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A toric arrangement is a finite collection of codimensibaubtori in a torus. These subtori strat-

ify the ambient torus into faces of various dimensions. f;etenote the number éfdimensional

faces; these so-called face numbers satisfy the Euler refatign-1)’ f; = 0. However, not all

tuples of natural numbers satisfying this relation arise as face numbers of some toric arrangement.
In this paper we focus on toric arrangements Rrdimensional torus and obtain a characteriza-

tion of their face numbers. In particular we show that the convex hull of these face numbers is a
cone.
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1. INTRODUCTION

Counting the number of connected components of a certain geometric set divided by its codimension-
1 subsets is a classical problem in combinatorial geometry. The simplest possible case is that of a
partitioning of the Euclidean plane by finitely many straight lines. Such a collection determines a
stratification of the plane consisting wértices(intersections of lines)edges(maximal connected
components of the lines not containing any vertex) eémmbergmaximal connected components of

the plane containing neither the edges nor the vertices). The combinatorics that emerges from these
intersections is intriguing. This is evident by the number of interesting problems and conjectures
described in Ginbaum’s exposition [4] (classically, line arrangements are studied in the projective
plane). A systematic discussion of combinatorial aspects of hyperplane arrangements (i.e., higher-
dimensional analogues of line arrangements) can be found in [3, Chapter 18].
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The first question that one can ask is to count the number of chambers formed by a line arrange-
ment. An easy case is thatefines in general position; here the number of chambetstig’;). The
study of this and related problems goes back to the work of @éattycentury mathematician Steiner.
A formula that counts the number of connected components of the complement of a hyperplane ar-
rangement was discovered by Zaslavsky in [10].

Let f; denote the number atdimensional strata, far= 0, 1, 2, of the projective plane induced
by a line arrangement. These are fhee numbersand the triple( fo, f1, f2) is the f-vector of a
line arrangement. Many interesting questions arise when one wants to study relations between face
numbers. For example, these numbers satisfy the Euler relatienf; + fo = 1 but not all triples
of natural numbers satisfying this relation arise as face numbers of line arrangements. One can find a
list of known results and some conjectures in [4, Section 2.2]. In this paper we wish to answer similar
questions but in the context of line arrangements in a torus.

Partitioning problems for spaces other than Euclidean and projective spaces were studied by only
handful of authors. To our knowledge the first paper that deals with a more general situation is by
Zaslavsky [11]. He derives a formula for counting the number of connected components a topological
space when dissected by finitely many of its subspaces. He showed that not only the combinatorics
of the intersections (which is encoded in thedlius function of the intersection poset) but also
their geometry (as captured by the Euler characteristic) plays a role in determining the number of
chambers. In recent years several authors have considered toric arrangements. A toric arrangement
is a finite collection of codimensioh-subtori in a torus. The formula for the number of chambers
for such arrangements was first discovered by Ehrenebey in [2]. The same formula was also
independently discovered by Lawrence in [5] and by the second author in [1]. Recently, Shnurnikov
has characterized the set of all possible values of top-dimensional faces for arrangeme®is in a
torus in [7] and for arrangements in higher-dimensional tori in [6]. See also [8] for arrangements in
hyperbolic spaces and the icosahedron and arrangements of immersed circles in surfaces.

The aim of this paper is to give a characterization of fhesctor for toric arrangements in2a
torus. The paper is organized as follows. In Section 2 we introduce toric arrangements in full general-
ity and fix notations. In Section 3 we prove some properties-eéctors for toric line arrangements.
In particular we show that for toric line arrangements the convex hull of the pfirg,) is a cone in
the first quadrant. Conversely, for every pair of integers in this cone there corresponds a toric line ar-
rangement (Theorem 16). We also characterize the face numbers for arrangements containing at most
three toric lines. Finally, in Section 4 we outline future research by commenting on arrangements in
surfaces of higher genus.
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2. TORIC ARRANGEMENTS

Thel-dimensional toru§' is the quotient spade’ /Z'. When identified with the sé, 1)’ it forms an
abelian group with the group structure given by the componentwise addition mbdTihere is also

a ‘multiplicative’ way of looking at the torus when we consider it as the produét'sf. The group
structure here is the componentwise multiplication of complex numbers of motlulttwever,
throughout this paper, we stick to the additive way of looking at a torus. In this section we define
toric arrangements and collect some relevant background material.

