Indian J. Pure Appl. Math48(2): 245-257, June 2017
© Indian National Science Academy DOI: 10.1007/s13226-017-0226-7

MONOTONICITY OF STRATA IN THE STRATIFICATION OF THE CONE OF
TOTALLY POSITIVE MATRICES

Amitava Ghosh

Durgapur Women's College, Durgapur, West Bengal, India
e-mail: amitaval729@gmail.com

(Receive@® NovembeR016;acceptedl6 NovembeR016)

According to a theorem of Bjorner [5], there exists a stratified space whose strata are labeled
by the elements ofu, v] for every intervallu, v] in the Bruhat order of a Coxeter grodf,

and each closed stratum (respectively the boundary of each stratum) has the homology of a ball
(respectively of a sphere). In [6], Fomin and Shapiro suggest a natural geometric realization of
these stratified spaces for a Weyl grodp of a semi-simple Lie groug-, and then prove its
validity in the case of the symmetric group. The stratified spaces arise as links in the Bruhat
decomposition of the totally non-negative part of the unipotent radicél.dln this article, we

verify the topological regularity property of the strata formed as a result of Bruhat partial ordering
on the elements of the Weyl group (of rank 4) of a semi-simple simply connected algebraic group
G which isSL(4,R) in our case here. The Weyl group here is the Coxeter giqup
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cells.

1. INTRODUCTION

Bjorner in [5] showed that every interval in the Bruhat order of a Coxeter group W imtieeposet

of some stratified space, in which each closed stratum (resp., the boundary of each stratum) has the
homology of a ball (resp., of a sphere). Besides, he also proved a stronger result, namely, every
interval in the Bruhat order is the face poset of a regular cell complex (i.e. closed strata actually are
balls).

In [6], Fomin and Shapiro talked about a geometric construction for the case Whisrthe Weyl
group of a semisimple Lie grouf and proved that it holds in the case of the symmetric group. In the
type A case, wheréV is the symmetric group an@ the special linear group, they prove that their
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stratified spaces satisfy the required homological properties. The spaces that they construct are links
of cells in the Bruhat decomposition of the totally nonnegative part of the unipotent radiGal of

Now let G be a semisimple, simply connected algebraic group defined and spliRovest B
and B’ be two opposite Borel subgroups@f so thatd = B’ N B is anR-split maximal torus inG;
we denote byV and N’ the unipotent radicals dB and B’, respectively.

While considering the typel,,_1, the groupG is the real special linear groupL(n,R); H, B
and B’ are the subgroups of diagonal, upper-triangular, and lower-triangular matrices, respectively;
N and N’ are the subgroups @ and B’ that consist of matrices whose diagonal entries are equal to
1. We denote by the set of all totally nonnegative elementsin In the case of the special linear
group,Y consists of the upper-triangular unipotent matrices whose all minors are nonnegative. The
general definition was first suggested by Lusztig (please look at [11] and references therein). In our
current notation, Lusztig definéd as the multiplicative submonoid df generated by the elements
exp(te;), t > 0, where thee!s are the Chevalley generators of the Lie algebrdofAn alternative
description in terms of nonnegativity of certaigneralized minorsvas given in [8]. LetiV be the
Weyl group ofG. The length of an element € W is denoted by (w). The grouplV is partially
ordered by the Bruhat order, defined geometricallyuby v <= B'uB’ ¢ B'vB’ . The Bruhat
decompositiorG = (J,,cy B'wB' induces the partition of into mutually disjoint totally positive
varietiesY,, =Y N B'wB', w € W (we are following the terminology as in [7]).

Let us denote&,, = Y,5. Lusztig was the first to study the varieti&s in [10]. In this article,
we verify some basic properties (topological regularity) of the strata formed by the semi-algebraic
varieties which arise as a result of the Bruhat order on the elements of the Weyl group of rank 4.
In our case here, the Weyl group is the finite Coxeter gr6yp We borrow and utilize ideas and
concepts from [1] and [2] and show that the semi-algebraic sets or the strata are semi-monotone sets
or monotone cells. The rank-3 case has been studied and verified in [6].

