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We study the Poincaré series of rational maps. By investigating the property of conical Julia set

and dissipative measure, we prove that the Poincaré critical exponents are equal to the hyperbolic

dimensions for a large class of rational maps.
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1. INTRODUCTION

Let f : C → C be a rational map of degree at least2 on the Riemann sphereC, and letJ(f) denote

the Julia set off . It is interesting to investigate the relationships among various fractal dimensions

of the Julia sets, and some equalities of several fractal dimensions were proved under some weak

forms of hyperbolicity, see for example [1,3, 5, 6]. An important tool to study the fractal dimensions

of the Julia set is the Patterson-Sullivan conformal measure which can be constructed by using the

Poincaŕe series. The relationship between the Poincaré series of rational maps and the Patterson-

Sullivan conformal measures have been studied for a long time, see for example [4].

In this paper, we study the relationship between the Poincaré critical exponent of rational maps

and hyperbolic dimension. We now proceed to describe our main results in more details.

1.1 Statement of Main Results

Let f be a rational map of degree at least2, and let Crit(f) denote the set of critical points off and

set

Crit′(f) := Crit(f) ∩ J(f).
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We use PC(f) to denote the union of the forward orbits of all critical points inJ(f), that is

PC(f) =
⋃

c∈Crit′(f)

∞⋃

n=0

{fn(c)}.

Thepost-critical set P(f) is the closure of the set PC(f).

We say that a compact forward invariant subsetX (i.e. satisfying propertyf(X) ⊂ X) is hyper-

bolic if there existC > 0 andλ > 1 such that for every positive integern and every pointz in X, the

following holds:

|Dfn(z)| ≥ Cλn.

Clearly, a hyperbolic set is contained in the Julia set.

For a compact setX ⊂ C, let HD(X) denote its Hausdorff dimension. Thehyperbolic dimension

of f , denoted by HDhyp(f), is the supremum of the Hausdorff dimensions of hyperbolic subsets of

the Julia setJ(f), that is

HDhyp(f) = sup{HD(X) : X is a hyperbolic subset ofJ(f)}.

Clearly, HDhyp(f) ≤ HD(J(f)).

Givenδ > 0 and a pointz in C \ P(f), thePoincaŕe series off at the pointz with exponentδ is

defined as follows:

Ξδ(z) :=
∞∑

n=0

∑

fn(ζ)=z

1
|Dfn(ζ)|δ ,

and put

δcr(f, z) := inf{δ > 0 : Ξδ(z) < ∞}.

The numberδcr(f, z) is called thePoincaŕe exponent off at the pointz. Obviously, for every

δ > δcr(f, z) the Poincaŕe seriesΞδ(z) converges. On the other hand, by standard distortion con-

siderations, ifF is a component of the Fatou set, then for all pointsz in F the Poincaŕe exponents

coincide, so we set

δcr(F) := δcr(f, z).

We define thePoincaŕe critical exponent off by

δcr(f) := max{δcr(F) : F is a component of the Fatou set}.

For more information on the Poincaré series see, for example [1, 3].
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Remark1 : In [3], it was proved that for a rational mapf of degree at least2 without Siegel

disk, Herman Rings or parabolic points, if the Julia set has zero lebesgue measure, then the upper box

dimensionBD(J(f)) coincides with the Poincaré critical exponentδcr(f). In particular, if the Julia

set is hyperbolic, then

δcr(f) = HD(J(f)).

By investigating the property of conical Julia set and dissipative measure, we prove the following

theorem.

Theorem1 — Let f : C → C be a rational map of degree at least2. Assume that for every

critical point c in Crit′(f) we have

lim sup
n→∞

|Dfn(f(c))| > 0,

and suppose thatJ(f)\P(f) 6= ∅. Then the Poincaŕe critical exponent off is equal to the hyperbolic

dimension off , that is

HDhyp(f) = δcr(f).

