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We prove that ifF’ is a field such thatF'| > 2, then every bilocal automorphism &g, (F) - the
algebra ofN x N upper triangular matrices ovét, is an automorphism.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Let A be an algebra and let : A — A be a linear map. If for every in A there exists an
automorphisn,. of A such that

P(x) = ¢a(), 1)
then we say thap is a local automorphism oAl.

Quite a lot is known about the local automorphismd3¢f7) (see [5, 4]). In [3] the local auto-
morphisms of some matrix algebras are described, in [6] we can read about the local automorphisms
of the nest algebras on some Banach spaces, in [10] and [16] the authors investigate such maps on
some operator algebras.

Some modifications of condition (1) are also of interest. For instance, if for every paie A
we can find an automorphisi, , such that

bry(x) = @(x) and gy (y) = o(y),

then we say thap is a 2-local automorphism. We know quite a lot about 2-local automorphisms of
various algebras [15, 13, 11, 7, 8, 9]. Hence, we would like to focus on some other modifications of
(). Let us introduce the definition.
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Suppose-' is afield,VV —a linear space ovéf, A — an algebra of linear operators &n Consider
a linear mapp defined onA. If for all pairsz, v, wherex € A, v € V there exists an automorphism
¢z, Of A such that

P(x)v = b (v, (2)

theng is called a bilocal automorphism. Clearly, every local automorphism is a bilocal automorphism.
According to latest knowledge so far we only know the form of bilocal automorphismiééf and
M, (F)[12, 14].

Let us considef, (F') — an algebra consisting of @&l x N upper triangular matrices over a field
F. We wish to investigate the form of the mapsatsifying (2) in the case wheaA = 7 (F'). Let
us denote by, 1 (F’) the space of all vectors of the form

x1
Z2

, x;€F forallieN.
T3

Because of the infinte sums the actionv for a € 7 (F), v € My () is not well-defined.
Hence, we will limit ourselves ta//™ (F) — the subspace of those vectors frd, . (F) that

ocox1

have a finite support. Thanks to that, the actionw will be well-defined and we can consider the
maps satisfying (2). However, as we do not like any restrictions, we define one more action.

Let us denote by« (F') the space of all the vectors of the form
($1,$2,x3,...), x; € B foralli e N, 3)

Since every upper triangular matrix has only a finite number of nonzero entries in each column,
for any v given by (3) and any: € 7., (F') the productv - a exists and we do not have to restrict
M« to any of its subsets. Hence, we will also consider the mams 7., (F") satisfying

vP(x) = vy (). (4)

Our result is the following.

Theorem1.1 — AssumeF’ is a field of at least three elements. Then 7. (F) — 7o (F)
satisfies eithef2) or (4) if and only if it is an automorphism &f (F).
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2. PROOFS
First we introduce some notation. By, we mean théN x N identity matrix, bye,., theN x N
matrix with 1 in the position(n, m) and0 in every other position.

If aisanxm,nxN,Nxm, N x N matrix we will sometimes Writ@,, x ., Gnx oo, Gooxn, Cooxoco
respectively. In particular, we will writ,, ., Onx o, -.. fOr the zero matrices of proper dimensions.

By R¥ (F), wherek < I, we understand the following subalgebraZaf (F).

RM(F)={a € Too(F): i>k V j<l = a; =0}

In the spacesV/«1(F) and M, we distinguish the elements, and f,, (n € N) defined
below.
1 ifk=n
(en)k = fo=c¢l,
0 otherwise,
wherea! is the transpose of.

In these two spaces we also introduce two subspaces. Namely,
Vi={v € Muxi(F): i>n = v; =0} = {(01,02,...,’Un,O,O,O,...)T},

UL ={ue Mixoo(F): i<n = u=0} ={(0,0,...,0, Up, Unt1, Unt2,.-.)]}-

Note that we can identify the elements\éf (F), V2(F), V2 (F), ... with the first, second,
third, . . . columns of upper triangular matrices. Analogously With ('), U2 (F), ... and the rows.

For anya,t € T, (F), if t is invertible, we writea® for the element~!at.

In the paper we will make use of maxima and minima of some subséislwdiit may be empty.
We will assume thaiax () = —oo and thatmin () = oco.

In our considerations we are going to use the knowledge about automorphigm$§6f. In [17]
we have investigatet,, (F') as a ring and we have obtained the following.

