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In this paper, we investigate the Julia set of the familyλ exp(z)/z with real parametersλ. We look

for what values of real parametersλ such that the Julia set ofλ exp(z)/z does not coincide with

the whole plane, and thus gives a complete classification for real parameters, which is similar to

Jang’s result of a family of transcendental entire functions. Moreover, We also discuss the shape

and size of Fatou sets and Julia sets ofλ exp(z)/z with real parametersλ when the Julia sets are

not the whole plane.
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1. INTRODUCTION

In 1926, Fatou [6] conjectured that the Julia set of the exponential mapE : z 7→ ez is the whole plane,

which means the family of forward iteration{En}∞n=0 is not normal at any point. This conjecture

was proved by Misiurewicz [12] in 1980. Since then, the dynamics of exponential maps had been

extensively studied and quite well understood by several authors. For instance, McMullen [11] proved

that the Julia set of any member of the exponential familyλez always has Hausdorff dimension two.

For more details about the exponential family, one may see e.g. [3, 10, 14, 15, 17, 19].

Let C andC∗ = C \ {0} denote the complex plane and punctured plane, respectively. As the

exponential family may be considered as the simplest family of transcendental entire functions, the

family Fλ : z 7→ λ exp(z)/z, defined on the punctured planeC∗, may be viewed as the simplest one

of transcendental meromorphic functions. For the mapz 7→ exp(z)/z, it is proved in [20] that for

almost every point inC∗, its ω-limit set equals to the set consisting of zero and infinity, which means

that the setΛ of all those points inC∗ whoseω-limit set of the map is not the set of zero and infinity
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has zero measure. Moreover, [23] proved that the setΛ has Hausdorff dimension two, thusΛ is a

fractal set. TheM -set ofFλ is defined to be the set consisting of all parametersλ for which the Fatou

set ofFλ is empty. It is proved in [21] that theM -set ofFλ has infinite area and in [22] that the point

1 is a density point ofM -set, which means the probability thatFλ has empty Fatou set approaches 1

asλ → 1.

Jang [7] investigated the Julia set of entire functionsfµ defined byfµ(z) = z exp(z + µ) with

parametersµ. More precisely, it is proved in [7, Theorem 1] that there is a constantµ∗ > 2 such that if

the real parameterµ belongs to the set(−∞, 2)∪(2, µ∗), then the Julia set offµ : z 7→ z exp(z+µ) is

not the whole complex plane. However, [7, Theorem 2], [8, Proposition 1] and [8, Theorem 2] imply

there exist sequences{µn} and{µ′n} of real parameters contained in(µ∗, +∞) and converging to

infinity such that the Julia set offµn is the whole plane and the Julia set offµ′n is not the whole plane.

Motivated by the results offµ as above, we consider the familyFλ with real parametersλ in

this paper. We look for what values of real parametersλ such that the Julia sets ofFλ are not the

whole plane and thus gives a complete classification for real parameterλ of Fλ, which is similar to

[7, Theorem 1]. Moreover, we also discuss the shape and size of Fatou sets and Julia sets ofFλ when

the Julia sets are not the whole plane. Before stating our main results, let us give some notations and

definitions for convenience.

Notation: As in [18], astandard meromorphic function is referred to be a meromorphic function

which is not rational of degree less than two. Letf be a standard meromorphic function and denote by

fn thenth iterate for alln ∈ N. We denote byF(f) theFatou set of f , which consists of all points

z on Ĉ such that the family{fn}n∈N is well defined, meromorphic and normal in a neighborhood of

z. We denote byJ (f) = Ĉ \ F(f) theJulia set of f , whereĈ := C ∪ {∞}. Let D(z, ρ) be an

open disk centered atz with radiusρ. Let meas(X) denote the two-dimensional Lebesgue measure

for any measurable setX ⊂ C.

Definition— (i) As in [18], we defineE(f) to be the set of exceptional values off , that is, the

points whose inverse orbit

O−(z) = {w : fn(w) = z for some n ∈ N}

is finite.

