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The aim of the paper is to investigate the boundary value problem of the evolution equation
Lu=K(z,t)us — Au+a(z,t)u= f(x,t).

The characteristic property of this type of equations is the failure of the Petrovski's “A” condi-
tion when coefficients are constant [1]. In this case, Cauchy problem is incorrect in the sense of
Hadamard. Hence in this paper, the space, guaranteeing the correctness of the boundary value
problem in the sense of Hadamard, is selected by adding some additional conditions to the coef-
ficients of the equation.
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1. INTRODUCTION AND MAIN RESULTS
Let’s consider the equation
Lu=K (z,t)uy — Au+a(x,t)u = f(z,t) (1)

on the cylindrical are&) = (0,T") x D whereD is bounded in the spade” andoD < C?.

In this equationk (z,0) < 0, K(z,7) > 0 and there is no restriction on the sign &f(z, t)
inside the ared).

Equation (1) expresses turbulent processes coming across. In the theory of partial differential
equations, this kind of equations are called parabolic equations changing with the direction of time.
Boundary value problems for such equations are the main research topic of many mathematicians.
As an example, we can provide references [2-14]. In mentioned studies, the solvability of boundary
value problems was shown in appropriate Sobolev spaces.
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Boundary value problem Finding the solution of equation (1) satisfying the condition
ulp =0 2

in the areaQ, wherel’ = (0,7 x 0D.

Method: As the method, we used regularizing operators technique. If the following conditions are
satisfied, operator family depending on the regularizing paramesgecalled regularizing operators
family for the given problem:

1. For anye > 0, the corresponding problem for the family is correct in the sense of Hadamard.

2. Under existing conditions, the solution of the given problem is the limit of solutions of problems
for the families wherr — 0

Theoreml — Assume thak (z,t), a(z,t) € C1(Q) and2a — |K; (x,t)| > 6 > 0. Then, for
each functionf (z,t), fi(x,t) € L?(Q), there is a unique solution of the problem (1), (2) on the

spaceWQ((lt’i)) (Q) .

PROOF: Consider the following problem on the ar@a

Finding the solution of the equation
Loue = —eueyy — Aue + Kugy + aue = fs (3)

which satisfies conditions

Uelr =0, Uetlt=0 =0, Uet|t=7 = 0. 4)

Solvability of the problem (3), (4) for any fixed > 0 is well known from the general elliptical
type equations theory [15]. Thus,ff f; € L?(Q) thenus, € W2 (Q) .

Now let's get the necessary inequalities.

By multiplying both sides of equation (3) hy: and integrating on the ar&a,we get the equality

/Q Leucu.dQ = /Q FuedQ.

Integrating by parts and using Holder inequality give us
e / ugdQ+ / (IVuel* +u2)dQ < ) / £2dQ, (5)
Q Q Q

wherec; is a constant independentaf
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Denotingu.; = ¥, we can see that the functiensatisfies the following conditions
ey — MY+ (a+ K,) 0+ KOy = fy —aue = f, [ € L*Q) 6)
Yr =0, O=0 =0, V= =0. (7)
By multiplying both sides of equation (6) byand integrating on the area Q, we get the equality

/ [Eﬁtt — A9+ (a + Kt) 9+ Kﬁt] YdQ = / fudQ.
Q Q

Taking into account the conditions (7) in this equality and using partial integrating formula, equa-
tion (5) and Holder inequality we obtain the inequality

2 2 2 2 2
. /Q 92dQ+ /Q (V2 +02)dQ < e /Q (f? + f2)dQ. @®)

wherec; is a constant independent af

Now taking into account the problem (3), (4), and inequalities (5), (8),we get

=1

wherecs is a constant independent af

As inequalities (5), (8), (9) are uniformly limited ky it is possible to extract converging subse-
quence{u,, } from the sequencéu. }.

Whene,, — 0
ue, — win L2(Q) norm,

e, — u in L2(Q) weakly,

Hence, the limit function:(x, t) is one solution of the problem (1), (2).

Proof of uniqueness
Assume that there are two different solutiansandu, of the problem (1), (2). Then the function
u = uy — Uy IS also the solution of the problem

Lu=0 (10)

ulp = 0. (11)
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Multiplying both sides of equation (6) hy and integrating on the ar€a we get the equality

/LuudQ:/(K(m,t)ut—Au—i—a(a:,t)u)udQ:0
Q Q

Integrating this equality by parts, we get

/Q(K (x,t)ur — Au+a(z,t)u) ud@) = /Q <\Vu|2 + 20 ; Ktu2> dQ—

_ / K (2,1) u2)y—odD + / K (2,4) 2ly_pdD = 0.
D D

Taking into account the boundary conditions and the conditions of Theorem 1,we obtain
The theorem is proven.

Let's consider an example showing the importance of the conditions of Theorem 1.

Example: Define the following problem for the equation
Lu:tut—Au—(1+)\2)u:0 (22)

on the are&); = (0,1) x D.

Find the solution of equation (12) on the argasatisfying the condition

up=0, T =(0,1)x dD. (13)

It can be easily seen that the function= ¢ (z) is an unknown solution of the problem (12),
(13). Here the functiod (x) is the solution of the problem

—AY — N0 =0 (14)
v|ap = 0. (15)

This example shows that if conditions of Theorem 1 are not satisfied, then the solution of the
problem (1), (2) is not unique.
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