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In this paper, we investigate the Julia set of the famhidp(z) /= with real parameters. We look

for what values of real parametexssuch that the Julia set ofexp(z)/z does not coincide with

the whole plane, and thus gives a complete classification for real parameters, which is similar to
Jang'’s result of a family of transcendental entire functions. Moreover, We also discuss the shape
and size of Fatou sets and Julia seta ekp(z)/z with real parameters when the Julia sets are

not the whole plane.
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1. INTRODUCTION

In 1926, Fatou [6] conjectured that the Julia set of the exponentialinap — ¢* is the whole plane,
which means the family of forward iteraticf>” }°° , is not normal at any point. This conjecture
was proved by Misiurewicz [12] in 1980. Since then, the dynamics of exponential maps had been
extensively studied and quite well understood by several authors. For instance, McMullen [11] proved
that the Julia set of any member of the exponential farkifyy always has Hausdorff dimension two.

For more details about the exponential family, one may see e.g. [3, 10, 14, 15, 17, 19].

Let C andC* = C\ {0} denote the complex plane and punctured plane, respectively. As the
exponential family may be considered as the simplest family of transcendental entire functions, the
family F : z — Aexp(z)/z, defined on the punctured pla#, may be viewed as the simplest one
of transcendental meromorphic functions. For the map exp(z)/z, it is proved in [20] that for
almost every point irC*, its w-limit set equals to the set consisting of zero and infinity, which means
that the set\ of all those points irC* whosew-limit set of the map is not the set of zero and infinity
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has zero measure. Moreover, [23] proved that theAskas Hausdorff dimension two, thusis a
fractal set. Thel/-set of I is defined to be the set consisting of all parameleia which the Fatou
set of F is empty. Itis proved in [21] that th&/-set of I\ has infinite area and in [22] that the point
1 is a density point ofi/-set, which means the probability th&{ has empty Fatou set approaches 1
asi — 1.

Jang [7] investigated the Julia set of entire functigpsiefined byf,(z) = zexp(z + p) with
parameterg. More precisely, itis proved in [7, Theorem 1] that there is a congtant 2 such that if
the real parameter belongs to the sgt-oo, 2)U(2, i), thenthe Juliaset of, : z — zexp(z+pu) is
not the whole complex plane. However, [7, Theorem 2], [8, Proposition 1] and [8, Theorem 2] imply
there exist sequencds.,,} and{u/,} of real parameters contained (p., +oc) and converging to
infinity such that the Julia set gf,, is the whole plane and the Julia setfpf is not the whole plane.

Motivated by the results of,, as above, we consider the family, with real parameters in
this paper. We look for what values of real parametesich that the Julia sets &f, are not the
whole plane and thus gives a complete classification for real paramefef’, which is similar to
[7, Theorem 1]. Moreover, we also discuss the shape and size of Fatou sets and Juli&'setkeri
the Julia sets are not the whole plane. Before stating our main results, let us give some notations and
definitions for convenience.

Notation As in [18], astandard meromorphic function is referred to be a meromorphic function
which is not rational of degree less than two. lfdie a standard meromorphic function and denote by
f™ thenth iterate for alln € N. We denote byF( f) the Fatou set of f, which consists of all points
z onC such that the family{ /™ },.en is well defined, meromorphic and normal in a neighborhood of
z. We denote by7(f) = C \ F(f) the Julia set of f, whereC := C U {oo}. Let D(z, p) be an
open disk centered atwith radiusp. Let mea$X ) denote the two-dimensional Lebesgue measure
for any measurable séf C C.