(ii) As in [20], let

Λ(Fλ) = {z ∈ C∗ : ωFλ
(z) 6= {0,∞}}

for eachλ ∈ C∗, whereωFλ
(z) is theω-limit set of Fλ at the pointz, which consists of all accumu-
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lation points of
⋃

n∈N
{Fn

λ (z)} on Ĉ.

We prove:

Theorem1.1 — Let λ ∈ R, thenJ (Fλ) does not coincide with the whole plane if and only

if λ ∈ (0, 4e−2]. Moreover, ifλ ∈ (0, 4e−2), thenF(Fλ) ∩ R = (a, b), wherea ∈ (0, 1) and

b ∈ (2, +∞) satisfyFλ(a) = b and Fλ(b) = b, andF(Fλ) consists of infinitely many simply-

connected components and contains no completely invariant components. In particular,J (Fλ) is

connected on̂C for eachλ ∈ (0, 4e−2).

Remark: For the exponential mapsEλ(z) = λez with 0 < λ < 1/e, the immediate basin of the

(unique) attracting fixed point ofE coincides withF(Eλ) andJ (Eλ) is a Cantor bouquet.

Theorem1.2 — If Fλ has an attracting periodic cycle, then for almost every pointz ∈ J (Fλ),

ωFλ
(z) = {0,∞}, that is,meas

(J (Fλ) ∩ Λ(Fλ)
)

= 0. Moreover,J (Fλ) has infinite area for each

λ ∈ (0, 4e−2).

Remark: For the exponential family, McMullen [11] proved whenλez has an attracting periodic

cycle (e.g.0 < λ < 1/e), the area of its Julia set is zero.

2. PRELIMINARY LEMMAS

Lemma2.1 (see [22, Lemma 2.1]) — IfωFλ
(1) ⊂ {0,∞}, thenJ (Fλ) is the whole plane.

Lemma2.2 (see [1, Theorem 1]) — Iff is a (non-M̈obius) analytic map ofC∗ to itself, then

the components ofF(f) are simply or doubly-connected. There is at most one doubly-connected

component, except in the case off(z) = kzn with k 6= 0, n ∈ Z andn 6= 0,±1.

Fig. 1. Fatou sets of two maps in the familyFλ with real parameters. Left:z 7→ 1
4
√

e
exp(z)/z;

right: z 7→ 1
e exp(z)/z.
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Lemma2.3 (see [4, Theorem K]) — Letf be a transcendental meromorphic function with at most

finitely many poles. Then there is at most one completely invariant component ofF(f). In particular,

F(f) consists of one or infinitely many components.

Lemma2.4 (see [13, p. 144]) — LetW be a compact subset of̂C. ThenW is connected on̂C if

and only if all components of̂C \W are simply-connected.

Lemma2.5 (see [5, Koebe Distortion Theorem]) — Supposef(z) is a univalent function in

D(z0, ρ), t ∈ (0, 1), then

|f ′(z0)|tρ
(1 + t)2

≤ |f(z)− f(z0)| ≤ |f ′(z0)|tρ
(1− t)2

and
1− t

(1 + t)3
≤ |f ′(z)|
|f ′(z0)| ≤

1 + t

(1− t)3

for anyz ∈ D(z0, tρ).

Lebesgue Density Theorem is the main tool in proving the two-dimensional Lebesgue measure of

a planar set is zero.

Lemma2.6 (see [16, Theorem 7.8]) — LetX be a measurable set andmeas(X) > 0, then

lim
ρ→0

meas
(
D(z, ρ) ∩X

)

meas
(
D(z, ρ)

) = 1

for almost allz ∈ X and each suchz is called a density point ofX.

3. PROOF OFTHEOREM 1.1

3.1 A Key Lemma

Before proving Theorem 1.1, we first need to prove the following key Lemma.

Lemma3.1 — For eachλ ∈ R \ {0}, the preimageF−1
λ

(
(−∞, 0)

)
contains the raysLk for all

odd integersk ≥ 1 and even integersk ≤ −2; and the preimageF−1
λ

(
(0, +∞)

)
contains the rays

Lk for all even integersk ≥ 1 and odd integersk ≤ −2, whereLk is the graph ofx(y) = y cot y in

y ∈ (
kπ, (k + 1)π) which is strictly decreasing (resp. increasing) ony if k ≥ 1 (resp.k ≤ −2) with

asymptotesy = kπ andy = (k + 1)π.