Theorem2.1— (Thm.1.1, [17]. Let F' be a field of at leas} elements. 1ty : 7o (F') — Too(F)
is a ring epimorphism, then there exist 7., (F'), o - an automorphism of’, k,n € N{0} U {0},
and a multiplicative magf : (F*)"™ — F* such that

O(x) = f(Tht1ht1s-- s Thbnotn) - L0 - T - UDjgn ftn ().
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HereZnn, is an inner automorphism such thatn, (x) = t~'zt, 7 is called a field automorphism
and it is defined as follows

(0(2))nm = o (Tnm)

for o - automorphism of a field”, andi{(p,, is a map such that
(upk(x»nm = Tn+km+k-

From Theorem 2.1 we easily get

Corollary 2,1 — Let F' be a field of at least elements. Ifp : 7o (F) — 7o (F) is an algebra
automorphism, then is an inner automorphism.

In some works about local automorphisms, local derivations or some other similar types of maps
we come across the fact that they may preserve some properties of the elements of our algebra (like
in [1, 2, 14]). We will also use a similar argument. Namely, to prove our result we will show
that the mapsp that satisfy (2) or (4) preserve the rank-one matrices, i.eaiik(z) = 1, then
rank(¢(z)) = 1. By the rank we mean the row-rank. (Clearly, in our case such rank can be infinite.)

The rank-one preservers @n, (F') are described below.

Theorem2.2— (Thm.1.1, [18]) Assume thaf’ is a field and thaty is a linear rank-one pre-
server. Then either

1. the image ofs consists only of matrices of rank one and the zero matrix

or

2. there exist matrices, b such thaty(z) = axb for x € 7 (F).

One can notice that in the above theorem we do not claim that the matréceth are triangular.
Indeed, they do not have to be so. Obviously, it would be good to know what we have to assume to
ensure thatizb € 7, (F) for all x € 7o (F). Such criterion is given in the following lemma.

Lemma2.1 — (Cor. 2.2, [18]). Let: be an infinite matrix over a field such that
1. every columnu(n) of a is in the set/ % (F') for somek,, € N,
2. columns ofa are linearly independent,

and letb be an infinite matrix over the same field such that

1. every rowu(m) of a is in the seU!n (F) for somel,, € N,
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2. rows ofb are linearly independent.

For alln < m consider the set differencés — k,,. If this set contains a minimal element which
is nonnegative, then the maydefined o7, (F') by the formulap(z) = axb, is a rank-one preserver
on7y(F).

Now we can move to our proof.

We know that an inner automorphism acts on the algebra by conjugacy. For this operation we
have the following.

Lemma2.2 — Suppose thak is any field andl < k < 1. If a € RF (F) andt € T,(F) is
invertible, them* € RX (F).

Moreover,ay; # 0 if and only if (a?),; # 0.

PROOF: Asa € REL(F), we can writex as below

Okxk | Okxi—k—1 bk x oo
a= O—k—1xi—k—1 | 01— k—1x00 in the case whehk < [, (5)
OOOXOO

and
Ok—1xk—1 | (€1)k—1x1 | (€2)k—1x00
a= (c3)1x1 (€4)1x00 in the case wheh = [. (6)
OOOXOO

Leta be of form (5). When we writé as

;= ( gi—1x1-1 ‘ g],{;_lxoo )
‘ Joox0

we get that
Okxk | Okxi—k—1 ke x 00
a' = O—k—1xl—k—1 | ¥l—k—1x00 | >
* 00 x 00

so(a');; = 0 for all the pairsi, j such thatl <i < j <.

‘ ( Pogescie ‘ Ry oo )
.

When we writet as
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¢ *Ekxk | *kxoo
a = )
OOOXOO

If a is of form (6), then the calculations are analogous, so we omit them.

we obtain that

so(al);; =0forl <i<j.

Let us now focus om;,;. We have

(@Y= >t ritisty = rwamtu =ty axtu,
K<i<j<I

so indeedal)y; # 0 if and only if az; # 0. O

Now we will consider the ranks of the matrices of the formmsandva, wherea € 7, (F') andv
is either inMZ™ | (F) or in My o0 (F).

Lemma2.3 — Leta € 7o (F') \ {0}. Thenrank(a) = 1 if and only if

o for everyy € M/ (F) the number

ocox1
m(a,v) = max{i € N: (av); # 0}
is equal either to some that is fixed fora, or to —oo;

o for everyv € My (F') the number
m? (a,v) =min{i € N: (va); # 0}

is equal either to some: that is fixed fora, or to cc.

ProOOF: We start with the first claim.