Definition— (z) As in [18], we defineE( f) to be the set of exceptional values ffthat is, the
points whose inverse orbit
O™ (z) ={w: f"(w) = z for some n € N}
is finite.
(4¢) As in [20], let
AFy) ={z € C": wr,(2) #{0,00}}

for each\ € C*, wherewp, (z) is thew-limit set of Fy at the pointz, which consists of all accumu-
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lation points of | J {F{(z)} on C.
neN

We prove:

Theoreml1.1 — Let A € R, thenJ(F)) does not coincide with the whole plane if and only
if A € (0,4e72]. Moreover, if\ € (0,4e~2), thenF(F\) NR = (a,b), wherea € (0,1) and
b € (2,+00) satisfyFy(a) = b and F\(b) = b, and F(F)) consists of infinitely many simply-
connected components and contains no completely invariant components. In particUtgy is
connected ot for each) € (0,4e72).

Remark For the exponential maps, (z) = \e* with 0 < A < 1/e, the immediate basin of the
(unique) attracting fixed point df coincides with7(Ey) and7 (E)) is a Cantor bouquet.

Theorem1.2— If F has an attracting periodic cycle, then for almost every peimt 7 (F)),
wr, (z) = {0, 00}, that is,meas(J (F\) N A(F))) = 0. Moreover,”7 (Fy) has infinite area for each
A€ (0,4e72).

Remark For the exponential family, McMullen [11] proved whea* has an attracting periodic
cycle (e.9.0 < A < 1/e), the area of its Julia set is zero.

2. PRELIMINARY LEMMAS

Lemma2.1 (see [22, Lemma 2.1]) — §p, (1) C {0, 00}, thenJ (F)) is the whole plane.

Lemma2.2 (see [1, Theorem 1]) — If is a (non-Mdbius) analytic map ofC* to itself, then
the components aof(f) are simply or doubly-connected. There is at most one doubly-connected
component, except in the casefdk) = k2" with k # 0, n € Z andn # 0, £1.

Fig. 1. Fatou sets of two maps in the famiffi with real parameters. Left — ﬁ exp(z)/z;
right: z — Lexp(2)/=.
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Lemma2.3 (see [4, Theorem K]) — Let be a transcendental meromorphic function with at most
finitely many poles. Then there is at most one completely invariant compong&ittfof In particular,
F(f) consists of one or infinitely many components.

Lemma2.4 (see [13, p. 144]) — L&t/ be a compact subset 6f ThenW is connected oft if
and only if all components of \ W are simply-connected.

Lemma2.5 (see [5, Koebe Distortion Theorem]) — Suppgge) is a univalent function in
D(zo,p),t € (0,1), then

f'(20)[tp
(1+1)2

f'(20)[tp
<|[f(z) = f(20)] < W

and )
1—t¢ < lf'(2)] < 14+t

1 +2)% = [f'(z0)] — (1—1)

foranyz € D(z,tp).

Lebesgue Density Theorem is the main tool in proving the two-dimensional Lebesgue measure of
a planar set is zero.

Lemma2.6 (see [16, Theorem 7.8]) — L&f be a measurable set antbas(X) > 0, then

meas(D(z, p) N X)

=1
p—0  meas(D(z,p))

for almost allz € X and each such s called a density point aX .
3. PROOF OFTHEOREM1.1

3.1 AKeylLemma
Before proving Theorem 1.1, we first need to prove the following key Lemma.

Lemma3.1 — For each\ € R\ {0}, the preimageF;l((—oq 0)) contains the ray<,, for all
odd integerst > 1 and even integerd < —2; and the preimag@;l((O,Jroo)) contains the rays
Ly, for all even integerg > 1 and odd integers < —2, whereLy, is the graph ofc(y) = ycoty in
y € (k7r, (k 4+ 1)) which is strictly decreasing (resp. increasingyyifi £ > 1 (resp.k < —2) with
asymptotegy = km andy = (k + 1)7.

PrROOF: Let A € R\ {0} andz = z + iy, we have

Ae” e®

F\(z) = W(xcosy—i—ysiny) —i—im(xsiny —ycosy).
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ThenRe F)\(z) = 0 if and only if
xcosy +ysiny =0 (3.1)

andIm F)(z) = 0 if and only if
rsiny —ycosy = 0. (3.2)

Firstly, we look for what values of such that (3.2) holds. It is obvious to see that (3.2) holds if
y = 0 and that (3.2) does not holdgf= kr with & € Z andk # 0. If y # kn with k € Z andk # 0,
then (3.2) is equivalent to

x = xz(y) = ycoty.

