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Let A,(n) denote the number of overpartitions of a non-negative integeith no part divisible

by ¢, where/ is a positive integer. In this paper, we prove infinite family of congruences for
As(n) modulo 4,A¢(n) modulo 3, and4g(n) modulo 4. In the process, we also prove some
other congruences.
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1. INTRODUCTION

An overpartition of a positive integer is a partition ofn in which the first occurrence of each part
can be over lined. If(n) denotes the number of overpartitionsrofthen the generating function of
p(n) is given by

S Bt = 22, (1.1)
n=0 1
where, here and throughout this papfris defined by
fo= ="y el <t (1.2)
n=1

The arithmetic properties of overpartition functipfm) have been studied by many authors, for
example see [9, 10, 12, 13, 16, 22] and references therein.

For any positive integef, /-regular partition of a positive integeris a partition ofn such that
none of its part is divisible by. If b,(n) denotes the number dfregular partitions of:, then
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generating function df;(n) is given by

> bi(n)g" = I (1.3)
= fi
The arithmetic properties dfregular partitions have been studied by many authors, for example
see[2,3,5,7,8,11, 15,17, 19-21] and references therein.

Lovejoy [14] investigated the partition functiofiy(n) which counts the number of overpartitions
of n with no parts divisible by. Shen [18] named the functiofy,(n) as¢—regular overpartition and
gave its generating function as

— 1 VE
Ay(n)g" = ) 1.4
nz:;] eln)g 1 fae (1.4)
Shen [18] also derived some congruencesfgin) and A4 (n) modulo 3, 6 and 24 and gave their
combinatorial interpretations. For example, Shen in [18, Corollary 2.4 & 2.8] proved that

A3(dn+1) =0 (mod 2),

A3(4n+3) =0 (mod 6),

A3(9n+3) =0 (mod 6),

A3(n+6) =0 (mod 24)

and in [18, Theorem 2.9] he proved that

Ay(12n+i) =0 (mod 3), i=4,8

Ay(12n+35) =0 (mod 24), j=7,11.
Recently, Chern [6] proved some new infinite family of congruences motifdo A,(n) where
¢ =3,5, 7. For example, Chern [6, Theorem 2.5] proved that;pL£t5 be a prime and andn are
non-negative integers, then

As(p* 3 (pn+1i)) =0 (mod5), i=1,2,3,...,p—1.

Motivated by above works, in this paper we prove some congruences fe) for ¢ = 5,6, 8.
Specifically, in Section 3 we prove an infinite family of congruencesffg(n) modulo 4. In Section
4, we prove an infinite family of congruences fég(n) modulo 3. In Section 5, we prove an infinite
family of congruences forg(n) modulo 4. In this process, we also prove some other congruences.
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2. PRELIMINARIES

Ramanujan’s general theta-functigtu, b) is defined by

f(a,b) _ Z an(n—i—l)/an(n—l)/Z’ |ab\ <1

n=—oo

Three useful cases ¢f(a, b) [4, p. 36, Entry 22(i)-(iii)] are

o 9 5
&(q) = fle.q) =Y _q" = 522,
n=0 fl 4
f(=q) = f(=q,=¢*) = > (=1)"q" V2 =,

and

o0 2
0= Fla. ) = D = 22,
n=0 1

It is useful to note here that )
i

¢<_Q) - f2 )

and from [4, P. 40, Entry 25(i) & (ii)] that
¢(—q) = d(q") — 2q0(¢%).
Lemma2.1 — For any prime, we have

fp=f7 (mod p).

PrRoOOF: Follows easily from binomial theorem.

Lemma2.2 — [1, Lemma 1.4] For any primeg we have
fp2 =5 (mod ?).

Lemma2.3 — [7, Theorem 2.2] For any prime> 5, we have

p—1

2 3p2+(6k+1)p 3p2—(6k+1)p tp—1 p>—1
fi= 0 (1R (—q 2, —q 2 >+(—1) ¢ g fp,

k—=—P=1

2
—1

k#LE=l

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)
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p—1 .
4p—1 ——, ifp=1 (mod 6),
where = 727 1
6 5 if p=—1 (mod 6).
-1 2 -1
Furthermore, |f—7 <k < —_— andk ;é , then Sk” = 4 (mod p).
2 2 2 24
Lemma2.4 — [7, Theorem 2.1]. For any odd prime p, we have
p=3
2. K24k 24 (2k+1) 2_(2k+1) p2-1
Y@= a2 fla 2 a2 )+dT v, (2.8)
k=0
where ) )
kK“+k ,p—1 D — 3
<k< T
5 = 5 (mod p) for0 <k 5
Lemma2.5 — [11, Theorem 1]. We have
ﬁ: f8f220 +q f4f10f40
fi f3fao f2f8f20
Lemma2.6 — [22, Lemma 2.1]. We have
1 2 f4f8
1 3 fi 1
—5 = + 2q . (2.10)
B f3 17 f25f8

3. CONGRUENCES FORBS-REGULAR OVERPARTITION

In this section we prove an infinite family if congruences foi(n) modulo 4.