We assume the reader’s familiarity with basic algebraic topology and combinatorics. The com-
binatorics of posets and lattices that we need can be found in Stanley’s book [9]. The field of toric
arrangements is fairly recent; Ehrenborg, Readdy and Slone mainly study the problem of enumerating
faces of the induced decomposition of the torus in [2]. On the other hand a number theoretic aspect
is explored by Lawrence in [5].

We denote byr: R! — T' the quotient map. Note that is also the covering map arif is
the universal cover of thetorus which is a compact manifold. We say that-aubspacéd’” of R!
is rational if it is the kernel of amn x [ matrix A with integer entries. The imagé := (V) is a
closed subgroup df’. TopologicallyV is disconnected and each connected component-iteus.
The connected components are knownaie subspacegor coset} of V. Let V' denote the coset
containing0. ThenV /,V is a finite abelian group whose order is the number of cosets. dbne
can check that every closed subgroup of the torus arises in this manner. It is important to note that the
subgroupV depends only on the free abelian group generated by the row-spaceéHaice one can
assume that the rows df form a basis for the row-space. The subgrdUjs connected if and only if
the greatest common divisor of all thex &£ minors of A is 1. Two k x [ matricesd and A’ represent
the same subgroup if and only if there existis a £ unimodular matrix/ such thatd’ = AU.

A toric hyperplaneis a toric subspace of codimensiani.e., it is the projection of an affine
hyperplane irR!. We have the following definition.

Definition1 — A toric arrangement iff’ is a finite collectiond = {H1, ..., H,,} of toric hyper-
planes.

A rational, codimensioni-subspace iR! is specified by an equatiomz, + - -- + aqyz; = ¢
where eaclu; € Z. Hence we represent a toric hyperplane by a fair) wherea is a row vector
of integers and < [0, 1). It is convenient to express a toric arrangemdrds an augmented matrix
[A | c] whereA is ann x [ matrix of integers such that its each row represents the corresponding toric
hyperplane and is a vector in0, 1) representing intercept of each hyperplane.
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To every toric arrangement there is an associated periodic hyperplane arrangeimétit The
inverse image of eack; under the covering map is the union of parallel integer translates of a
codimensiont subspace. Recall that a hyperplane arrangement is saiddsseatialf the largest
dimension of the subspace spanned by the normals to hyperpldnééeisay that a toric arrangement
is essentialf the associated hyperplane arrangemdris essential. Equivalently, it means that the
rank of the matrixA4 is I. Without loss of generality we assume that a toric arrangement is always
essential; which forces > [. If this is not the case then the enumerative problems that we consider
in this paper reduce to equivalent problems in a torus of smaller dimension.

The hyperplane arrangeme#iinduces a stratification &' such that these open strata are relative
interiors of convex polytopes. A nonempty subBet T' is said to be daceof the toric arrangement
A if there is a stratunF of A such thatr(F) = F. Thedimensionof F is the dimension of the
support of” and it is denoted bylim(F). It is important to note that the closure Bfin T need not
be homeomorphic to a disk. Hence a toric arrangement stratifies the ambient torus; this stratification
need not define a regular cell structure but it does have special properties.

Definition2 — A polytopal compleis a cell compleX X, {e, } ea ) With the following additional
data.

1. Every celle, is equipped with &-polytopal cell structurenhich is a pair(Py, ¢,) of a k-
convex polytope and a cellular mag : P, — X such thai,(P\) = e, and the restriction of
¢ to the interior ofPy is a homeomorphism.