2. STRATIFICATION OF THE SEMI-ALGEBRAIC SETT (AS DESCRIBEDBELOW) INDUCED BY
THE BRUHAT PARTIAL ORDER ONSYMMETRIC GROUP .Sy

Let T be the set of the upper-triangular unipotent matrices all of whose minors are non-negative i.e.

T_{a_[

The semi-algebraic s&f decomposes or partitions into 24 (i.e. 4-factorial) disjoint strata or
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] | ur —y > 0,vy —uz > 0,uw —v > 0, (x,y, 2, u, v, w) ERgO}
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semi-algebraic sets. The partition is induced by the Bruhat partial ordering on the elements of the
symmetric groupS, such that each stratum is homeomorphic to an open ball of the same dimension
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as itself. Furthermore, the boundary of a stratum is a union of lower dimension strata. Now there
exists a matrix corresponding to each element of the Coxeter gipapd the reduced wordlength of

a word in the Coxeter group is precisely the dimension of the corresponding stratum. In this article
we aim to show that the strata are topologically regular via a route different from that undertaken
by Hersh in [9]. From the two papers [1] and [2] by Basu, Gabrielov and Vorobjov, we know that
semi-monotone sets and monotone cells are regular. We urge the readers to go through [1] and [2]
to get acquainted with the concepts of semi-monotone sets and monotone cells. Here we shall show
that the open and locally closed strata here are either semi-monotone sets or monotone cells. In the
following sections, we describe what the matrix representations are corresponding to the elements
of the Coxeter group. We also enlist the different strata varying in dimension from one to six. The
identity element corresponds to the zero-dimensional stratum which is the origin in this case. The full
6-dimensional is the open semi-algebraicBgtvhich we discuss in the next section.

3. THE FULL 6-DIMENSIONAL AND ZERO-DIMENSIONAL STRATA

LetTy = {(z,y, z,u,v,w) € Rgo | ur—y > 0,vy—uz > 0,uw—v > 0andz, y, z,u,v,w € RT}

The semi-algebraic séf, defined above is the 6-dimensional strata because it is an open con-
nected set. We can make it bounded if we intersect it with an open ball of finite diameter. We will
show that it is a semi-monotone set. The empty space is the zero-dimensional stratum. There are sub-
strata ofT” and we need to figure out what they are. All the sub-strata except the full 6-dimensional
stratum are not semi-monotone. They are infact locally closed monotone cells. A set is locally closed
if it is an intersection of a closed subseti®f with an open subset @®"™. These substrata are mono-
tone cells if their intersection with any coordinate subspad&®dé connected if non-empty and they
are graphs of quasi-affine maps respectively. The zero-dimensional stratum arises from the identity
element from the permutation groy. There is nothing to be shown regarding connectivity of the
zero-dimensional strata as it is empty and hence its intersection with all the affine subsp&tes of
will be empty too. Before we figure out the other sub-stratd’pfet us try to show that the semi-
algebraic sefiy(as defined above), intersected with coordinate affine sub-spad@sisfconnected
if non-empty. show this by considering different cases.

Casel : Let us fix a coordinate line iR, i.e. letx, y, z, u, v be constant real numbers. When we
intersect this withl’, we getw > v/u, provided the other inequalities are satisfied iue.— y > 0
andvy — uz > 0. The resulting intersection i8 > v/u, a half-space, and hence connecten

Case2 : If we fix a plane now, (i.e. let, y, z, u be constants) and intersect this plane Withwe
also get a half-space contained insRfg and hence is connected. We get the same result if we fix
hyperplanes and intersect them respectively With
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4. BRUHAT ORDER, COXETERWORDS AND THE CORRESPONDINGSUB-STRATA