PROOF : Let λ ∈ R \ {0} andz = x + iy, we have

Fλ(z) =
λex

x2 + y2
(x cos y + y sin y) + i

λex

x2 + y2
(x sin y − y cos y).
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ThenRe Fλ(z) = 0 if and only if

x cos y + y sin y = 0 (3.1)

andIm Fλ(z) = 0 if and only if

x sin y − y cos y = 0. (3.2)

Firstly, we look for what values ofz such that (3.2) holds. It is obvious to see that (3.2) holds if

y = 0 and that (3.2) does not hold ify = kπ with k ∈ Z andk 6= 0. If y 6= kπ with k ∈ Z andk 6= 0,

then (3.2) is equivalent to

x = x(y) = y cot y.

Using simple computation impliesx(y) is strictly increasing ony ∈ (
kπ, (k + 1)π

)
for each

integerk ≤ −2 and strictly decreasing ony ∈ (
kπ, (k + 1)π

)
for each integerk ≥ 1.

Let Lk denote the graph ofx(y) = y cot y in y ∈ (
kπ, (k + 1)π

)
for each integerk ≥ 1 or

k ≤ −2. Moreover, we have for each integerk ≥ 1

lim
y→kπ+

x(y) = +∞

and

lim
y→(kπ+π)−

x(y) = −∞;

and for each integerk ≤ −2

lim
y→kπ+

x(y) = −∞

and

lim
y→(kπ+π)−

x(y) = +∞.

This impliesLk has the asymptotesy = kπ andy = (k + 1)π and thus disconnects the whole

plane for each integerk ≥ 1 or k ≤ −2.

Secondly, we look for what values ofz such that (3.1) holds. It is obvious to see that (3.1) does

not hold ify = kπ + π/2 with k ∈ Z. If y 6= kπ + π/2 with k ∈ Z, then (3.1) is equivalent to

x = x(y) = −y tan y.

Using simple computation impliesx(y) is strictly increasing ony ∈ (kπ + π/2, kπ + 3π/2) for

each integerk ≤ −2 and strictly decreasing ony ∈ (kπ + π/2, kπ + 3π/2) for each integerk ≥ 0.
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DenoteMk by the graph ofx(y) = −y tan y in y ∈ (kπ + π/2, kπ + 3π/2) for each integer

k ≥ 0 or k ≤ −2. Moreover, we have for each integerk ≥ 0

lim
y→(kπ+π/2)+

x(y) = +∞

and

lim
y→(kπ+3π/2)−

x(y) = −∞;

and for each integerk ≤ −2

lim
y→(kπ+π/2)+

x(y) = −∞

and

lim
y→(kπ+3π/2)−

x(y) = +∞.

This impliesMk has the asymptotesy = kπ + π/2 andy = kπ + 3π/2 and thus disconnects the

whole plane for each integerk ≥ 0 or k ≤ −2.

Furthermore, letTk be the domain bounded byMk andMk+1 for each integerk ≥ 0 or k ≤ −3.

By continuity ofRe Fλ(z), we have

Re Fλ(z) < 0

if z ∈ Tk for each even integerk ≥ 0 or odd integerk ≤ −3; and

Re Fλ(z) > 0

if z ∈ Tk for each odd integerk ≥ 0 or even integerk ≤ −3.

This, together with the facts thatFλ(Lk) ⊂ R and thatLk ⊂ Tk−1 for each integerk ≥ 1 or

k ≤ −2, implies

Fλ(Lk) ⊂ (−∞, 0)

for each odd integerk ≥ 1 or even integerk ≤ −2; and

Fλ(Lk) ⊂ (0,+∞)

for each even integerk ≥ 1 or odd integerk ≤ −2.