Suppose first thatank(a) = 1. Then there exists a vector € M. (F) and oy, ag, ...
an € F, ap, # 0 (for somen € N) such that

T
a= (cqr asr ... an” 01x00 01x00 O1xc0 ---)" -

Consider an arbitrary € M. (F). If rv = 0, thenav = 0 andm(a, v) = —00.

ocox1

If ro =0 #0, then

av = (alﬁ a2f3 ... @pB 01x00 O1x00 O1xo0 - - ~)T
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ando;8 # 0 if and only if a; # 0. Thus, sincev, # 0 andg # 0, m(a,v) = n. Concluding,
m(a,v) is equal to eithen or —oc.

Assume now thatank(a) > 1.

Consider first the situation when this rank is finite. Then there exigtN, n > 2, such that for
alli > n and allj € N we havea;; = 0. Sincerank(a) > 1, there exist linearly independent vectors
r1, 72 € Miyoo(F) anda, § € F*, &/, ..., a" € F such that

" / T
a = (’}/Tk ﬂ’l”g ar ... ¥xry ary 01><c>o 01><oo 01><oo ) .
~— ~—
m n

Suppose that is a minimal number such thét, )s # 0. Then if we takev = e, then we have

av = (* * o (7“1)3 O1><oo 01><c>o 01><c>o “')T7
——

n

som(a,v) = n.

Now notice that since, ro are linearly independent, there existsc Ml (F) such that

cox1

riv = 0 androv # 0. For thisv we have

— T
av = (* ¥ ... TQU ... TV 01><oo 01><oo 01><oo )
~~ ~~
m n
T
= (* X ... 712?} 01><OO 01><OO OIXOO ...) 5
~—~
m

som(a,v) = m < n and we are done.
Let nowrank(a) = oo.

Let s be the number of the first nonzero columnaofAs a is upper triangular, there exists the
largest numben such that,,s # 0. We putv = e, and getm(a, v) = n.

Sincerank(a) = oo, there exists a number that is larger that and such that for somewe
havea,,, # 0. Let us consider the least with this property and the leastfor this m. If we put
v = e, thenm(a,v) = m > n, so our first claim follows.

Now we focus on the second claim.

Suppose thatank(a) = 1. Then there exists a nonzetas M7 (F), m € N, andayy,, apm+1,

ocox1

Oma1, --- € F, ayy # 0 such that

@ = (0oox1 Ocox1 -+ Ooox1 QmC Q1€ QupiaC .. .).
m—1
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Consider an arbitrary € Moo (F). If ve = 0, thenva = 0 andm” (v, a) = co. If ve = 3 # 0,
then

va = (Ooo><1 Ocox1 -+ Ocox1 amﬁ aerlB aerZﬂ cee )a

m—1

so sincen,, # 0 we haven,, 8 # 0 andm” (a,v) = m.

Suppose now thdt < rank(a) < oo. Then there exista such that for ali > n and for all; we
havea;; = 0. Moreover, there exists linearly independent vectgrs:, M (F)anda, o, ...,
o, B €F,a B +#0suchthat

/ 1
@ = (0oox1 Ocox1 -+ Osox1 @c1 @'cy ... a'cy Bea ... ).

m—1

If we putv = f,, thenm” (a,v) = m.

Now note that sincey, c; are linearly independent, there exists Ml (F) such thate; =0

ocox1

andwvce #0. For thisv we have

’UCL:(‘OO ... 0 avey 0/7101 O/lCl Bca ):(00 ...0 Beo ),
m—1 m k k—1 %

som®(a,v) = k > m.

Let nowrank(a) = oo. There exists a minimat such that,; # 0 for somes € N. Consider
thisn and choose anyfor whicha,,s # 0. If we takev = f,, thenm” (a,v) = n. Asrank(a) = oo,
there existsn > n such that for some we haveu,,,,. # 0. If we putv = f,., thenm” (a,v) = m > n.

The next lemma tells about the behaviour of the numbeis, v), m” (a,v) when we consider
the conjugacies ai.

Lemma2.4 — LetF be afield and let € 7. (F). If rank of a is equal tol, then
e for any vectow € ngﬁl(F) and any invertible, € 7. (F) the number
m(a",v) =max{i € N: (a"v); # 0}
is equal to either some that is fixed fora, or to —oco.

Moreover, for at least one this maximum is equal te.

o for any vector € M« (F) and any invertible, € 7o (F') the number

m? (a',v) = min {ieN: (va™); #0}
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is equal to either some that is fixed fora, or to co.

Moreover, for at least onethis minimum is equal ten.

PrRoOF: We prove only the first point. The proof of the second one can be led analogously.

If rank(a) = 1, thena € R¥ (F) for somek < [ anday; # 0. From Lemma 2.2 we know
that for allt € 7., (F) we havea! € R¥ (F) and(al)y; # 0. Clearly,rank(a’) = 1. Thus, from
Lemma 2.3 we get that for anyeithera»v = 0 or m(a'*,v) = k.