The Weyl group in this context iS4, the permutation group on four letters. The Bruhat order is on the
elements of5, in terms of their reduced wordlengths. The dimension of the stratum corresponding to
an element of the Coxeter group equals its reduced wordlength. If we refer to the Coxeter diagram of
Sy, we can observe that there are three cycles of length 1, five of length 2, six of length 3, five of length
4 and three cycles of length 5. These correspond to 1-dimensional, 2-dimensional, 3-dimensional, 4-
dimensional and 5-dimensional strata respectively. All these strata are respectively homeomorphic to
open balls inR® of that particular dimension. Besides these, we of course have one cycle of length
6 which corresponds to the full 6-dimensional strata whici’iand the empty substratum which

is the origin, from the identity element &f,. All elements ofS, can be expressed as product of
three transpositions; =(12), so=(23) ands3=(34). The 1-dimensional sub-strata correspond to these
transpositions. The reduced word-length in terms of the just-mentioned three transpositions, of a
specific element of, corresponds to the sub-stratum described by it.

Now, s; corresponds t&;(t) = I +tE; ;+1, whereE; ;1 is the4 x 4 matrix with the(i, i + 1)t
entry being 1 and zero elsewhereis the4 x 4 identity matrix andt is a parameter and e R,.
If we consider an element say € S, and letr = s, s;,....5;,,, wherem is reduced length of the
word in terms of product of transpositions, then the product of matiéeg ) X, (t2)...Xi,, (tm)
as a function ofn variablesty, t5 .... t,,, (¢; € R.) describes the sub-strata corresponding.td@he
entries after matrix multiplication are y, z, u, v andw in that order and each of these are functions
of thet;’s and looks as follows:

z

Y
u v
1 w
0

o O ~ 8

1

0

0

0 1
X )

i (01) X, (t2) ... X, (Em)-

Therefore we havé, : (t1,...,ty) —
Henceg, : RYy — T.

Therefore, the stratum corresponding to the Coxeter elemearftsymmetric groupS,, is T
= Im(¢,). When wordlength orn is zero, then it corresponds to the zero-dimensional stratum
which is the origin.

5. 1-DIMENSIONAL SUB-STRATA

The 1-dimensional sub-strata arise from the transpositions themselves i.e; frorfi2), s, = (23)
andss = (34). And after matrix multiplication, we can see that the strata correspondingo(12)
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is described by, (say), wherel, = {(z,y, z,u,v,w) € Rgo |lz>0,y=z=u=v=w=0}
and the matrix representation corresponding4ois :

t

—
o = O O

0
0
0
1

o O =

1
0
0
0

The sub-stratum corresponding to the transposiios (23) is Ty (say), wherdig = {(x,y, 2, u, v, w)
€ R%O |u >0,z =y =z=v=w= 0} and the matrix representation corresponding4pis :

0
ta 0
0
1

o O = O

1
0
0
0

And the sub-stratum corresponding to the transposiipr= (34) is 11, (say), wherel’, =
{(z,y, z,u,v,w) € Rgo | w> 0,x =y =2z =wu = v = 0} and the matrix representation

corresponding t@s, is :

t3

0
0
1
0 1

1 0
0 1
0 0
0 0

And we if we intersect these three 1-dimensional sub-strata with affine subspaRés ibis
obvious that they are connected if non-empty. We can check this as we did in the full 6-dimensional
case, by fixing a line first, then a plane, then a hyper-plane and so on.

6. 2-DIMENSIONAL SUB-STRATA

The elements of the pemutation gratipcorresponding to the 2-dimensional sub-strata have Coxeter
wordlengths two i.e. these elements fra@h are product of only two of the transpositioss, so
andss. For example, (234) has Coxeter length two because it is produstaridss. Infact, (243),
(12)(34), (312) and (231) are the rest of the elements,afhich have length two.

