IfG hasn vertices, then in an obvious wayut(G) is isomorphic to a subgroup ¢f,,
and clearlyAut(K™) = S,,, where K™ is a complete graph with vertices. In fact, for a grapty
with n vertices,Aut(G) = S, ifand only if G = K™.

To prove the main result of this section, we first establish some notation. Let
Vio,..0 = {z € R:z € my only},

.0) =17 € R:x € my only},

Vio,..1) = {zx € R:z €m, only},

Viia,.0 ={z € R: 2 € my Nmy only},

‘/(1,17.“’1) = {JZ‘ eER:x€ ﬁ?zlmz}
Also, let|Vy| = ng, whered € X = {(i1,42,...,0n) : i1,12,...,0p € {0,1}}.

Lemma3.5 — LetR be aring as in Theorem 3.2. Then, for any € R, d(x) = d(y) inT'(R)
if and only if x, y belong to the samg;.

ProoF: The sufficiency follows from Corollary 2.2. For necessity, assd(ng = d(y) for some

x,y € R. Supposen;, ,m;,, ..., m;, are the only maximal ideals containingandm;,,m;,, ..., m;
are the only maximal ideals containing Then, by Corollary 2.2d(z) = | U‘'_; m; | — 1 and
d(y) = |UL_, m;,| — 1. Sinced(x) = d(y), we have| U!_; m; | = | U, _, m;,|. Now, the result
follows from Theorem 3.2. O

Now, we are ready to give the main result of this section.

Theorem3.6 — Let R be a ring as in Theorem 3.2. Thetut(I'(R)) is isomorphic to a finite
direct product of symmetric groups. Specifically,

Aut(T(R)) = [[{Sn, : d € X}
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PROOF : Since a graph automorphism preserves degree, and by Lemma 3.5, two vertices of
I'(R) have the same degree if and only if they are in the sémeve havef(V;) = V; for each
f € Aut(I'(R)) andd € X. Also, observe thdt (V) is a complete graph with, vertices. Therefore,
Aut(T'(Vy)) =2 Sy, foralld € X.

Define® : Aut(I'(R)) — [[{Sn, : d € X} by ®(f) = (f|v,)acx, Wheref|y, is the restriction
of f onVj,, and can be viewed in the natural way as an elemef,ofor all d € X. Obviously,® is
a one-one group homomorphism.

To show that is onto, it is enough to show that for ea¢rke X, and permutationr € S,,, there
isanf € Aut(T'(R)) with f|y, = o andf|y, = Iy, foralld’ # din X. SinceAut(I'(Vy)) = Sy,
o is an automorphism ol;. Now extendr to an automorphism onI'(R) by definingr(a) = a for
alla ¢ Vy. Clearly®(7)|y, = o and®(7)l|y,, = Iy, foralld’ # din X. O

From the above theorem, to determitet(I'(R)), it is enough to computey, i.e., the cardinality
of V; for all d € X. Now, we compute the exact value of thg's. First, we assume thak is a
reduced ring. Then, eacR; is a field, and hencgR;| = p?i, since the length oR; is one for all
i=1,2,...,n. Therefore,

‘V(I,O,..‘,O)’ =|m\ (mUmgU---Um,)|

= (py? — 1)(p3® —1)--- ("~ — 1).

Similarly,
Vo, .ol =@ —1D@$ — 1) (pom — 1),

Vioo,..nl =@ —1)(p3? —1)---(p"7' — 1),

V..ol =@ =1y —1)--- (ppm — 1),

Via,..Lol= @y —1),

“/(1,1,...,1)| =1.
We now assume that is not reduced. Then,

Voo = p{™ @ pime 7o plmn=an e — 1) (pgs 1) -+ (pfr — 1),
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“/(0717"'70)’ = pgml_l)alpgmz_l)QQ o .p%mn_l)an(p?l - 1)(]9?3 - 1) e (pgn - 1)7

—1 —1 I n—
Voo, = pi™ Do pime =D plma—Dan o1 _q)(pa2 _ 1)... (p2n7! — 1),

Vi, = p{"Hoprem o plme=ban s — 1)(pis — 1) - (piyr = 1),

(1m1—1)o<1p(2m2—1)042 )

Va0l =p coplrem (pon — 1),

(m1—1)a1_(me—1)as (mn—l)an‘

|V(11 ..... 1)|:p1 Dy © Dy

)

Corollary 3.7 — LetR = Z,,. Then
(a) Aut(T'(Zy,)) is trivial if and only if Z,, is a field;
(b) Aut(T'(Zy,)) = S2,which is abelian, if and only if. = 4 or 6.

PROOF: (a) is obvious. For(b), letn = 4. ThenZ, is a local ring with maximal ideal of
cardinality two. Therefore|V;| = 2, and hencedut(I'(Z4)) = S2. Now letn = 6. Then
Zg is a ring with two maximal ideals; andmy, wherem; = {0,3} andmy = {0,2,4}. Thus
Vol = 1, Vol = 2, and|V(q 1y| = 1. Therefore Aut(T'(Ze)) = S1 x Sz x S1 = Sa.