1.2 Notations and Terminology

Throughout of the rest of this paper, all the distances, diameters and norms of derivatives are measured

using the spherical metric andB(z, r) denotes a ball of radiusr which is centered atz.

We shall writeA ³ B if 1
C < A

B < C with some constantC > 0 independent of particularA

andB under consideration. A topological diskU is said to bea pullbackof an open topological disk

V if there exists a positive integern such thatU is a component off−n(V ). We will also denote by

diam(X) the diameter of the setX.

2. PRELIMINARIES

Throughout the rest of this paper we fix a rational mapf of degree at least2.

Given t > 0. Recall that a probability measureµ on the Julia setJ(f) is said to bet-conformal

for f if for every Borel setA ⊂ J(f) such thatf is injective onA, we have

µ(f(A)) =
∫

A
|Df |tdµ

.
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The numbert is called theexponent of the conformal measure. The minimum exponent off ,

denoted byδ∗(f), is the infimum of the exponents of conformal measures on the Julia setJ(f), that

is

δ∗(f) = inf{t : there is at-conformal measure onJ(f)}.

Conformal measures were introduced in holomorphic dynamics by Sullivan [9], who proved the

existence of at least one such measure onJ(f). Denker, Urbanski and Przytycki (see [2, 8]) proved

that for any rational mapf of degree at least2, the hyperbolic dimension is equal to the minimum

exponent, i.e.

δ∗(f) = HDhyp(f) ≤ HD(J(f)).

2.1 Koebe Distortion

We shall frequently use the following version of the Koebe distortion theorem appeared in [7].

Koebe Distortion Theorem: There existsr(f) > 0 depending onf , and for eachε in (0, 1) there

exists a constantK(ε) > 1 such that the following holds. Letx be a point inJ(f), n a positive

integer andr ∈ (0, r(f)). Suppose thatfn : W → B(x, r) is a conformal map. Then for every pair

of pointsz1 andz2 in W such that both of the pointsfn(z1) andfn(z2) are inB(x, εr), we have

|(fn)′(z1)|
|(fn)′(z2)| ≤ K(ε).

Moreover,K(ε) → 1 asε → 0.

2.2 Conical Julia sets

Definition 1 — Let f be a rational map of degree at least2, theconical Julia setof f, denoted by

Jcon(f), is the set of all those pointsz in J(f) for which there existρ(z) > 0 and an arbitrarily large

positive integern, such that the pullback of the ballB(fn(z), ρ(z)) to z by fn is univalent. This set

is also calledradial Julia set.

For r > 0, if we set

Jcon(f, r) := {z ∈ Jcon(f) : ρ(z) ≥ r},
then

Jcon(f) =
⋃

r>0

Jcon(f, r).

Lemma1 — Let f be a rational map of degree at least2, and letµ be aδ-conformal measure. If

δ > δ∗(f), then

µ(Jcon(f)) = 0.
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PROOF : Setδ∗ := δ∗(f) and letµ∗ be aδ∗-conformal measure. For everyr > 0 and every

point z in Jcon(f, r), by the definition ofJcon(f, r) there exist an arbitrarily large positive integern

and a corresponding topological diskUn containingz such that the map

fn : Un → B(fn(z), r)

is univalent. LetŨn be the corresponding pullback of the ballB(fn(z), r
2) to z by fn. By the Koebe

distortion theorem andδ-covariance ofµ, we have

µ(Ũn) ³ (diam(Ũn))δ = (diam(Ũn))δ∗(diam(Ũn))δ−δ∗ ³ µ∗(Ũn)(diam(Ũn))δ−δ∗ .

By the Besicovich covering lemma, we have

µ(Jcon(f, r)) ≤ Cµδ∗(J(f))(diam(Ũn))δ−δ∗ ,

whereC is a universal constant.

Becausediam(Ũn) → 0 asn → ∞, it follows that (diam(Ũn))δ−δ∗ → 0. Therefore, we have

µ(Jcon(f, r)) = 0. It follows that

µ(Jcon(f)) = µ(
⋃

r>0

Jcon(f, r)) = 0.