. o[ =D .
Theorem3.1— Letp > 5 be a prime wnh() = —1. Then for non-negative integessand
p
n, we have

Z As (4p2an + p2a) "=2f1fs (mod 4), (3.1)
n=0

where, here and throughout the pa;é b denotes the Legendre symbol.

PROOF: Setting/ = 5 in (1.4), we obtain

o0 2
S A5 (n) g = J{ZSJ{?O. (3.2)
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Employing Lemma 2.5 in (3.2), we obtain

e 6 r2 2 3
> sy = J2 [Kh, p IS0 o fulult] 33)

Extracting the terms involving®"*! from (3.3), dividing byg and replacing® by ¢, we obtain

S A (204 1)g" flj‘jf? | (3.4)
n=0

Employing (2.9) in (3.4), we obtain

frofi? +8qf10fff§1. (3.5)

z_:f_lg,(Qn—i-l)q":2fél 211 f27

Extracting the terms involving®” from (3.5) and replacing? by ¢, we obtain

ZA5 (4n+1) J{ifm' (3.6)

Simplifying (3.6) by using Lemma 2.2 with = 2, we obtain

Y A;(dn+1)¢"=2fifs (mod 4). (3.7)
n=0

So (3.1) holds forx = 0 case.

Assume (3.1) holds far. Employing Lemma 2.3 in (3.1), we obtain

Z A5 4p2an +p2a n _— Z 3k2+l€)/2f <_q3p2+(gk+1)p’ _q3p2(gk+l)p>
n=0 _
k#:‘:p 1
+p—1 p2—1
+(—1 6 g fp2]

2 m 2_(6m — 2_
S (ymgtmtm2 <—q53p N T H)p) + (1) @5 fe | (mod 4),
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Consider the congruence

3k22+ i +5 <3m22+m> =6 <p22; 1) (mod p). (3.9)
The congruence (3.9) is equivalent to
(6k + 1) +5(6m+1)>=0 (mod p). (3.10)
For <_p5> = —1 the congruence (3.10) has a unique solutica m = ip6_ 1.

So extracting the terms involving™+®*~1/4 from (3.8), dividing byg®*~1/4 and replacing?
by ¢, we deduce that

> As (4pP T+ p* ) " =2, f5p  (mod 4). (3.11)
n=0

Extracting the terms involving?™ from (3.11) and replacing? by ¢, we obtain

34, (4p2(a+1)n + p2<a+1>> ¢"=2fifs (mod 4), (3.12)
n=0
which is the caser + 1 of (3.1). Hence, the proof is complete. O

Corollary 3.2 — Letp > 5 be an odd prime wit><_5> = —1. Then for non-negative integers
p
« andn, we have
As (4p2°‘+2n + 4p2att; —|—p2°‘+2) =0 (mod 4), (3.13)

wherej =1,2,3,...,p— 1.

PROOF: Extracting the terms involving?™*7 for j = 1,2,3,...,p — 1 from (3.11), we arrive at
the desired result. O

Corollary 3.3 — We have

As(4n+3) =0 (mod ).
PROOF: This follows easily from (3.5) by extracting the terms involvigrg+!. O
4. CONGRUENCES FOR6-REGULAR OVERPARTITION

In this section we prove an infinite family if congruences f(n) modulo 3.
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. -2 .
Theorem4.1— Letp be an odd prime such th<t) = —1. Then for non-negative integets
D

andn, we have

> Ag (897 n + 3p™) ¢" = 20(q)p(¢?)  (mod 3). (4.1)

n=0

PROOF: Setting? = 6 in (1.4), we obtain

o < n J3f
nz:oAﬁ <n>q - f12f12. (42)

Employing (2.10) in (4.2), we obtain

o n_ f3f [ 3 fifis
%AG(n)q = |7 f126+2q e | (4.3)

Extracting the terms involving®*!, dividing by ¢ and replacing;? by ¢, we deduce that

S n o f2f313
;AG (2n+1)q =2 (4.4)