Let us now prove the second claim. From Lemma 2.4 we know thatifR* (F) anday; # 0,
then for anyt, in particular for anyt, € 7..(F) the matrixa® is in R¥. (F) and(a**)s; # 0. Thus,
it suffices to puty = ¢; and then(a’:, e;);, # 0. 0

The last lemma we prove is a bit different from those above.
Lemma2.5 — For any fieldF" and any ma satisfying either (2) or (4) we havie,) = €co.

PROOF: Since everyp, ,, is an automorphism we havg ,(e~) = e«. Hence for every either
in M (F) orin My xo0(F) We have

ocox1

Geosw(Coo)v =1 OF Vo _,(ex) =v respectively.

Thus, from (2) or (4) we geb(e~)v = v Or vé (e ) = v respectively. As it holds for any, we
must haves(ex) = €co-

Now, using all the above lemmas we will prove the following.
Proposition2.1 — Suppose that is a field and that : 7., (F) — 7. (F') satisfies either (2) or
(4). Theng is a rank-one preserver.

PrRoOOF: Again we will prove the claim in the case whérsatisfies (2).
Suppose that there existse 7. (F’) such thatank(x) = 1, butrank(¢(z)) # 1.

Assume first thaty(z) = 0. Then for allv € ngﬁl(F) we havep(xz)v = 0. Hence, we should

also haved = ¢, ,(z)v = (ty.) ‘at,,v. However, from Lemma 2.4 we know that the number
m(a', v) is distinct from0 for at least one — a contradiction.

Assume then thatank(¢(x)) > 1. Since for allv rank(¢,,(x)) is equal tol and ¢, ,(z) €
R (F) the numbersn(al*, v) can be equal to either some fixedr to —oo. However, asank(¢(z)) >
1, by Lemma 2.3, the numbers(a’*, v) can also take some other values — a contradiction again.

Summing up, ifrank(z) = 1, thenrank(¢(z)) = 1. 0
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Now we will prove the main theorem.
ProoF OFTHEOREM 1.1 : The ‘if’ part of the proof is obvious, so we focus on ‘and only if’.

Let ¢ satisfy (2) or (4). Then, by Proposition 24 preserves rank-one matrices. Such preservers
are described in Theorem 2.2. From this theorem we know that the rank-one preservers can be of two
types. Suppose thatis of the first type, i.e.¢(7(F)) is a subspace that contains only rank-one
matrices and the zero matrix. From Lemma 2.5 we knowdlial,) = e, SO we get a contradiction.
Thereforep must be given by a formula(z) = axb. Moreover, since(e~,) = e, the matrices,

b are such thatb = e...

Now we want to get more information abautindb. Some of them are given in Lemma 2.1.

Observe that from Lemma 2.2 it follows thate,,) € R (F). Hence, asp(enn) = aenn
b = v(n)u(n) andl, — k, > 0, we must havd,, = k, for everyn € N. Moreover, since
0 < ly —kn = kn — ky, for m > n, the sequencék,,),en = (ln)nen iS NONndecreasing. We
wish to show thak,, = n for all n.

If k& > 1, then(ab);; = 0. Sinceab = e, the latter is a contradiction.
Suppose then that for somewne havek, =1, ke =2, k3 =3, ..., k, =n, butk,,1 #n+ 1.

First assume thdt, 1 < n + 1. Then clearlyk,, 1 = n. Suppose that

kn—i—l = kn+2 == kn+m =n and kn+m+1 >n.

Then we can write; andb in the following block form.

(a1)nxn (a2)nxm (a3)nxoo
a= (a4)mxm = Omxm | (@5)mxoco | »
(a6)ooxm = Ocoxm | (@7)coxoo
(b1)nxn | (b2)nxm | (b3)nxoo
b= 0 (ba)mxm | (b5)mxoo | 5 where(bg);1 = 0 foralli € N.
0 (bﬁ)ooxm (b7)00><00

Consider the elemertib),, 1 »+1. Sinceas = 0 and(bg);1 = 0, this element is equal ©— this
contradicts the fact thath = e..
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Suppose now that,.; > n + 1. Then we writex andb in the block form as below.

a = ( (all)”Xn ‘ (a/2)n><oo )
0 | (ah)ooxee )
(

> ,  Wwhere(bs);; =0 foralli € N.

Sinceab = e, We also have,b; = e,. However, from(b});; = 0, we obtain thata4b)1; = 0
— a contradiction.

Summing upk, = n for all n € N. This means that, b are both upper triangular, and conse-
quentlya = b=, Thus¢(z) = b~ 'zb. O
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