2. If e, NEy # O thene, C &y.
3. For every faceP’ of P,, there exists a cek, in X and a maph: Q, — 0P, such that
b(Int@,) = P" andgy o b = ¢,,.
The following lemma is a straightforward application of the fact that the covering mip
stratification preserving.
LemmaB — If A is a toric arrangement ifi’ then the induced stratification is a polytopal complex.

Definition4 — Theintersection poseL(.A) of a toric arrangementl is defined to be the set of
all connected components arising from all possible intersections of the toric hyperplanes ordered by
reverse inclusion.

By convention, the ambient torus corresponds to the empty intersection. The intersection poset is
graded by the codimensions of the intersections. Before proceeding further let us look at a couple of
examples.
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Example5 : Let A be the toric arrangement ifi? obtained by projecting the lines = —2y
andy = —2x. These toric hyperplanes intersect in three pojnts= (0,0),p2 = (1/3,1/3) and
ps = (2/3,2/3). The arrangement stratifies the torus into thrdaces, sixl-faces and three-faces.
This is not a regular subdivision of the torus since the closure of &#fage is a cylinder. Figure 1
shows the arrangement together with the associated intersection poset.

H>
P1 P2 P3
P3
& P2 & Hy Ha
H2 P1 T2
A L(A)

Figure 1: A toric arrangement ifi2.

Example6 : Now consider the arrangement formed by including the projection of the liae:
in the previous arrangement. They intersect in the same three points as above. However, there are
nine 1-faces and si®-faces. The induced stratification is a regulsicomplex. Figure 2 shows the
arrangement and the associated intersection poset.

Since our focus is on counting the number of various-dimensional faces of a toric arrangement we
now turn to the combinatorics aspect. The idea that captures the combinatorics of the intersections is
the Mobius function of the arrangement which we now define.

Definition7 — The Mobius function of a toric arrangement is the function(A) x L(A) — Z
defined recursively as follows:
0, ifYy <X,
p(X,Y) =41, if X =Y,

—Yx<zey MX,Z), fX <Y

The Mobius function plays an important role in counting the number of faces of an arrangement.
The following theorem has appeared in [2, Corollary 3.12], [5, Theorem 3] and [1, Example 5.5].
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H2 H3
P1 P2 P3
P3
Hy Hy H; H3
P2
H2 P1 TQ
A L(A)

Figure 2: A toric arrangement with regular cell decomposition.

Theorem8 — Let f;. denote the number édimensional faces of a toric arrangeme#t Then
we have

fe=> (¥, 2).

dim Y=k
dim Z=0
Y<Z
In particular the number of top-dimensional faces is determined by the valuetiiadMunction
takes at the points of intersections. The generating function for the face numbers is knowrf-as the
polynomialand defined ag4(z) = Zi,:o frz!~*. Using Theorem 8 above we get a particularly nice
form for the f-polynomial

fa(@)= Y |u(Y,Z)j! =Y

dim Y=k
dim Z=0
Y<Z
We say that the toric hyperplanes of an arrangement ageneral positiorif the intersection of
anyi of the subtorij > 1, is either empty of/ — ¢)-dimensional. A toric arrangement is callgichple
if all the toric hyper planes are in general position. One can check that in case of simple arrangements

every interval of the associated intersection poset is a Boolean algebra. For simple toric arrangements

l
fk=f0<l_k>-

we havef4(x) = fo(z + 1)! hence
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3. SOME FACE ENUMERATION FORMULAS

In this section we focus our attention to arrangements in2tharus T? with the aim to explore
relationship between the face numbggsfi, fo andn the number of subtori in an arrangement.

The projection of the straight liner + by = ¢ in R? under the canonical maponto the torus,
wherea, b € Z, is said to be #oric line. Here we identify with 7(¢) and assume that theandb are
coprime.

Definition 9 — A toric line arrangement is a finite collectioh = {/;,...,[,} of toric lines in
T2.

We denote a liné; by an augmented matrix;, b; | ¢;] and say that the line is of type;, b;)
if the intercept is not relevant. As before we will denoteby an augmented x 3 matrix [A | c].
Where rows of4 are coefficients of equations of toric lines. We also assume that these arrangements
are essential, i.e., we do not consider the arrangements in which all the lines are parallel.