Using simple computation implies(y) is strictly increasing ory € (lm, (k + 1)71') for each
integerk < —2 and strictly decreasing ape (k7r, (k+ 1)7r) for each integek > 1.

Let L, denote the graph of(y) = ycoty iny € (km, (k + 1)x) for each integek > 1 or
k < —2. Moreover, we have for each integet> 1

lim z(y) =400

y—knt
and
. (Eﬁw)f z(y) = —oc;
and for each integer < —2
lima(y) = —oc

and

lim T = +00.
L (y)

This impliesL;, has the asymptotes = kr andy = (k + 1)x and thus disconnects the whole
plane for each integér > 1 ork < —2.

Secondly, we look for what values efsuch that (3.1) holds. It is obvious to see that (3.1) does
nothold ify = km + n/2with k € Z. If y # kn + 7/2 with k € Z, then (3.1) is equivalent to

r =z(y) = —ytany.

Using simple computation implies(y) is strictly increasing oy € (kw + 7/2, kw + 3m/2) for
each integek < —2 and strictly decreasing apne (kw + 7/2, km + 37/2) for each integek > 0.
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Denote M, by the graph ofc(y) = —ytany iny € (kv + n/2, kw 4+ 3w /2) for each integer
k > 0 ork < —2. Moreover, we have for each integee> 0

lim x = 400
y—(km+m/2)T )
and
lim z(y) = —o0;
y— (km+3mw/2)~ (y)
and for each integetr < —2
lim x = -0
y—(kn+m/2)* (y>
and
lim z(y) = +o0.
y— (km+3mw/2)~

This impliesM}, has the asymptotes= km + 7/2 andy = kn + 37 /2 and thus disconnects the
whole plane for each integér> 0 or k < —2.

Furthermore, lef}, be the domain bounded by, and M}, for each integek > 0 or k < —3.
By continuity of Re F)(z), we have
Re F\(2) <0

if z € T}, for each even integer > 0 or odd integek < —3; and
Re F/\(Z) >0

if z € T} for each odd integef > 0 or even integek < —3.
This, together with the facts thdt,(L;) C R and thatL, C T}_; for each integek > 1 or
k < —2,implies
F)\(Lk) - (—OO, O)

for each odd integet > 1 or even integek < —2; and
Fx(Ly) € (0,+00)

for each even integer > 1 or odd integek < —2.

Therefore, the preimagg; ' ((—oo,0)) contains the rayg, for all odd integerse > 1 and even
integersk < —2; and the preimagé’;l((o, +oo)) contains the ray$,, for all even integerg > 1
and odd integeré < —2, whereLy, is the graph ofe(y) = ycotyiny € (k:7r, (k + 1)7) which
is strictly decreasing (resp. increasing) @if £ > 1 (resp.k < —2) with asymptoteg = kn and
y=(k+ 1)m. 0O
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3.2 Proof of Theorem 1.1

PrROOF: Let A < 0 andz > 0, then
F\(z) = Xexp(z)/z <0

and
F{(2) = zexp (Fa(2) — 2) € (0, 2),

which implies that the sequendé’?"(z)} is strictly decreasing with respect tofor fixed A and

z. S0 lim F2"(z) = 0 and lim F}""'(z) = —oc. In particular,wp, (1) = {0,000} and thus by
n—00 n—00

Lemma 2.1,7(F)) is the whole plane.

Let now\ > 0, thenF), is strictly decreasing on € (0, 1) and strictly increasing on € (1, c0).
This, togetherwithzl_i)r(r)l+ F\(2) = +ocand lim Fy(z) = +o0, implies F\ ((0, +o00)) C (0, 400).
Observe that’\(z) = z for somez > 0 if and only ifIn A\ = 2Inz — z for somez > 0. Hence, if
InA > r£1>agi(2lnz—z), thatis,\ > 4e~2, then by continuityf(z) > z and thusnlirgo F{(z) = 400
for eachz > 0. In particularwp, (1) = {oo} and thus by Lemma 2.17 (F)) is the whole plane.