Therefore, the preimageF−1
λ

(
(−∞, 0)

)
contains the raysLk for all odd integersk ≥ 1 and even

integersk ≤ −2; and the preimageF−1
λ

(
(0,+∞)

)
contains the raysLk for all even integersk ≥ 1

and odd integersk ≤ −2, whereLk is the graph ofx(y) = y cot y in y ∈ (
kπ, (k + 1)π) which

is strictly decreasing (resp. increasing) ony if k ≥ 1 (resp.k ≤ −2) with asymptotesy = kπ and

y = (k + 1)π. 2
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3.2 Proof of Theorem 1.1

PROOF : Let λ < 0 andz > 0, then

Fλ(z) = λ exp(z)/z < 0

and

F 2
λ (z) = z exp

(
Fλ(z)− z

) ∈ (0, z),

which implies that the sequence{F 2n
λ (z)} is strictly decreasing with respect ton for fixed λ and

z. So lim
n→∞F 2n

λ (z) = 0 and lim
n→∞F 2n+1

λ (z) = −∞. In particular,ωFλ
(1) = {0,∞} and thus by

Lemma 2.1,J (Fλ) is the whole plane.

Let nowλ > 0, thenFλ is strictly decreasing onz ∈ (0, 1) and strictly increasing onz ∈ (1,∞).

This, together withlim
z→0+

Fλ(z) = +∞ and lim
z→+∞Fλ(z) = +∞, impliesFλ

(
(0, +∞)

) ⊂ (0, +∞).

Observe thatFλ(z) = z for somez > 0 if and only if lnλ = 2 ln z − z for somez > 0. Hence, if

ln λ > max
z>0

(2 ln z−z), that is,λ > 4e−2, then by continuity,Fλ(z) > z and thuslim
n→∞Fn

λ (z) = +∞
for eachz > 0. In particular,ωFλ

(1) = {∞} and thus by Lemma 2.1,J (Fλ) is the whole plane.

If λ = 4e−2, thenFλ(2) = 2 andF ′
λ(2) = 1. So the pointz = 2 is a parabolic fixed point ofFλ

and thusJ (Fλ) is not the whole plane.

Let λ ∈ (0, 4e−2). Note thatFλ(z) = z for somez ∈ R if and only if λ = z2e−z for somez ∈ R,

so we consider the functiong(t) = t2e−t for all t ∈ R. It is easy to see thatg(t) is strictly decreasing

on (−∞, 0) and(2, +∞), and strictly increasing on(0, 2). By g(0) = 0 andg(2) = 4e−2 for each

λ ∈ (0, 4e−2), the equationg(t) = λ has three real roots, sayt1 < 0, t2 ∈ (0, 2) andt3 > 2, among

which onlyt2 is an attracting fixed point since|F ′
λ(t2)| = |t2 − 1| < 1. ThusJ (Fλ) is not the whole

plane. This proves the first half of Theorem 1.1.

Next we shall use Lemma 3.1 to prove the second half of Theorem 1.1. Letλ ∈ (0, 4e−2). We

consider the function

Hλ(x) = λex/x2

with x > 0. By computation,

H ′
λ(x) = λex(x2 − 2x)/x4.

ThenHλ is strictly decreasing on(0, 2) and strictly increasing on(2,+∞). SinceHλ(2) < 1,

there is a unique point in(2,+∞), sayb, such thatHλ(b) = 1, that is,Fλ(b) = b. SinceFλ has a

unique attracting fixed point, sayt ∈ (0, 2), this impliesz ∈ F(Fλ) if and only if lim
n→∞Fn

λ (z) = t.

Note that there is a unique pointa ∈ (0, 1) such thatFλ(a) = b. SinceFn
λ (x) ≥ b for eachx ≥ b
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andFn
λ (x) < 0 for eachx < 0, using the complete invariance ofJ (Fλ) implies(−∞, a] ∪ [b, +∞)

⊂ J (Fλ).

If λ = e−1, thent = 1 and for eachx ∈ [1, b), Fn
λ (x) ≥ 1 such that{Fn

λ (x)} is strictly decreasing

onn, thus lim
n→∞Fn

λ (x) = 1. This, together withFλ

(
(a, 1]

)
= [1, b), impliesF(Fλ) ∩ R = (a, b).