The intersection two toric lines, of type say;, b;) and (a;, b;), is a finite set of points. The

. b.
nant ' |. This follows from the
a; bj
Smith normal form. Recall that the Smith normal formal form @fa2 matrix A is a diagonal matrix

cardinality of the intersection is the absolute value of the determ

with 1 in the(1, 1) position andlet A in the (2, 2) position. The subgroup of the torus corresponding
to A is then a finite abelian group of ordgdet A| as the normal form is obtained by unimodular
transformations (see [7, Lemma 1] for a geometric proof).

We now turn to the faces of an arrangement. For simplicity weledlmensional faces vertices,
1-dimensional faces edges a2wdimensional faces chambers; their numbers are denotégl iy, f>
respectively. These face numbers clearly satisfy the Euler relggionf; + fo = 0. It tells us thatf;
is redundant; hence we characterize pairs of natural numbers which appéarfas for some toric
arrangement.

Let Ly denote the set of all vertices. The number of lines in a toric line arrangement, that pass
through a vertex is called thedegreeof that vertex and is denoted lg(v). The following is a
straightforward application of Theorem 8.

LemmalO —
fi= Z deg(v).

vELg

Forj > 2 denote byt; the number of vertices with degv = j.
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Definition11 — Letr: R? — T2 denote the canonical projection. A sub&etC T2 is atoric
k-gonif there exists &-gonCj in R? such thatr(Cy) = C and the restriction of to the interior of
Cy is a homeomorphism onto the image.

For a toric arrangemet let p;, denote the number of chambers that are thrgons fork > 3.

Lemmal2 — The following identities hold for any toric arrangement:
o= _tifi=) gtifa=> prfo=Y (-1t
J J k J
Lemmal3 — For a toric arrangement we have

2f1 = Z kp.
%

PROOF: Given a chambef of A its lift 7—1(C) consists of polygons iik?. The right hand side
of the above equation is obtained by counting the edges bounding a polygon in that lift. Since each
such edge of this polygon projects downstairs to an edge in the arrang%tkpk counts every
edge in the arrangement a certain number of times.

Let an edge: be counted; times in the above manner. Sineds arbitrary, if we show that
j = 2 we are done. Observe that a small enough neighbourbioofda point one is the union ofj
semi-disks identified along their diameters. For a ppigte we have

Hy(T?, T — p) = Ha(U,U — p) = Hy(U —p) = Hi(\/ §") = 27",
-1

SinceT? is a closed manifold, we already haki (T2, T? — p) = Z so thatj = 2. O

Lemmal4 — For any toric line arrangement, we have the following:

tr=» (G =3)t;+ Y _(k—3)p, (1)
Jj=3 k>3

p3=> 20 —=2)t;+ > (k—4)ps. (2)
§>2 k>4

PrROOF: The proof is a simple application of the Euler relation and definitions:

RHS —ty=) (j=3)t;+ > (k—3)pp=fi—3fo+2fi —3f2=0

§>2 k>3

and for Equation 2 we have
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RHS —ps = _2(j —2)t;+ Y (k—4)pp = 2f1 — 4fo +2f1 — 4f2 = 0. 0
j>2 k>3

We now turn our attention to Shnurnikov’s result that characterizes the numbers that can occur as
the number of chambers of a toric line arrangement. We reproduce the proof for the benefit of the
reader.

Theorem15 — [7, Theorem 1]. Denote by’(T?,n) the set of all possible values ¢§ that
correspond to an arrangement oftoric lines. Then

F(T*n)={n—1}U{l € N:1>2n—4}.

PROOF : We first prove thatF'(T?,n) 2 {n — 1} U {l € N : [ > 2n — 4} by constructing
arrangements with specifigd. In order getf, = n — 1 consider the following arrangement:

A={[1,010],0,1 | ¢;] 11 <) <n—T,e#cfori # j}

Figure 3 below illustrates the construction for= 6. The boundary edges of the fundamental
domain correspond to toric lings, 0 | 0] and[0,1 | 0]. Any of these lines are shown dotted if they
are not part of the arrangement.