The sub-stratum corresponding to the cycle (234)ss is T3, (say), wherds, = {(z,y, z, u, v, w)
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€ RS |y = uz, z = v = w = 0} and the corresponding matrix representation is :

(1t tity 0
01 t 0
00 1 0
00 0 1

The sub-stratum corresponding to the cycle (213) szs; is Tyz (say), where
Tog = {(z,y,2,u,v,w) € Ri | 2 > 0,u > 0,y = z = v = w = 0} and the corresponding
matrix representation is :

1ty 0 0
0 1 t 0
00 1 0
00 0 1

The sub-stratum corresponding to the cycle (12)(34) sm3 is T», (say), where
Toy = {(z,y,2,u,v,w) € R% | 2 > 0,w > 0,y = 2 = u = v = 0} and the corresponding
matrix representation is :

(1 4 0 0]
0 1 0
0 0 1 t
00 0 1

The sub-stratum corresponding to the cycle (234) szs3 is Ty (say), where
Tos = {(z,y, z,u,v,w) € ]Rﬁ | v = ww,z =y = z = 0} and the corresponding matrix repre-

sentation is : ) }
10 0 O
0 1 t1 tity
0 0 1 ¢t
00 0 1

The sub-stratum corresponding to the cycle (243) s3sy is Ty (say), where
Too = {(z,y,2,u,v,w) € RS | w > 0,w > 0,z =y = z = v = 0} and the corresponding

matrix representation is :

0 O
ta O
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So, these were the sub-strata of the semi-algebrai@ satid these all have dimension 2. Let
us check connectivity of this strata. If we fixor w, the intersection is an open interval on the
w andu coordinate lines and they are connected. If we don't fix anything, we get a half-space in
uw-coordinate plane and this is connected. The rest of these are very similar and all of these, when
intersected with affine subspacesRif give rise to semi-algebraic sets which are connected when
non-empty.

7. 3-DIMENSIONAL SUB-STRATA

From theBruhat order ofS, diagram on page no. 31 of the boGlkmbinatorics of Coxeter Groujby
Bjorner and Brenti, we get to know the reduced Coxeter-word decomposition of various elements of
the permutation groupS;. The six elements of, which belong to this category are (1234), (1243),
(1342), (1432), (13) and (24).

The sub-strata corresponding to the cycle (1234)sss3 is T3, (say), wherds, = {(x, vy, z, u, v, w)
€ RS |y = uz,v = uw, z = uzw}. And the corresponding matrix product is :

(1 4 tits titats
0 1 to totg
00 1 t3
00 0 1

To prove connectivity of this strata, we fix a linelRf first i.e. we fix all the variables exceptand
what we get is a point iiRS. Same is the case when we fix four variables. If we fix three variables,
we get intersection of two lines lR® and that is connected, since all the variables are positive reals.
If we fix two variables sayr andy, we see that: is also fixed and and z are both “a constant
timesw” respectively. Therefore, the resulting intersection is- k.v (k is a constant), which is a
3-dimensional hyperplane iR® and hence is connected.

And when we fix one variable, say = k, we gety = ku andz = kv. The resulting set
is intersection of two hyperplanes in the positive space (where all variables are greater than zero)
and it is connected because intersection of two convex sets is connected. | am assuming here that
a hyperplane is convex. The other 3-dimenional strata have relatively simpler equations describing
them, and hence to show connectivity of their intersections with affine sub-spaces respectively is
possible.