Simplifying (4.4) using Lemma (2.1) with = 3 and employing (2.4) and (2.5), we obtain

e 2 r2
S A (2n+1)¢" = 22108 Z26(—q)u(gt)  (mod 3). (4.5)
= fafa
Employing (2.6) in (4.5), we obtain
> A (2n+1)¢" = 2¢(¢")¥(q") — 4qv(¢")(¢®)  (mod 3). (4.6)
n=0

Extracting the terms involving*™*! in (4.6), dividing byg and replacing* by ¢, we obtain

> A (8n+3)q" = 2¢(q)v(¢?)  (mod 3), (4.7)

n=0
which is the casex = 0 of (4.1). Assume that (4.1) holds far. Employing Lemma 2.4 in (4.1), we
obtain

p—3

o0 2 2 2 2 2

_ k“4k p°+(2k+1)p  p°—(2k+1)p p—1 2
g Ag (8p2an+3p2°‘) " =2 E q 2 fl¢g 2 ,q 2 )+aq 5 ¥(g")
n=0 k=0
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p—3
2 7n2+'m P2+(2’m+1)T—’ p27(2m+1)p P2—1 2

) [Z ¢ (@ 2 )+ (@) (mod3).  (4.8)
m=0

Consider the congruence

kz;k 42 <m22+m> 3 <p2_1> (mod p). 4.9)

The congruence (4.9) is equivalent to
2k +1)2+22m+1)>=0 (mod p). (4.10)

p—1

—2 . .
For <> = —1 the congruence (4.10) has a unique solutica m = 5

p
So extracting the terms involvingm+3(2?2—1)/8 from (4.8), dividing byq?’(Z’Q‘I)/8 and replacing
¢P" by ¢, we deduce that

> Ag (8p™ T n + 3p™2) ¢" = 2(¢P)¢p(¢*)  (mod 3). (4.11)
n=0

Extracting the terms involving?™ from (4.11) and replacing®” by ¢, we obtain
> Ag (82 4 3p20 D) ¢ = 20()ib(e?)  (mod 3), (4.12)
n=0

which is the caser + 1 of (4.1). So the proof is complete.

. -2 o
Corollary 4.2 — Letp be an odd prime such th{t) = —1. Then for non-negative integers
p
o andn, we have

Ag (8p** P20 + 8p**Hlj 4+ 3p* ) =0 (mod 3), (4.13)
wherej =1,2,3,...,p— 1.

PROOF. Extracting the terms involving”"*7 for j = 1,2,3,...,p — 1 from (4.11), we arrive at
the desired result. O

Corollary 4.3 — We have
(i) Ag(8n +5) =0 (mod 3),

(i) Ag(8n+7)=0 (mod 3).

PROOF: Extracting the terms involving*”*2 and¢*"*3 in (4.6) we easily arrive at (i) and (ii),
respectively. O
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5. CONGRUENCES FOR8-REGULAR OVERPARTITION
Theorem5.1— We have
(i) Ag(12n +4i+1) =0 (mod 3), where i=1,2.
(ii) Ag(8n + k) =0 (mod 4), where k=3,5.
(iii) Ag(28n +4j) =0 (mod 7), where j=1,2,3,4,5,6.
PROOF: Setting? = 8 in (1.4), we obtain
— e
Ag (n)¢" = . 5.1
2 A= &
Employing (2.10) in (5.1), we obtain
o f2f> [ f3 fifts
Ag (n)q" = + 2¢q . (5.2)
2 A ho | B T R
Extracting the terms involving®"*! from (5.2), dividing byg and replacing? by ¢, we obtain
Z Ag(2n+1)q¢" = f2 Jufs : (5.3)
- f
Employing (2.9) in (5.3), we obtain
7 > it fif
ZA8(2n+1)q":2f2f4f8{ = 4+4 8} (5.4)
= 2 2
Extracting the terms involving®” in (5.4) and replacing? by ¢, we obtain
Z 15
Ag(dn+1)g" =22 12 3 (5.5)
o Ji7fi
Simplifying (5.5) using Lemma 2.1 with = 3, we obtain
> Ag(4n+1)q" fG (mod 3). (5.6)

f4f12

Extracting the terms involving®”*+! and¢3"*+2, we complete the proof of (i).

303
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Again, simplifying (5.3) using Lemma 2.2 with= 2, we obtain

> Ag(2n+1)¢" =2fifs (mod 4). (5.7)

Extracting the terms involving***+* for k = 1, 2, we complete the proof of (ii).