— e e | = = — — —

|
!
|
|
|
!
1
!
!
|
!
|
!
L= L J

Figure 3:(n, f2) = (6,5)
We now construct an arrangemesitwith fo = 2n — 4 + a for an arbitrary whole number.
Consider the arrangement consisting of the toric lines of the following types:
1. [0,1]0];

2. Ja+1,—1]0];

3. 11,0 0], [1,0] ——1,[1,0] — T —
' ’ ’ ’ a+2 ' ’ a+3 B ’ a+n—2 '
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Figure 4:(n, f2) = (6,8), (6,9), (6,10) and(6, 11)

The construction is illustrated in Figure 4 for= 6.

In order to prove the reverse containment assumedttntains at most. toric lines of the same
type (i.e.,m is the maximal number of parallel lines).nf = n — 1 then f5 is a multiple ofn. — 1. To
see this observe that theh line intersects all the previous lines in the same number of points.

For2 < m < n — 2, each of the remaining — m lines intersect then parallel lines in at least
m points. Hence we havé, > m(n — m). An easy exercise in calculus shows that the function
x(n — x) attains its bounds on the interjal n» — 2] and the minima i®(n — 2) which implies that

f222n—4.

The last case is that of having no parallel linesdnHere one has to consider several sub-cases.
First, assume that any two of the lines intersect in at least two points. 865 if thenf, > 2. By
induction onn assume that for — 1 lines fo > 2(n — 1) — 2. If the nth line creates a new vertex then
t2 goes up byl and if it passes through an existing vertex tihegoes down by one ang,; goes up
by one for some. In either case, using Lemma 12, we conclude fhahcreases by at least 2.

Assume that some two lines, shyl;, meet in exactly one point. If all the remaining- 2 lines
meetl; U [; in at least two points thef, > 2n — 3. Otherwise we claim that there exists a third line
I which passes through the same intersection point. In order to prove the claim assumes thiat
type(1,0) andl; is of type(0, 1) then as the ling, should intersect both these lines in point it has to
be of the type(1, 1) or (1,—1). In either case the intersectié I; N I, is singleton. Furthermore
it is easy to prove that if is any line which is not parallel to eithér, ; or ;, then it intersects these
three lines in at least two points. In this cgse> 2n — 4; the proof is on the same lines as that of the
first sub-case. O
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It is well-known that the face numberfs, fo of projective line arrangements satisfy linear in-
equalities. These inequalities are such that their convex hull is a cone (iifiuth@ )-plane. However
not all lattice point in that cone are realizable as face numbers of projective line arrangements (see
[3, page 401] for details). The face nhumbers3giolytopes also satisfy similar inequalities and de-
termine a cone. However, every péfi, f2) satisfying these inequalities indeed corresponds to some
polytope (see [3, page 190] for details). The case of toric arrangements is not very different as we
shall now prove. We say that a toric line arrangemesingplicial if all the chambers are triangles.
Note that this is equivalent to saying that the induced stratification defines@nplex structure.

Theorem16 — Given fy, fo € N, there exists a toric arrangement with f, vertices andfs
faces if and only if

fo < fa<2f.

Equality on the left holds if and only jfl is simple; equality on the right holds if and only.4 is
simplicial.

PrROOF: We prove the ‘only if’ part first. Using Lemma 12 we see that:

fo=> <> (-1t = fa.

j22 j=2

The second inequality can be written As< 2f; — 25, or equivalently agf; > 3f2 which
follows from Lemmas 12 and 13:

2f1 = kpk > > 3pi = 3fa,

k>3 k>3

The ‘if’ part on the other hand can be proved constructively. Consider the arranggmdnth
contains the following = fo — fy + 2 toric lines :

1. [0,1]0];
T

3. [1,0] —]forall0 <r < fo— fo
Jo

See Figures 5, 6 for illustrations.

