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We study the Poincérseries of rational maps. By investigating the property of conical Julia set
and dissipative measure, we prove that the Poincatical exponents are equal to the hyperbolic
dimensions for a large class of rational maps.
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1. INTRODUCTION

Let f : C — C be arational map of degree at ledsin the Riemann sphef@, and letJ(f) denote

the Julia set off. It is interesting to investigate the relationships among various fractal dimensions
of the Julia sets, and some equalities of several fractal dimensions were proved under some weak
forms of hyperbolicity, see for example [1,3, 5, 6]. An important tool to study the fractal dimensions

of the Julia set is the Patterson-Sullivan conformal measure which can be constructed by using the
Poincaé series. The relationship between the Poiaaaries of rational maps and the Patterson-
Sullivan conformal measures have been studied for a long time, see for example [4].

In this paper, we study the relationship between the Paincatical exponent of rational maps
and hyperbolic dimension. We now proceed to describe our main results in more details.

1.1 Statement of Main Results

Let f be a rational map of degree at leastaand let Crit f) denote the set of critical points gfand
set
Crit'(f) := Crit(f) N J(f).
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China Scholarship Council (CSC No. 201508410033)
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We use PCf) to denote the union of the forward orbits of all critical points/ify), that is

Paf) = |J U{ro

ceCrit’ (f) n=0
Thepost-critical set Rf) is the closure of the set RE).

We say that a compact forward invariant sub¥efi.e. satisfying property’ (X) C X) is hyper-
bolicif there existC' > 0 and\ > 1 such that for every positive integerand every point in X, the
following holds:

[Df"(z)| = CA™.

Clearly, a hyperbolic set is contained in the Julia set.

For a compact seX C C, let HD(X) denote its Hausdorff dimension. Thgperbolic dimension
of f, denoted by HR,,,(f), is the supremum of the Hausdorff dimensions of hyperbolic subsets of
the Julia set/(f), that is

HDpyp(f) = sup{HD(X) : X is a hyperbolic subset of(f)}.

Clearly, HD,,,(f) < HD(J(f)).

Givens > 0 and a pointz in C \ P(f), thePoincar series off at the pointz with exponenb is
defined as follows: .
=0=% 3 g
n=0 fr(¢)==
and put
der(f, 2) :==1Inf{d > 0: E5(z) < o0}.

The numben,,(f, z) is called thePoinca€e exponent of at the pointz. Obviously, for every
0 > d.r(f, 2) the Poincag seriesSs(z) converges. On the other hand, by standard distortion con-
siderations, ifF is a component of the Fatou set, then for all poinis F the Poincaé exponents
coincide, so we set

Oer(F) := 0er(f, 2).

We define thdoincaré critical exponent of by
der (f) := max{d.,(F) : F is a component of the Fatou $et

For more information on the Poin@series see, for example [1, 3].
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Remarkl : In [3], it was proved that for a rational mapof degree at least without Siegel
disk, Herman Rings or parabolic points, if the Julia set has zero lebesgue measure, then the upper box
dimensionBD(J(f)) coincides with the Poincarcritical exponend..(f). In particular, if the Julia
set is hyperbolic, then

der(f) = HD(J(f))-
By investigating the property of conical Julia set and dissipative measure, we prove the following
theorem.
Theoreml — Let f : C — C be a rational map of degree at leadt Assume that for every

critical point c in Crit’( f) we have

limsup [Df"(f(c))| > 0,

n—oo

and suppose thak(f) \ P(f) # 0. Then the Poincd critical exponent of is equal to the hyperbolic
dimension off, that is

HDhyp(f) = 5cr(f)

1.2 Notations and Terminology

Throughout of the rest of this paper, all the distances, diameters and norms of derivatives are measured
using the spherical metric ar8l(z, ) denotes a ball of radiuswhich is centered at.

We shall writeA < B if % < g < C with some constanf’ > 0 independent of particulad
and B under consideration. A topological digkis said to bea pullbackof an open topological disk
V if there exists a positive integersuch that’ is a component of ~"(1"). We will also denote by
diam(X) the diameter of the seX.

2. PRELIMINARIES

Throughout the rest of this paper we fix a rational nfagf degree at leagt.