If A =4e~2, thenF)(2) = 2 andF{(2) = 1. So the point = 2 is a parabolic fixed point of’,
and thus7 (F)) is not the whole plane.

Let\ € (0,4e~2). Note thatF)(z) = z for somez € Rifand only if \ = 22¢~* for somez € R,
so we consider the functian(t) = t?e~* for all t € R. Itis easy to see that(t) is strictly decreasing
on (—o0,0) and(2, +o0), and strictly increasing o(0, 2). By g(0) = 0 andg(2) = 4e~2 for each
A € (0,4e72), the equatiory(t) = \ has three real roots, say < 0, t; € (0,2) andts > 2, among
which onlyt, is an attracting fixed point sindé? (t2)| = |t2 — 1| < 1. ThusJ (F)) is not the whole
plane. This proves the first half of Theorem 1.1.

Next we shall use Lemma 3.1 to prove the second half of Theorem 1.1\ Eef0, 4e=2). We
consider the function
Hy(z) = \e®/z?

with > 0. By computation,
Hi(x) = \e®(2% — 2x) /2"

Then H) is strictly decreasing of0, 2) and strictly increasing of2, +o00). SinceH)(2) < 1,
there is a unique point if2, +oc0), sayb, such thati, (b) = 1, that is,F\(b) = b. SinceF) has a
unique attracting fixed point, sayc (0, 2), this impliesz € F(F)) if and only if lim F(z) =t
Note that there is a unique poiatc (0, 1) such thatfy(a) = b. SinceFy (z) > Zf(;? eachz > b
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andFy(z) < 0 for eachz < 0, using the complete invariance gf( F ) implies (—oo, a] U [b, +00)
C j(F)\)

If A =e~!, thent = 1andforeach: € [1,b), F'(z) > 1suchthaf F{(x)} is strictly decreasing
onn, thus lim F}(z) = 1. This, together withF ((a, 1]) = [1,b), impliesF(F\) NR = (a,b).

If A€ (e7!,4e72),thena < 1 < t < b. Sincet < F\(x) < z for eachx € (¢,b), by induction,
we havet < F{""'(z) < F{(z) for eachn > 1, then lim F}(x) = t. Froml < Fy(1) < t, we
havel < F(1) < FY*tH(1) < tandF((a,t)) = (Fé](l;jb). Also note thatlim F}'(1) = ¢, this
impliesnli_{[gO F{(xz) = tfor eachr € (a,b) andF(F)) NR = (a,b). o

If X € (0,e71), thena < t < 1 < b. Note thatF\(z) is strictly decreasing o0, 1) and
strictly increasing orf1, +o00) with respect toc. Sincet > F)\(1), there is a uniqué¢ > 1 such that
F\(t') = t. We claim thatt, t'] C F(F)).

SinceFy\([t,t']) = [Fa(1),t] andt < 1, FE([t,¢]) = [t, FZ(1)]. Also note thatF(1) < 1, then
F3([t,¢]) = [F3(1),t] and Fy{([t, ¥']) = [t, F}{(1)]. From

F(1) = F{(1) exp (FX(1) = F{(1)) < F{(1),
by induction for each integér > 1, we have
FIY ([ A) = [FRE (D), ], FRE([LE) = [t FRE(1).

This, together withlim F{ (1) = ¢, implies for eache € [t,t'], lim F{(z) = t. So[t,t'] C
n—00 n—00
F(Fy).