Now assume thatl is an arrangement witlfe = fj. TheanZQ(j - 1)t; = Zj22 t; implies

that
> (G —2)t;=0.

j>2
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Figure 5: From left; toric arrangements withvectors (4,8,4), (4,9,5) and (4,10,6)

Vi Vo V3 Vu Vi Vi Vo V3 Vg Vi

Vi Vo V3 Vg V; Vi Vo V3 Vg Vj

Figure 6: From left: toric arrangements wifhvectors (4,11,7) and (4,12,8)

Since(j — 2) > 0 for everyj > 3 we havet; = 0 for those;’s. Consequently there are only
degree vertices; equivalently the arrangement is simple. Converse of this statement is also clear.

Now assume that; = 2 fy. Using the equation

> k= QZ(S — Dpk

k>3 k>3

we getp, = 0 for k£ > 4. Converse can be proved analogously. )

Combining above inequality with Theorem 15 we see that for an arrangementooic lines
foe {52} u{l: 1 >n—2} As fyis not bounded above there is no hope for a complete
characterization of the paifs, fy). Instead we focus on the tripl¢s, fo, f2). More precisely we
would like to characterize all such triples of natural numbers for which there exists an arrangeément
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of n lines, with f, vertices andf, faces. Fom > 2, let
C'(n) :=={(fo. f2) | fo < fa < 2fo, fo > n—1}

There is an obvious chain of inclusiod&2) > ---C'(n) D C'(n +1) D ---. Our aim is to
characterize elements 6f(n) that are realizable as face numbers of toric arrangement. We denote
this subset by’ (n). We start with the easiest case.

Lemmal7 — For toric arrangements @flines we have
C(2)={(f, )| f eN}.
Equivalently, all toric arrangements @flines are simple and theif-vectors are of the form
(f,2f, f) for all natural numberg.

PROOF: Since there are only 2 lines, all vertices have degree 2. This engyresty; = fo. On
the other hand, ify = f is given, then indeed considgrwith two toric lines, one each of the types
(0,1) and( fo, —1). O

Next we completely describe the s&t3). First we show that as in thzlines case, the points
of the type(fo, fo) are completely realizable for simple arrangements ¢dric lines. Then we
characterize the simplicial arrangements of the tyfse2f;) that are realizable. Finally we look at
the remaining arrangements.

Theorem18 — There exists an arrangement of 3 lines with= f» if and only if fo > 2.
PrRoOOF: The ‘only if’ part follows at once from Theorem 15.

For the ‘if’ part setAd = {[1,0 | 0], [0,1 | 0], [fo—2, —1 | r]} wherer is a fixed irrational number.
The irrationality ofr ensures that the lingfy — 2, —1 | ] does not pass through the intersection of
the other two lines. The reader can easily check that theré arertices, all of which have degr@e
so thatfy = fi — fo = 2ts — ta = t3 = fo. O

Theorem19 — There exists an arrangement of 3 lines wfthvertices andfs = 2 f, chambers if
and only if fy is an odd number.

PrROOF: Start by assuming thdt, is even. Since there are only 3 lines, it is clear that

fo =t2 + 2t3.

As 2 fy = 2t9 + 2t3 we havet, = 0 and consequently all vertices are of degree 3. Whence all the
three lined, l5, I3 in the arrangement pass through all the vertices. This shows that any two of the
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l;’s intersect atfy many points. Without loss of generality assume thas of type (0, 1) andi, of
type (fo, —a), where of course, f, are coprime. Sincg; intersectd; as well ads at f; vertices,/3
must be of the typéfy, —a + 1).

Now if fj is even therm must be an odd number coprimeffg This means thata + 1 is even
and hence the line of typefy, —a £ 1) has two components, which is a contradiction, for it gives an
arrangement of 4 lines.

Conversely, iffy is odd, say2k — 1, consider the arrangement of 3 lines one each of the types
(k,—(k —1)), (k—1,—k) and(1,1). This gives an arrangement wi#t — 1 vertices andik — 2
faces. O

Theorem20— A = {l1, 12,13} is an arrangement df toric lines such thaffy < fo < 2y (i.e.,
it is neither simplicial nor simple) if and only j, — f; dividesf, and one of the following holds:
Jo
" fa— fo
2. fpis odd.