Givent > 0. Recall that a probability measureon the Julia sef/( f) is said to be-conformal
for f if for every Borel setd C J(f) such thatf is injective onA4, we have

H(f(A) = /A \Df|tdy
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The numbert is called theexponent of the conformal measur&he minimum exponent of,
denoted by..(f), is the infimum of the exponents of conformal measures on the Juli& ¢t that
is

0«(f) = inf{t : thereis a&-conformal measure o#(f)}.

Conformal measures were introduced in holomorphic dynamics by Sullivan [9], who proved the
existence of at least one such measure/ 0f). Denker, Urbanski and Przytycki (see [2, 8]) proved
that for any rational mag of degree at least, the hyperbolic dimension is equal to the minimum
exponent, i.e.

0x(f) = HDnyp(f) < HD(J(F))-

2.1 Koebe Distortion
We shall frequently use the following version of the Koebe distortion theorem appeared in [7].

Koebe Distortion Theorem There exists:(f) > 0 depending oryf, and for eack in (0,1) there
exists a constank' (e) > 1 such that the following holds. Let be a point inJ(f), n a positive
integer and- € (0,r(f)). Suppose thaf” : W — B(z, ) is a conformal map. Then for every pair
of pointsz; andzz in W such that both of the pointg®(z;) and f™(z2) are inB(z, er), we have

|(F™) (20

= < K (€).

Py =

Moreover,K (¢) — 1 ase — 0.
2.2 Conical Julia sets

Definition1 — Let f be a rational map of degree at leastthe conical Julia setof f, denoted by
Jeon(f), is the set of all those pointsin J( f) for which there exisp(z) > 0 and an arbitrarily large
positive integem, such that the pullback of the ball(f™(z), p(z)) to z by f™ is univalent. This set
is also calledadial Julia set.

Forr > 0, if we set
Jcon(f7 ’I”) = {Z S Jcon(f) : P(Z) > T}a
then

Jcon(f) - U Jcon(f; T)'

r>0

Lemmal — Let f be a rational map of degree at ledsand letu, be aj-conformal measure. If
d > 0.(f), then

:U’(Jcon(f)) =0.
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PROOF: Setd, := d.(f) and letu, be ad.-conformal measure. For every> 0 and every
point z in J.on(f,7), by the definition ofJ..,(f,r) there exist an arbitrarily large positive integer
and a corresponding topological diEk containingz such that the map

f*Un — B(f"(2),7)

is univalent. Let,, be the corresponding pullback of the bBI[ /™ (z), 5) to z by f". By the Koebe
distortion theorem and-covariance of:, we have

w(Uy) = (diam(U,))° = (diam(U,))% (diam(U,,))° % = 1. (Uy,) (diam(T,,))0 .

By the Besicovich covering lemma, we have

1(JTeon(f,1)) < Cps, (J(f))(diam(T,))° %,
whereC is a universal constant.

Becauseliam(U,,) — 0 asn — oo, it follows that (diam(U,,))*~% — 0. Therefore, we have
w(Jeon(f,7)) = 0. It follows that

(Jeon(f)) = N(U Jeon(f,7)) = 0.

r>0
This proves the lemma. 0
2.3 Dissipative Measures

Definition 2 — A measureu is said to bedissipativeif there exists a wandering sé&f of positive
measurey(X) > 0, such that for all integem > n > 0 we have

XN X)) = 0.
Lemma2 — For anyéd-conformal measurg. If u(Jeon(f)) = 0andJ(f) \ P(f) # 0, thenu is

dissipative.

PrROOF: By the hypothesis that(f) \ P(f) # (), we can find a seD = B(z, r) for some point
in J(f) such thah NP(f) = (). SinceD is an open set, we have thatD) > 0 by using the property
of conformal measure. Put

Dy :={z € D |3k > 1suchthaif*(z) € D}

Claim: u(D \ Dg) > 0.
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In fact, letR : Dy — D be the first return map. Arguing by contradiction we assume that
u(D \ Do) = 0, thenu(Dg) = p(D) > 0. It follows that

u() (Do) > 0
n=0

On the other hand, notice that the §§f._, R~"(Dy) is a subset of the sét,,,(f), then we have
1(Jeon(f)) > ﬂ R

This is in contradiction withu(J.on(f)) = 0. The claim is proved.