The sub-stratum corresponding to the cycle (1243)sm3se is T35 (say), where
Tsg = {(z,y,z,u,v,w) ERY |y =uz,z > 0,u>0,w >0,z =0,v=0}
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And the corresponding matrix product is :

1t tits O]
01 t 0
00 1 ¢t
00 0 1

The sub-stratum corresponding to the cycle (1342)ss1s3 is T3, (say), where
T3y = {(z,y,z,u,0,w) € RS | v = vw,z > 0,u > 0,w > 0,y = 0,z = 0}. And the cor-
responding matrix product is :

14 0 0]
0 1 to tofs
00 1 t
00 0 1

The sub-stratum corresponding to the cycle (1432) sss2s1 is T35 (say), where
Tss = {(z,y,z,u,v,w) € Rﬁ | 2 > 0,u > 0,w > 0,y = 0,z = 0,v = 0}. And the corre-
sponding matrix product is :

14 0 0]
0 1 t 0
0 0 1 t
00 0 1

The sub-stratum corresponding-to the cyc-le (13) sgsos1 is T3¢ (say), where
Ty = {(z,y,2,u,v,w) € R | 2 = 0,v = 0,w = 0,z — £ > 0}. And the corresponding
matrix product is :

[ ti+t3 tity 0]
0 1 to 0
0 0 1 0
0 0 0 1

The sub-stratum corresponding to the cycle (24) szs3so is T3¢ (say), where

Tse = {(z,y,2,u,0,w) € RS | 2 =0,y = 0,2 = 0,u — = > 0}. And the corresponding
matrix product is :

10 0 0
0 1 ti+1t3 tits
00 1 t
00 0 1
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It can be checked that all the above 3-dimensional sub-strata when intersected with any affine
subspace oR® are connected, if non-empty. In order to check this, we follow the method we did for
the full-dimensional space.

8. 4-DIMENSIONAL SUB-STRATA

The 4-dimensional sub-strata have Coxeter reduced length 4, i.e. these elemg&ntsanfbe ex-
pressed as product of 4 words, where each word is one of the three transpaesitignandss. The
five elements of; which belong to this category are (142), (124), (143), (134) and (13)(24).

The sub-stratum corresponding to the cycle (142) sss3s9s1 IS Ty (Say), where
Tio = {(z,y,2,u,v,w) € Ri | y = 0,z = 0,u — 2 > 0}. And the corresponding matrix
product is :

14 0 0]
0 1 t1+1t3 tito
0 0 1 to

0 0 0 1

To prove connectivity, we fix a line, plane, hyperplane and so on. But since the equations govern-
ing the stratum are naive, connectivity is quite easy to show. Similar are the cases with thg;strata
andT4C.

The sub-stratum corresponding to the cycle (124)swsas3sy is Tup (say), where
Tug = {(z,y, z,u,v,w) € Ri | x = 2,y = uz,u — ¢ > 0}. And the corresponding matrix
product is :

1ty ti1(ty+tg) titots
0 1 to+ty tots
0 0 1 t3
0 0 0 1

The caseq§’;3 andT)s are similar. So we are going to check the connectivity'gfonly.

The sub-stratum corresponding to the cycle (143)sm3sosy is Ty, (say), where
Tyy = {(z,y,2,u,v,w) € Rﬁ | z = 0,v = 0,z — £ > 0}. And the corresponding matrix
product is :

1 ti +ts tits 0]
0 1 ts 0
0 0 1t
0 0 0 1




254 AMITAVA GHOSH

The sub-stratum corresponding to the cycle (134) smsos3sy is Tys (say), where
Tys = {(z,y,2,u,v,w) € Rﬁ | z = yw,v = uw,z — £ > 0}. And the corresponding matrix
product is :

1 ti+ty tito titots

0 1 ty  tots
0 0 1 t3
0 0 0 1

Let us show connectivity of the stratum when it is intersected with the coordinate subspaces.
When we fix 5 variables:, v, w, y, z the intersection is empty %, and hence nothing is to be
shown. If we fix 4 variables say, v, w,y, we get a point which is connected Rf. When we fix
three variables say, v, w, we getz = (constant).y which is a hyperplane ifR®. If we fix two
variables say:, v, the intersection is = (constant).w which is again a hyperplane RS. If we fix
one variable saw, we getz = (constant).y andv = (constant).u. Thus the resulting intersection
is overlapping of two hyperplanes in the positive 4-spac®in Hyperplanes are convex sets and
their intersections are also convex and hence connectivity is proved.