Conversely, suppose thatt(T(Z,)) = S,. Since the number df's is 2* — 1, wherek is the
number of maximal ideals i#,,, we have

Aut(T(Zy,)) =2 S =2 51 x -+ x S1(m times) x Sy,

wherem = 2% — 2. Note that the cardinality of any maximal ideal, say, in Z, is the sum of the
cardinalities of2*~1 V;’s. Also note that the cardinality of all thi;’s is 1 except the one which
is of cardinality two. Therefore, ik > 3, thenZ, will have at least two maximal ideals of the
same cardinality, which is absurd#),. Now, if kK = 1, thenZ, is a local ring with maximal ideal of
cardinality two, and hence = 4. If & = 2, then|my | = [V(1 o)|+|V{1,1y| @andjma| = [Vo 1) |+[V(1.1)].
SinceZ,, is a reduced ring, we have eithéf, o)| = 1, V(o) = 2, and|V{y )| = 1, or [V )| =

2, [Vio,nl = 1, and|V{y 1y| = 1. Therefore, the only possibility for is 6. O
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4, COMPLEMENT OFMAXIMAL GRAPHS

Throughout this section, we will denote the maximal graph [5] associated to &ringG(R), i.e.,
the vertices ofG(R) are all the elements aR, and two distinct vertices, y are adjacent irG(R)

if and only if there is a maximal ideal if® containing bothz,y. We begin this section with the
following definition.

Definition4.1 — The complemen®’ of a graphG' is a graph with the same vertex set@sand
with the property that two vertices are adjacenthif and only if they are not adjacent @.

Throughout this sectiorZ(R)’ denotes the complement of maximal graghR) associated to
R. Note that the grapti’(R)’ is precisely the comaximal graph associatedtas defined in [7] and
vice versa also, i.e., the maximal and comaximal graph associatedte just the complement of
each other. In general, for any graghthe following need not be true:

clique(G) = x(G) if and only if clique(G’) = x(G'). (iv)

For example, consider the following graphand its complement’.

In the above graphjique(G) = 2 # x(G) = 3; however,

clique(G') = x(G') = 3.
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But for a maximal grapldz( R) of a finite ring R, both the equalities in (iv) holds independently.
Note that, for any finite ring?, clique(G(R)) = x(G(R)), by [5, Theorem 3.5]. Since the graph
G(R)' is nothing but the comaximal graph associate®tas defined in [7], by [7, Theorem 2.3], we
haveclique(G(R)") = x(G(R)").

Sharma and Bhatwadekar [7], proved that, for any finite fing
clique(G(R)") = x(G(R)") = m + n,
wherem is the number of units and is the number of maximal ideals iR.

In the next theorem we are extending the same result to semi-local rings and thereby establishing
Beck’s conjecture [3] for comaximal graph of semi-local rings. Recall that for any twoAsdBs
|A| < |B] if there is an injective map from to B.

Theorem4.2— Let R be a semi-local ring. Then
clique(G(R)') = x(G(R)') = n+ |[U(R)],

whereU (R) is the set of all units iR andn is the number of maximal ideals .

PROOF: First assumé/(R) = {u1,us,...,un} is afinite set. Since the;'s are just isolated
vertices inG(R), {u1,us,...,uy,} forms a clique inG(R)’. Letm, my,..., m, be the maximal
ideals of R. Choosea; € m; \ U7_,m; for all i = 1,2,...,n. Now, for anyi, a; cannot be

adjacent tou; for all j, and there cgérzmot be any edge between. ., a, in G(R); so we conclude
that {uy,...,um,a1,as,...,a,} forms a clique inG(R)’. Note that this is a maximal clique in
G(R)" as any clique inG(R)’ can contain at most one element of every maximal ideal. Therefore,
clique(G(R)) = n+ m.

Sinceclique(G(R)") = m +n < x(G(R)"), we need at least + m colors to colorG(R)'.
We now produce a coloring with exactly + n colors. First we assign the. + n distinct colors
to the elementsy, ..., um,a1,a92,...,a,. AS No pair of elements im; is adjacent to each other
in G(R)’, we assign the same color to every elemenigfas that ofa;. Similarly, no pair of
elements inm, is adjacent to each other @(R)’, we assign the color af; to all the elements of
my \ my. Proceeding in the same way, eventually we assign the coley, ¢ all the elements of
my,, \ U'"'m;. Thus we can coloG(R)’ with m + n colors, i.e.,x(G(R)") < m + n. Therefore,
clique(G(R)) = x(G(R)) = n+ |[U(R)|.
Now assumé/(R) is an infinite set. Then, by the same argument as above, the elements of

U(R) together with{a1, as, . .., a,} forms a maximal clique ii7(R)’. Thereforeclique(G(R)") =
n+ |U(R)|.
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Also, as all the non-units iR can be colored with exactly colors as shown above, we conclude
thatx(G(R)") < n+ |U(R)|. Therefore,

clique(G(R)') = X(G(R)') = n +|U(R)|. 0
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