Next, extracting the terms involving?™ from (5.2) and replacing?® by ¢, we obtain

ZAg (2n) q —ff; (5.8)
8J1
Employing (2.9) in (5.8), we obtain
e 21
ZAS (2n) f7f14 +4q f41{)8' (5-9)
n=0

Extracting the terms involving®” from (5.9) and replacing? by ¢, we obtain

21

ZAS (4n) q = f14 (5.10)
Simplifying (5.10) using Lemma 2.1 with = 7, we obtain
iﬁg (4n) ¢" = / ?42 (mod 7). (5.11)
— fasfz

Extracting the terms involving”"*7 for j = 1,2, 3, 4, 5, 6, we complete the proof of (iii).

. -2 L
Theorem5.2— Letp > 5 be a prime such tha<) = —1. Then for non-negative integefs
p

andn

> A (8p™n+p*) ¢" =2fifa  (mod 4). (5.12)
n=0

PROOF: Extracting the terms involving™ in (5.7) and replacing* by ¢, we obtain

Z Ag(8n+1)¢" =2f1fo (mod 4) (5.13)
n=0

which is thea = 0 case of (5.12). Assume (5.12) holds fer Employing Lemma 2.3 in (5.13), we
obtain

3p2 +(6k+1) 3p2 —(6k+1)
ZAS (8p%n + p*¥) ¢" = 2 Z hg(BkER)/2 ¢ <—q I B p)

n=0

i2 1
k7épT
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+p—1 p2—1

+(=1)"5 ¢ = fpz]

2 (6m 2_(6m — 2_
y Z ym 2(3m2+m)/2f< g 3% +(0 +1)p,—q23p (e +1)p> +(_1)¢% 1q2p241f2p2 (mod 4).

(5.14)

Consider the congruence

3k22+ k 42 <3m22+ m) _ 5 <p22; 1) (mod p). (5.15)
The congruence (5.15) is equivalent to
(6k +1)2 +2(6m+1)>=0 (mod p). (5.16)
For <_p2> = —1 the congruence (5.16) has a unique solutica m = ipﬁ_ 1.

So extracting the terms involving®*~1/8 from (5.14), dividing byg**~1)/8 and replacing
qP by ¢, we deduce that

ZA 82t in + p?*t2) " = 2f, fo,  (mod 4). (5.17)

Extracting the terms involving?™ from (5.17) and replacing? by ¢, we obtain
Z As <8p (et )y 4 p2(et1) ) " =2f1f> (mod 4), (5.18)
n=0

which is the caser + 1 of (5.12). Hence the proof is complete. O

Corollary 5.3 — Letp > 5 be a prime with<_2> = —1. Then for non-negative integesisand
n, we have P
Ag <8p2(°‘+1)n 4 8p2atl 4 p2°‘+2) =0 (mod 4), (5.19)
wherej =1,2,3,...,p— 1.
PROOF: Extracting the terms involving?*7 for j = 1,2,3,...,p — 1 from (5.17), we arrive at

the desired result. O

Theorem5.4— We have
(i) Ag(4n+3) =0 (mod 8).
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(ii) As(8n +7) =0

(mod 64).
(iii) Ag(24n + 8 +7) =0 (mod 3), where i=1,2.
(iv) Ag(56n+8j +7) =0 (mod 7),

where j7=1,2,3,4,5,6.

PROOF: Extracting the terms involving®”*+! in (5.4), we obtain

> 3 £5
> Ag(4n+3)q" = 8f2£4.
n=0 fl

(5.20)
Now (i) follows easily from (5.20).
Employing (2.9) in (5.20), we obtain
7 P 2[5 L
> As(4n+3)q" = 853 7s +1280° "7 + 645 (5.21)
n=0 2 J8 2

Extracting the terms involving®**! from (5.21), dividing byy, and replacing? by ¢, we obtain

o 21
> As(8n+7)q" =64

2
IR (5.22)
n=0 1
Now (ii) follows easily from (5.22).
Simplifying (5.22) using Lemma 2.1 with = 3, we obtain
oo B f7
> Az (8n+T7)¢" =% (mod 3). (5.23)
n=0 f3
Extracting the terms involving®"*! and¢*"*2 in (5.23), we complete the proof of (iii).
Again, simplifying (5.22) using Lemma 2.1 with= 7, we obtain
> A n — ff’él
> AsBn+7)q" = 7 (mod 7). (5.24)
n=0 7

Extracting the terms involving™*7 for j = 1,2,3,4,5,6 in (5.24), we complete the proof of
(iv).

O
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