The sub-stratum corresponding to the cycle (13)(24)ss82s351 is Ty (say), where
Tae = {(z,y,z,u,0,w) € R} | y = 0,z = 0,w — % > 0}. And the corresponding matrix

product is :
1 ¢4 0 0
0 1 ty tots
0 0 1 t1+t3
0 0 0 1

9. 5-DIMENSIONAL SUB-STRATA

The elements o6, corresponding to this set of sub-strata are (1423), (14) and (1324) and each of
these have reduced Coxeter length 5, i.e. they can be expressed as product of 5 words, where each
word is one of the three transpositions s, andss.

The sub-stratum corresponding to the cycle (1324)s581595382 iS T5. (Say), where
Tsa = {(z,y,2z,u,v,w) € ]Ri | 2 = v —uwazw + yw,u — = — 2 > 0}. And the correspond-
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ing matrix product is : i

1 to ta(ts+1ts5) totsty

0 1 t1+t3+ts ta(ts +1t3)
0 0 1 14

0 0 0 1

To prove that the intersection @, with affine subspaces ®?° is connected if non-empty, fix
aline inR% i.e. letx, y, 2, u, v be constant real numbers. Then what we get is ¢, which is
connected. If we fix 4 variables, we get a line and if we fix three, we get a plane. When we fix
two variablesu andv, we get a quadric surface in the positive space and it can be shown that it is
connected. If we fix one variable saythen we get a cubic surface in positive space and it can be
again shown that it is connected.

The sub-stratum corresponding to the cycle (1423)ss83s2s152 iS T5s (say), where
Tsg = {(z,y,z,u,v,w) € RS | z = 0,u— £ — ¥ > 0}. And the corresponding matrix prod-

w  w
uctis: ) }
1 ty tats 0
0 1 t1+t3+1t5 tita
0 0 1 to
0 0 0 1

This case is easy because the equation describing the stratum is-ertly

The sub-stratum corresponding to the cycle (14)smasisgse Is 15, (say), where
Tsy = {(z,y, z,u,v,w) € Ri | y = ux + %(z —wvzx),r — 2 > 0,u — & > 0}. And the cor-
responding matrix product is :

1 t1+ts tita+ts(ts +1t3) titats

0 1 to +t5 toty
0 0 1 ty4
0 0 0 1

This case is similar to that df;,,. To prove connectivity, we can observe thas a continuous
function of the other 5 variables in the positive space and hence the graph is connected because graph
of a continuous map is homeomorphic to the domain. It stays the same when we fix variables and
look at the equation.

To prove thatls, is graph of a quasi-affine map, let us look at the following aggin: ux +
Lz —wx). Multiplying by w throughout, we get the followingwy = uwz + z — vz. This is linear

w
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in each variable and therefore any variable can be expressed as a function of the other 5 variables,
provided some conditions are satisfied and | have checked that they do hold. Hence, quasi-affinity
holds in this case. St is graph of a quasi-affine map and its intersection with coordinate subspaces
are connected if non-empty.

10. 6-DIMENSIONAL OR THE FULL STRATA

The element ob; corresponding to this set of sub-strata is (14)(23) and it has reduced Coxeter word-
length 6, i.e. they can be expressed as product of 6 words, where each word is one of the three
transpositions, s2 andss. The semi-algebraic set corresponding to the above stratif) ghich

was described at the beginning of this article in Section 2.

11. CONCLUSION

Thus we have verified the topological regularity property of the strata formed as a result of Bruhat
partial ordering on the elements of the Weyl group (of rank 4) of a semi-simple simply connected
algebraic groug which is SL(4,R) in our case here. The Weyl group here is the finite Coxeter
groupS,. There is further scope of research on verifying regularity properties of strata formed due to
Bruhat partial ordering on the elements of the Weyl group of rank greater than or equal to 5.
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