If λ ∈ (e−1, 4e−2), thena < 1 < t < b. Sincet < Fλ(x) < x for eachx ∈ (t, b), by induction,

we havet < Fn+1
λ (x) < Fn

λ (x) for eachn ≥ 1, then lim
n→∞Fn

λ (x) = t. From1 < Fλ(1) < t, we

have1 < Fn
λ (1) < Fn+1

λ (1) < t andFn
λ

(
(a, t)

)
=

(
Fn

λ (1), b
)
. Also note that lim

n→∞Fn
λ (1) = t, this

implies lim
n→∞Fn

λ (x) = t for eachx ∈ (a, b) andF(Fλ) ∩ R = (a, b).

If λ ∈ (0, e−1), thena < t < 1 < b. Note thatFλ(x) is strictly decreasing on(0, 1) and

strictly increasing on(1, +∞) with respect tox. Sincet > Fλ(1), there is a uniquet′ > 1 such that

Fλ(t′) = t. We claim that[t, t′] ⊂ F(Fλ).

SinceFλ([t, t′]) = [Fλ(1), t] andt < 1, F 2
λ ([t, t′]) = [t, F 2

λ (1)]. Also note thatF 2
λ (1) < 1, then

F 3
λ ([t, t′]) = [F 3

λ (1), t] andF 4
λ ([t, t′]) = [t, F 4

λ (1)]. From

F 4
λ (1) = F 2

λ (1) exp
(
F 3

λ (1)− F 2
λ (1)

)
< F 2

λ (1),

by induction for each integerk ≥ 1, we have

F 2k+1
λ ([t, t′]) = [F 2k+1

λ (1), t], F 2k
λ ([t, t′]) = [t, F 2k

λ (1)].

This, together with lim
n→∞Fn

λ (1) = t, implies for eachx ∈ [t, t′], lim
n→∞Fn

λ (x) = t. So [t, t′] ⊂
F(Fλ).

Note that there existt1 > t′ such thatFλ(t1) = t′, soFλ([t′, t1]) = [t, t′]. Then there is at2 > t1

such thatFλ(t2) = t1, soFλ([t1, t2]) = [t′, t1]. Inductively, we can get a positive and increasing

sequence{tn}n≥2 such that for eachn ≥ 2, Fλ([tn, tn+1]) = [tn−1, tn]. Since[b, +∞) ⊂ J (Fλ),

{tn}n≥1 is bounded and convergent. Solim
n→∞ tn = b. From[t, t′] ⊂ F(Fλ) and complete invariance

of F(Fλ), we have(t′, b) ⊂ F(Fλ) and so[t, b) ⊂ F(Fλ). This, together withFλ

(
(a, t]

)
= [t, b),

impliesF(Fλ) ∩ R = (a, b).

By Lemma 2.2, each component ofF(Fλ) is simply or doubly connected, and there is at most

one doubly connected component ofF(Fλ). SupposeF(Fλ) has a doubly connected component,

sayU0. Note thatF(Fλ) is symmetric with respect to the real axis, thenU0 must intersect the real

axis such thatU0 ∩ R consists of two open intervals, but this contradictsF(Fλ) ∩ R = (a, b). So the

components ofF(Fλ) are simply connected.
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Let D be the immediate basin of the (unique) attracting fixed pointt of Fλ. ThenD ∩R = (a, b)

and soD is located between raysL1 andL−2. Since(a, b) ⊂ (0,+∞), using Lemma 3.1 again

implies F−1
λ (D ∩ R) intersects the raysLk for all even integersk ≥ 1 and odd integersk ≤ −2.

Therefore, there is at least one component ofF−1
λ (D) located between raysLk andLk+2 for all odd

integersk ≥ 1 and even integersk ≤ −4.