1 is even;

PROOF: The necessary condition can be shown in two parts:

1. Show fy — fo divides fy.

Jo
Jfa—fo
First we expresg, and f> — fj in terms of the types of lines in the arrangement. Without loss of
generality, one of the linds can be assumed of typé, 0). The other twd, andls are, say, of types
(a,b) and(c, d) respectively. We know that for arrangements of 3 lines,

2. If

is odd, thenfy must be odd.

fo= |ll ﬂlQ’ + |l2 ﬂlg‘ + ’l3 ﬂll‘ — 2|l1 Ny ﬁl3|.

Now, formulatef, in terms ofa, b, ¢, d by evaluating the above cardinalities in terms:0b, ¢, d,
i.e.,|liNia] =b,|l1 NIl =d, |la N3] = |ad — be|. The intersection of all the lines (which is non-
empty otherwise the arrangement is simple) is an intersection of cosets of two finite cyclic subgroups
of a copy ofS! in T2. Their intersection is of cardinalitycd (b, d). Hence, putting it all together:

fo=0b+d+ |ad — be| — 2(b,d)

Since fo — fo = ts is by definition the cardinality of the grand intersection, we have the constraint
(b,d) = fa — fo. The part (1) above is an easy consequence of the facgtdféi, d) dividesb andd.
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Letb = mts andd = nt3 whereged(m,n) = 1. Hence
fo=(m+n+lan — cm| — 2)ts.

Now the proof of part (2). By assumption we hafie= 2% and f, — fo = 2Fs wherer | s; we
need to show that = 0. Sincets divides f, the above equation can be rewritten as

fo
fa—fo

where the left hand side is odd. Singgisodd «<— k =0 <= f, — fy is odd, we need to

+2=m+n+|an —cm|

showts is odd. If we show that either or c is even (in which casec is even) we are done, for
ged(a,b) = ged(a,mts) = 1 = ged(e,d) = ged(c, nt3) thereby showing thafac, t3) = 1. But
sinceac is events = fy — fp then has to be odd. Furtheryif andn are both odd then the left hand
side is odd andn + n is even thereby forcingn — c¢m to be odd. So we have eithen or cm is
even. Butmn,n being oddga or ¢ must be even.

Hence proving part (2) boils down to showing thatandn are both odd. We prove it by contra-
diction. Without loss of generality let. be even. Thegced(m,n) = 1 = ged(a, mt3) forcesa and
n to be odd, whereasn is even. Hence the right hand side is now even which is a contradiction.

For the converse part of the theorem, we provide the following construction. It is understood that
all the lines in the arrangements below pass thraughT?2. Let f> — fo | fo:

() Assumefy and f> are such that condition (1) in the theorem holds. Indeed consider the ar-
rangement4 with 3 lines, one each of the typés, 0), (1,f2 - %) and(1, fo — fo). One
checks thaffp(A) = fo andts3(A) = fo — fo. Sincefy(A) +t3(A) = f2(A), the arrangement

A satisfies our requirement.

(I Assumefy and f» satisfy condition (2) of the theoremd contains three lines, one each of

the types(1,0), (a, fo — fo) and(c, fo — fo) whereged(a, fo — fo) = ged(c, fo — fo) = 1
anda — c = fzjﬁ)fo' To complete the proof we need to only show that giked odd, one can
geta such thatecd(a, k) = 1 = ged(a + d, k). By the Chinese remainder Theorem, get an
a such thata # 0,—d mod p Vp | k. Check thaiged(a, k) = ged(a + d, k) = 1. As fy

is odd, clearlyfy — fo and fzji)fo are odd too, so one can use the abovekfer f, — fy and

_ _f
d_f2—0fo' -

In general, complete characterizatiorCgf) seems to be a hard problem. We end this section by
a result that characterizes arrangements for which the degree of the vertices is constant.
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Proposition21 — Let.A be a toric arrangement aflines such thadleg(v) = k, Vv € L then A
is either simple or simplicial.