This proves the lemma. 2

2.3 Dissipative Measures

Definition 2 — A measureµ is said to bedissipativeif there exists a wandering setX of positive

measure,µ(X) > 0, such that for all integerm > n ≥ 0 we have

f−m(X) ∩ f−n(X) = ∅.

Lemma2 — For anyδ-conformal measureµ. If µ(Jcon(f)) = 0 andJ(f) \ P(f) 6= ∅, thenµ is

dissipative.

PROOF: By the hypothesis thatJ(f) \P(f) 6= ∅, we can find a setD = B(z, r) for some pointz

in J(f) such thatD∩P(f) = ∅. SinceD is an open set, we have thatµ(D) > 0 by using the property

of conformal measure. Put

D0 := {z ∈ D | ∃ k ≥ 1 such thatfk(z) ∈ D}

Claim : µ(D \D0) > 0.
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In fact, let R : D0 → D be the first return map. Arguing by contradiction we assume that

µ(D \D0) = 0, thenµ(D0) = µ(D) > 0. It follows that

µ(
∞⋂

n=0

R−n(D0)) > 0.

On the other hand, notice that the set
⋂∞

n=0 R−n(D0) is a subset of the setJcon(f), then we have

µ(Jcon(f)) ≥ µ(
∞⋂

n=0

R−n(D0)) > 0.

This is in contradiction withµ(Jcon(f)) = 0. The claim is proved.

Now settingX = D \ D0, then we can know easily from the definitions of the setsD andD0

thatX is a wandering set. So the setX gives us a wandering set of positive measure. Hence,µ is

dissipative. The proof is completed. 2

Lemma3 — Letµ be aδ-conformal measure. Ifµ is dissipative, then there is an alternative:

• either the Poincaré series Ξδ(z), z ∈ C \ P (f) is convergent;

• or J(f)⊂ P (f).

PROOF : Let X be a wandering set of positive measure. Now we consider two cases:

Case1 : µ(X \ P(f)) 6= 0. We can easily construct a wandering set of positive measureX
′ ⊂

B(z0, r) such thatz0 ∈ J(f) andB(z0, 2r) ∩ P(f) = ∅. By the Koebe distortion theorem and the

δ-covariance of the measureµ, we have

µ(X
′
) =

∫

f−n(X
′
)
| (fn)

′
(ζ)) |δ dµ(ζ) ³| (fn)

′
(ζ)) |δ µ(f−n(X

′
))

wheref−n(X
′
) is an appropriate local branch off−n onX

′
. Hence

Ξδ(z0) =
∞∑

n=0

∑

fn(ζ)=z0

1
|Dfn(ζ)|δ ³

∞∑

n=0

µ(f−n(X
′
))

µ(X ′)
=

1
µ(X ′)

∞∑

n=0

µ(f−n(X
′
)).

Since the setX
′
is a wandering, then we have

∞∑
n=o

µ(f−n(X
′
)) ≤ µ(J(f)).

Hence,Ξδ(z0) < ∞.
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Case2 : µ(X \ P(f)) = 0. By the δ-covariance of the conformal measureµ, for every non-

negative integern we can obtain that

µ(f−n(X) \ P(f)) = 0.

Therefore, there exists a wandering setX1 of positive measure such that for every integern ≥ 0

we have

f−n(X1) ⊂ P(f).

It follows that ∞⋃

n=1

f−n(X1) ⊂ P(f). (1)

Notice that the backward orbit of every point in the Julia set is dense inJ(f) and the set P(f) is

closed, so combining with (1) we obtain thatJ(f) ⊂ P(f). The lemma is proved completely. 2

3. PROOF OFTHEOREM 1

In this section, we will first prove the existence of conformal measure by using the idea appeared in

[1], and then prove our Theorem 1.