HenceF−1
λ (D) has infinitely many components andD is not completely invariant. Also note

that F−1
λ (D) ⊂ F(Fλ) and the forward orbits of all points inF(Fλ) must approach the (unique)

attracting fixed point inD. SoF(Fλ) consists of infinitely many simply connected components and

contains no completely invariant components. In particular, Lemma 2.4 impliesJ (Fλ) is connected

on Ĉ. This proves the second half of Theorem 1.1. 2

4. PROOF OFTHEOREM 1.2

PROOF : Note that for eachλ ∈ C∗, Fλ has exact one critical pointz = 1 and no non-zero finite

asymptotic values, letPFλ
=

⋃
n≥0{Fn

λ (1)}. If Fλ has an attracting cycle, then (see [2])

ρ =
1
4
· dist

(J (Fλ), PFλ

)
> 0, (4.1)

where “dist” denotes the Euclidean distance betweenJ (Fλ) andPFλ
.

Let z0 be an arbitrary point ofJ (Fλ) ∩ Λ(Fλ) and denotezn = Fn
λ (z0) for eachn ∈ N. The

assumptionz0 ∈ J (Fλ) ∩ Λ(Fλ) implies ωFλ
(z0) $ {0,∞} or ωFλ

(z0) 6⊂ {0,∞}. Note that

ωFλ
(z0) $ {0,∞} meansωFλ

(z0) = ∅ or ωFλ
(z0) = {0} or ωFλ

(z0) = {∞}. Since 0 is a pole of

Fλ, ωFλ
(z0) 6= {0}. It follows, therefore, thatωFλ

(z0) = ∅ orωFλ
(z0) = {∞} orωFλ

(z0) 6⊂ {0,∞}.

If ωFλ
(z0) = ∅, then the forward orbit{Fn

λ (z0)}n∈N is bounded and contained in a compact

subset ofC, and thus consists of finitely many points, soz0 must be a periodic or preperiodic point

of Fλ; if ωFλ
(z0) = {∞}, thenz0 is an escaping point ofFλ, that is,Fn

λ (z0) → ∞ asn → ∞.

Obviously, the set of all periodic and preperiodic points ofFλ has zero area, and [9, Proposition

2.3] implies that the set of all escaping points ofFλ has also zero area. This implies the intersection

J (Fλ) ∩ Λ(Fλ) ∩ {z : ωFλ
(z) $ {0,∞}} has zero measure.

Denote

∆(Fλ) := J (Fλ) ∩ Λ(Fλ) ∩ {z : ωFλ
(z) 6⊂ {0,∞}}.

Thenmeas
(J (Fλ) ∩ Λ(Fλ)

)
= 0 if and only if meas

(
∆(Fλ)

)
= 0.

We shall provemeas
(
∆(Fλ)

)
= 0 by contradiction. Suppose this is not true. Letz0 be an

arbitrary density point in∆(Fλ). The assumptionωFλ
(z0) 6⊂ {0,∞} implies that the forward orbit
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{zn} must have at least one accumulation point, sayν, in J (Fλ) \ {0,∞}. Also note that (4.1)

impliesPFλ
⊂ F(Fλ), and thus there must exist a compact subsetX ⊂ J (Fλ) ∩ C∗ such thatX

contains a subsequence{znk
} of {zn} with lim

k→∞
znk

= ν. By (4.1) again, we have

D(znk
, 2ρ) ∩ (PFλ

∪ {0,∞}) = ∅,
so there is a single-valued branchgk of the inverse ofFnk

λ onD(znk
, 2ρ) such thatgk(znk

) = z0.

Sincegk is univalent onD(znk
, 2ρ), by Lemma 2.5 witht = 1/2 we have

4
9
ρ|g′k(znk

)| ≤ |gk(z)− gk(znk
)| ≤ 4ρ|g′k(znk

)| (4.2)

and
4
27
≤ |g′k(z)|
|g′k(znk

)| ≤ 12 (4.3)

for anyz ∈ D(znk
, ρ).

Let Bk = gk

(
D(znk

, ρ)
)

andrk = 4ρ|g′k(znk
)|/9. Then (4.2) implies

D(z0, rk) ⊂ Bk ⊂ D(z0, 9rk). (4.4)

By (4.1), the post-singular setPFλ
is bounded away from the Julia setJ (Fλ), so the mapFλ is

expanding onJ (Fλ), which implies thatlim
k→∞

rnk
= 0.