PrROOF: We know thatt;, # 0 for somek > 2 and all othett;’s are zero. Therefore,
fo=(k -1ty = (k—1)fo <2fo.

Thusk is either2 or 3. Thek = 2 case implies that no three lines are concurrent which means
that the arrangement is simple. Whereaskfer 3 using Lemma 14 we see that = 0 for k > 4. O

4. THE CASE OFHIGHER GENUS SURFACES

We end the paper by a brief discussion about possible directions for future research. One direction
is to look at arrangements in surfaces of higher genus (s€é])7and the other direction is to study
these problems in higher-dimensional tori. gor- 1 we consider the genugsurface)M, as the
quotient of the hyperbolic plarié? by a certain discrete subgrogpof the isometry group off?. A

simple closed geodesic )/, is defined to be the image of a geodesic linélihunder the covering
projectionH? — H? /G

Definition 22 — A finite collection of simple closed geodesicsiify, inducing a polytopal cell
structure is known as geodesic arrangemeit a genusg surface.

We analogously define the intersection pasg#l) and the face numberg), f1, fo for geodesic
arrangements. Some of the results proved in Section 3 easily generalize in this case. They remain
unchanged except for an additional texiti\/, ), the Euler characteristic. We enumerate such results

Now.

Theorem23 — For a geodesic arrangement in M/, wehave

fi= Z degv.

vELg
PROOF: By [1, Theorem 4.2]:

=Y |- > uwv.2)x(2)

dimY=1 ZeL(A)
Y<Z7

Sincex(Y) = 0 we could replac&” < Z with Y < Z above. The summation then is over Zll
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that coverY’, so that allx values are -1. So the summation becomes:

fi= Z Z X(Z).

dimY=1 ZeL(A)
Y<Z

Finally, x(Z) = 1 for the Z are just points.

fi= 2| 21

dim Z=0 \ dimY=1
ZeL(A) Y<Z

But the inner summation is the degree of the vefeand we are done. O

Definition24 — Letr: H? — M, denote the covering map. A subgetC M, is ak-gon if there
exists a geodesik-gon Cy of H? such thatr(Cy) = C and restriction ofr to the interior ofCj is a

homeomorphism onto the image.
As beforet; stands for the number of degrgeertices andgh;, stands for the number étgons.
Lemma25 — The following results hold for a geodesic arrangement on a geaudace:
fo=> ti i =" jtifa=_ pr,
J J k
2f1 = > kpr, fa— x(My) = > (5 — Dt;, 2(fo — x(My)) = > _(k — 2)ps.
k j k
PrROOF: The first three identities follow from definitions. The fourth identity is proved analo-

gously as in Section 3. The fifth equation follows from the first two and the Euler relation. The last
identity is a consequence of the third, fourth and the Euler relation. O

Denote byd; the number of vertices that are incident wijtledges. Note that since all the edges
are formed by intersections of lines we haye= 0 if either j = 2 or j is odd.

Lemma26 — For a geodesic arrangement in a gepgsiface, we have the following:

ty = 3x(Mg) = > (= 3)t; + > _(k = 3)pr,

>3 k>3
ps — 4x(Mg) =D 2(j = 2)t; + > _(k — 4)px,
§>2 k>4

3ps + 2pa+ps — 6x(Mg) = > (j —3)d; + Y _(k — 6)pi.
>4 k>7
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PROOF: The proof follows from the application of the Euler relation and Lemma 25 above.
We now state a partial analogue of Theorem 16; the proof is on the similar lines.

Theorem27 — For an arrangement on a genussurface, we have the following:

Jo+x(My) < fa < 2(fo — x(My)).

The equality on the left holds if and only if the arrangement is simplej.e:,0 for j > 3) whereas
the equality on the right holds if and only if the arrangement is simplicial ¢ie= 0 for k& > 4).
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