3.1 Existence of Conformal Measure

Given a pointz in J(f) andr > 0, for every positive integern put

Sr
n(z) := {η | fn(η) = z and dist(fk(η), Crit(f)) ≥ r, k = 0, 1, . . . , n− 1}.

Thencut-off Poincaŕe series off at the pointz is defined as follows:

Ξr
δ(z) :=

∞∑

n=0

∑

η∈Sr
n(z)

1
|Dfn(η)|δ .

The following lemma is essentially the same as Proposition3.8 in [1]. The details of its proof are

left to the interested reader to check.

Lemma4 — Let f be a rational map of degree at least2 such that for every critical pointc in

Crit′(f) we have

lim sup
n→∞

|Dfn(f(c))| > 0.

If for any δ > HDhyp(f) there is a critical pointc in the Julia set such that

lim
r→0

Ξr
δ(c) = ∞,
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then there exists aδ-conformal measureµδ.

Proposition2 — Letf be a rational map of degree at least2. Assume that for every critical point

c in Crit′(f) we have

lim sup
n→∞

|Dfn(f(c))| > 0.

Then for anyδ > HDhyp(f) there exists aδ-conformal measureµδ.

PROOF : By Lemma 4, it suffices to prove that ifΞδ(c) < ∞, then the following measure

µδ :=
1

Ξδ(c)

∞∑

n=0

∑

fn(ζ)=c

δζ

|Dfn(ζ)|δ

is aδ-conformal measure.

In fact, letU ⊂ J(f) be a measurable set such thatf is injective onU . By the definition ofµδ

we have

µδ(f(U)) =
1

Ξδ(c)

∞∑

n=0

∑

fn(ζ)=c

δζ(f(U))
|Dfn(ζ)|δ =

1
Ξδ(c)

∞∑

n=0

∑
fn(ζ)=c,
ζ∈f(U)

1
|Dfn(ζ)|δ

=
1

Ξδ(c)

∞∑

n=1

∑
fn(ζ)=c,

ζ∈U

|Df(ζ)|δ
|Dfn(ζ)|δ .

and
∫

U
|Df(w)|δdµ(w) =

1
Ξδ(c)

∞∑

n=0

∑

fn(ζ)=c

1
|Dfn(ζ)|δ

∫

U
|Df(w)|δdδζ(w)

=
1

Ξδ(c)

∞∑

n=0

∑
fn(ζ)=c,

ζ∈U

|Df(ζ)|δ
|Dfn(ζ)|δ .

Hence, whenU does not contain the pointc we have
∫

U
|Df(w)|δdµδ(w)− µδ(f(U)) = 0. (2)

On the other hand, for every positive integern we have

µδ(fn+1(c)) =
∫

{fn(c)}
|Df(w)|δdµδ(w) = |Dfn(f(c))|δµδ(f(c)).

It follows that

µδ(f(c))
∞∑

n=1

|Dfn(f(c))|δ =
∞∑

n=1

µδ(fn+1(c)) < ∞.
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By the hypothesis that

lim sup
n→∞

|Dfn(f(c))| > 0,

we have
∑∞

n=1 |Dfn(f(c))|δ = ∞.

It follows that

µδ(f(c)) = 0.

Notice that
∫
{c} |Df(w)|δdµδ(w) = 0, we obtain that

µδ(f(c)) =
∫

{c}
|Df(w)|δdµδ(w) = 0.

Combining with (2), for any measurable setU ⊂ J(f) such thatf is injective onU, we have that

µδ(f(U)) =
∫

U
|Df(w)|δdµδ(w).

This completes the proof. 2

3.2 Proof of Main Theorem

Proof of Theorem 1: For anyδ > HDhyp(f), by Proposition 2 there exists aδ-conformal measureµ.

By Lemmas 1 and 2, we know thatµ is dissipative. Moreover, by Lemma 3 we obtain thatδcr(f) ≤ δ.

It follows that

δcr(f) = δ∗ = HDhyp(f),

and the Theorem 1 is proved. 2
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