Now settingX = D \ Dy, then we can know easily from the definitions of the setand D
that X is a wandering set. So the sEtgives us a wandering set of positive measure. Hends,
dissipative. The proof is completed. a

Lemma3 — Let i, be ad-conformal measure. |f is dissipative, then there is an alternative:

e cither the Poincaré series Z5(z),2 € C\ P(f) is convergent;
e or J()C P(f).

PROOF: Let X be a wandering set of positive measure. Now we consider two cases:

Casel : u(X \ P(f)) # 0. We can easily construct a wandering set of positive meakUre
B(zp,r) such that:y € J(f) andB(zp,2r) N P(f) = 0. By the Koebe distortion theorem and the
é-covariance of the measurg we have

!

n(x'y = / CLUM ) P du(©) = (MY Q) 1 ()
= (X")

Wheref*”(X') is an appropriate local branch 6f” on X'. Hence

1 o
23 ) |Dfn Z" L SO,

n=; ()fn

Since the seX’ is a wandering, then we have
Yo nlfXD) < pI(f):

Hence =;5(zp) < 0.
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Case2 : u(X \ P(f)) = 0. By the §-covariance of the conformal measyrtefor every non-
negative integer we can obtain that

p(fTHX)NP(S)) = 0.

Therefore, there exists a wandering &gtof positive measure such that for every integer 0
we have

f7(X1) CP(f).
It follows that

U £ (xa) cP(). (1)
n=1

Notice that the backward orbit of every point in the Julia set is dengg fin and the set P) is
closed, so combining with (1) we obtain thatf) C P(f). The lemma is proved completely. O

3. PROOF OFTHEOREM 1

In this section, we will first prove the existence of conformal measure by using the idea appeared in
[1], and then prove our Theorem 1.

3.1 Existence of Conformal Measure

Given a pointz in J(f) andr > 0, for every positive integen put

ST(z) :={n | f*(n) = z and dist(f*(n), Crit(f)) > r, k=0,1,...,n —1}.

Thencut-off Poincaé series off at the pointz is defined as follows:

R 1
=6 =2 2 e

n=0nesy, (2)

The following lemma is essentially the same as Propos#i8in [1]. The details of its proof are
left to the interested reader to check.

Lemma4 — Let f be a rational map of degree at le@ssuch that for every critical point in
ri we have
Crit’ h
limsup [Df"(f(c))| > 0.

n—oo

If for any § > HDy,,,(f) there is a critical point in the Julia set such that
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then there exists &conformal measurg;.

Proposition2 — Let f be a rational map of degree at leastAssume that for every critical point
cin Crit'(f) we have
limsup |Df"(f(c))| > 0.
n—oo
Then for anys > HDy,,,(f) there exists a-conformal measurgs.
PROOF: By Lemma 4, it suffices to prove that&l;(c) < 00, then the following measure
n=0 fn(¢ ‘Dfn

is ad-conformal measure.

In fact, letU C J(f) be a measurable set such tifas injective onU. By the definition ofy;

we have
54 f0))
ps(f( =
XY ar s ZZ
cefw)
DI
n=1 fn(¢)=c, |Dfn
¢CeU
and

) = )
/U IDfw) () = Z ; /U 1D f (w) P déic (w)

DO
lDf”

n=0 f"(¢)=c,
Cevu

Hence, wherl/ does not contain the poiantwe have
| 11w die) = st 5 () = @
On the other hand, for every positive integewe have

ps(f"(e)) = / D (w)dus(w) = [Df"(f(e) s (f(€))-
{rm(e)}

It follows that

o

ps(f(e) D IDF(f( Zua (f"*(c)

n=1
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By the hypothesis that
limsup | D f"(f(c))| > 0,
we havey "2 | |Df™(f(e))’ = oo.
It follows that

us(f(c)) = 0.

Notice thatf,, |D f(w)|’dus(w) = 0, we obtain that
ps(5(@) = [ 107w dus(w) = 0.
{c}

Combining with (2), for any measurable $étC J( f) such thatf is injective onU, we have that
ps(F©) = [ 15w duw),

This completes the proof. O
3.2 Proof of Main Theorem

Proof of Theorem 1 For anyé > HDy,,,(f), by Proposition 2 there existsiaconformal measurg.
By Lemmas 1 and 2, we know thais dissipative. Moreover, by Lemma 3 we obtain that f) < 4.
It follows that

6cr(f) =0x = HDhyP(f),

and the Theorem 1 is proved. O
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