Note that there exig > ¢’ such thatF\(t1) = t/, sOF\([t/, t1]) = [t,t']. Thenthereis & > t;
such thatF)(t2) = t1, so F)([t1,t2]) = [t,t1]. Inductively, we can get a positive and increasing
sequencet, },>2 such that for each > 2, Fy\([tn, tnt1]) = [tn—1,tn]. Sinceb, +oo) C J(F)),
{tn}n>1 is bounded and convergent. ‘3220 tn, = b. From(t,t'] C F(F\) and complete invariance

of F(F\), we have(t',b) C F(F) and sot,b) C F(F)). This, together with¥ ((a,t]) = [t,b),
impliesF(Fy) NR = (a,b).

By Lemma 2.2, each component &Y F)) is simply or doubly connected, and there is at most
one doubly connected componentB{F)). SupposeF(F)) has a doubly connected component,
sayUy. Note thatF(F)) is symmetric with respect to the real axis, tHénmust intersect the real
axis such that/; N R consists of two open intervals, but this contradig{dy) "R = (a,b). So the
components ofF (F)) are simply connected.
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Let D be the immediate basin of the (unique) attracting fixed poaitF\. ThenD NR = (a,b)
and soD is located between rays; and L_». Since(a,b) C (0,+00), using Lemma 3.1 again
implies F;l(D N R) intersects the ray§, for all even integergé > 1 and odd integergé < —2.
Therefore, there is at least one componeanf(D) located between rays;, and Ly, for all odd
integersk > 1 and even integerks < —4.

HenceF;l(D) has infinitely many components aidl is not completely invariant. Also note
that ' (D) c F(Fy) and the forward orbits of all points i (Fy) must approach the (unique)
attracting fixed point inD. SoF(F)) consists of infinitely many simply connected components and
contains no completely invariant components. In particular, Lemma 2.4 implié%) is connected
onC. This proves the second half of Theorem 1.1. O

4. PROOF OFTHEOREM1.2

PrROOF: Note that for eacth € C*, F has exact one critical point = 1 and no non-zero finite
asymptotic values, lePp, = (J,,>o{F}(1)}. If F) has an attracting cycle, then (see [2])

L.
p= Z-dlst(j(F)\),PFA) > 0, (4.2)
where “dist” denotes the Euclidean distance betw&¢R) ) and Pr, .

Let zo be an arbitrary point off (F\) N A(F)) and denote;,, = F{(2o) for eachn € N. The
assumptiorzy € J(Fy) N A(F)) implieswr, (20) & {0,00} or wr, (20) ¢ {0,00}. Note that
wr, (20) S {0,00} meansvr, (20) = 0 orwr, (20) = {0} or wr, (20) = {oo}. Since 0 is a pole of
F\,wr, (z0) # {0}. Itfollows, therefore, that g, (z0) = 0 orwp, (20) = {0} Orwr, (20) ¢ {0, cc}.

If wr, (20) = 0, then the forward orbi{ FY'(zo) }nen is bounded and contained in a compact
subset ofC, and thus consists of finitely many points, somust be a periodic or preperiodic point
of Fy; if wr, (20) = {00}, thenz, is an escaping point of}, that is, F{'(zp) — oo asn — oo.
Obviously, the set of all periodic and preperiodic pointstqfhas zero area, and [9, Proposition
2.3] implies that the set of all escaping pointsigf has also zero area. This implies the intersection
J(Fx) NA(Fy) N{z: wr,(2) & {0,00}} has zero measure.

Denote
A(F)\) = j(F)\) N A(F)\) N {Z DWRy (Z) 4 {0, OO}}
Thenmeas(J (F\) N A(Fy)) = 0if and only if meas(A(F))) = 0.