Without loss of generality, we may assumelim
k→∞

rk = 0. By (4.4), we have

meas(Bk) ≥ 1
34

meas
(
D(z0, 9rk)

)
.

This, together with the assumption thatz0 is a density point of∆(Fλ), implies

lim
k→∞

meas
(
Bk \∆(Fλ)

)

meas(Bk)
≤ 34 · lim

k→∞
meas

(
D(z0, 9rk) \∆(Fλ)

)

meas
(
D(z0, 9rk)

) = 0. (4.5)

Note that∆(Fλ) is completely invariant andBk = gk

(
D(znk

, ρ)
)
. From (4.3), we have

meas
(
Bk \∆(Fλ)

)

meas(Bk)

=
meas

(
gk

(
D(znk

, ρ) \∆(Fλ)
))

meas
(
gk

(
D(znk

, ρ)
))

≥

(
inf

z∈D(znk
,ρ)
|g′k(z)|2) ·meas

(
D(znk

, ρ) \∆(Fλ)
)

(
sup

z∈D(znk
,ρ)
|g′k(z)|2) ·meas

(
D(znk

, ρ)
)

≥ 1
38
· meas

(
D(znk

, ρ) \∆(Fλ)
)

meas
(
D(znk

, ρ)
) .
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It follows from (4.5) that

lim
k→∞

meas
(
D(znk

, ρ) \∆(Fλ)
)

meas
(
D(znk

, ρ)
) ≤ 38 · lim

k→∞
meas

(
Bk \∆(Fλ)

)

meas(Bk)
= 0.

Consequently,

lim
k→∞

meas
(
D(znk

, ρ) ∩∆(Fλ)
)

meas
(
D(znk

, ρ)
) = 1.

Recall that lim
k→∞

znk
= ν ∈ J (Fλ) \ {0,∞}. This implies

meas
(
D(ν, ρ)

)
= meas

(
D(ν, ρ) ∩∆(Fλ)

)
,

thus

D(ν, ρ) ⊂ ∆(Fλ) ⊂ J (Fλ).

Soν is an inner point ofJ (Fλ), and thusJ (Fλ) = Ĉ, a contradiction to assumption thatFλ has an

attracting cycle. Hence,∆(Fλ) has no density points, and thus Lemma 2.6 implies

meas
(
∆(Fλ)

)
= 0,

which is equivalent to

meas
(J (Fλ) ∩ Λ(Fλ)

)
= 0.

For eachλ ∈ (0, 4e−2), it is proved in the first half of Theorem 1.1 that the mapFλ has a (unique)

attracting fixed point, sayt. This impliesFλ has no Siegel disks, Herman rings, or parabolic periodic

components. Also note thatFλ has exactly two singular values 0 andλe, thenFλ has neither Baker

domains nor wandering domains (see [2]). LetD be the immediate basin of the (unique) attracting

fixed pointt of Fλ, then

F(Fλ) =
∞⋃

n=0

F−n
λ (D) = {z ∈ C∗ : Fn

λ (z) → t as n →∞}. (4.6)

Let Λc(Fλ) = Ĉ \ Λ(Fλ). Then (4.6) impliesΛc(Fλ) ∩ F(Fλ) = ∅ andΛc(Fλ) ⊂ J (Fλ). For

each integerm ≥ b + 100, let

Sm = {z ∈ C : m ≤ x ≤ m + 1, −1/2 ≤ y ≤ 1/2}.

As in the proof of [20, Lemma 3.3], we can apply McMullen’s criteria [11, Proposition 2.1] for

each squareSm to construct a nested intersection of dynamically defined subsets ofSm, which is a
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subset ofSm consisting of the points whoseω-limit sets are{0,∞}, and show that the area of each

such nested intersection has a uniform positive lower boundε > 0, that is,meas
(
Sm ∩Λc(Fλ)

) ≥ ε.

Therefore,meas
(
Sm ∩ J (Fλ)

) ≥ ε andJ (Fλ) has infinite area for eachλ ∈ (0, 4e−2), which

completes the proof of Theorem 1.2. 2
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