We shall provemeas(A(FA)) = 0 by contradiction. Suppose this is not true. Lgtbe an
arbitrary density point il\(F). The assumptiowr, (z9) ¢ {0, oo} implies that the forward orbit
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{zn} must have at least one accumulation point, sayn 7 (Fy) \ {0,00}. Also note that (4.1)
implies Pr, C F(F)), and thus there must exist a compact subset J(Fy) N C* such thatX
contains a subsequengs,, } of {z,} with k]im zn, = v. By (4.1) again, we have

D(zny., 20) N (Pry U{0,00}) = 0,
so there is a single-valued branghof the inverse off\"* on D(z,, ,2p) such thaly(z,, ) = zo.
Sincegy, is univalent onD(z,, , 2p), by Lemma 2.5 witht = 1/2 we have
5714 Gon )| < 190(2) = 9u(zn )| < Aplgh () “2)

and

4 el o, 4.3)

27 7 g (zn) —
foranyz € D(zy,,p).
Let By, = gi(D(2n,, p)) andry, = 4p|g;.(zn,)|/9. Then (4.2) implies
D(Zg,?’k) C B, C D(zo,97°k). (4.4)
By (4.1), the post-singular sétz, is bounded away from the Julia s€{F)), so the mapF) is

expanding on7 (Fy), which implies tha‘gﬂlim Ty, = 0.

Without loss of generality, we may assughim rr = 0. By (4.4), we have
— 00

1
meas(By) > 3 meas(D(zo,Qrk)).

This, together with the assumption thgtis a density point ofA(F) ), implies

o meas (B, \ A(F))) <3t lim meas(D(zo,97%) \ A(F)))

= 0. 4.5
k—o0 meas(By) k—o0 meas (D(zo, 97”k)) (4.5)

Note thatA(F)) is completely invariant andy, = gi (D(zy,, p)). From (4.3), we have

meas (B, \ A(F)))
meas(By)

meas (gk (D(zn,, p) \ A(F/\)))

meas (gk (D(zn,, p)))

(Lonf k() -meas(Dlen,p) \ AE)

( Sup |g;§(z)|2) ) meas(D(znk,p))

ZGD(anvp)
1 meas(D(zng, )\ A(EY)
38 meas(D(znk, p)) ’

>



JULIA SET OF X exp(2) /= 281

It follows from (4.5) that

meas(D(zn,, p) \ A(F))) meas (B, \ A(F)y))

li <3 li =0.
oo meas(D(zy,, p)) - e meas(By)
Consequently,

lim meas (D (zn,, p) N A(F)))

=1.
k—o0 meas(D(zn,, p))

Recall thatkh—{lc}o Zn, = v € J(Fy) \ {0, 00}. Thisimplies
meas (D (v, p)) = meas(D(v, p) N A(F))),

thus
D(v,p) C A(Fy) C J(Fy).

Sov is an inner point of7 (F) ), and thus7 (Fy) = C, a contradiction to assumption thaf has an
attracting cycle. Hence\(F)) has no density points, and thus Lemma 2.6 implies

meas(A(F))) =0,

which is equivalent to
meas(J (Fy) N A(Fy)) = 0.

For each\ € (0,4e~2), itis proved in the first half of Theorem 1.1 that the nfgphas a (unique)
attracting fixed point, sa# This impliesF has no Siegel disks, Herman rings, or parabolic periodic
components. Also note th&t, has exactly two singular values 0 aid, thenF’\ has neither Baker
domains nor wandering domains (see [2]). l2be the immediate basin of the (unique) attracting
fixed pointt of F)y, then

F(Fy) = UF/\_”(D):{ZE(C*: F(z) —» tasn — oo}. (4.6)
n=0
Let A°(Fy) = C\ A(F)). Then (4.6) implies\®(Fy) N F(Fy) = 0 andA¢(Fy) C J(F)). For
each integern > b + 100, let
Sm={z€C: m<zx<m+1, -1/2<y<1/2}.

As in the proof of [20, Lemma 3.3], we can apply McMullen’s criteria [11, Proposition 2.1] for
each squaré,, to construct a nested intersection of dynamically defined subséts ,ofvhich is a
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subset ofS,,, consisting of the points whoselimit sets are{0, co}, and show that the area of each
such nested intersection has a uniform positive lower beund), that is,meas(Sp, N A°(Fy)) > .

Thereforemeas (S, N J(Fy)) > € andJ(F)) has infinite area for each € (0,4¢~2), which
completes the proof of Theorem 1.2. O
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