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A certain class of results about the different representations of Oblique projectors is present in
the literature. These results represent Oblique projectors as the functions of orthogonal projec-
tors with given onto and along spaces. But these results are valid under the restriction that the
functions of orthogonal projectors involved are invertible. In this paper we extend and general-
ize these results. The extension lies in making a transition from Euclidean space to Minkowski
space.# and the generalization is obtain by voiding the invertibility condition and use of the
Minkowski inverse. Furthermore, the nobility lies in utilizing theprojectors instead of the
regular orthogonal projectors.

Key words : Minkowski inversem-symmetric;m-projectors; oblique projector.

1. INTRODUCTION

Let us denote by\/(,, ,,(C) the set ofm x n matrices over the complex field and when= n

we write M, (C) for M, (C). The symbolsA*, A~, A®, AT, rk(A), R(A), and N(A) denote

the conjugate transpose, Minkowski adjoint, Minkowski inverse, Moore-Penrose inverse, rank, range
space, and null space of a matAxrespectivelyl,, denotes the identity matrix of orderx n. Further

we denote byC;,” the set of alm-projections. i.e.C” = {P: P2 =P =P }.

Indefinite inner product is a scalar product defined by
[u,v] = (u,Hv) = u*Hyv, (1)

where( , ) denotes the conventional Hilbert Space inner producttnsl a Hermitian matrix. This
hermitian matrixH is referred to as metric matrix. Minkowski spae# is an indefinite inner product
space in which the metric matrix is denoted@yand is defined as
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1
G:

0 _In—l

] , satisfyingG? = 1,, andG* = G.

G is called the Minkowski metric matrix. In case= (up,us,...,un—1) € C*, G is called the
Minkowski metric tensor and is defined @1 = (ug, —usi, ..., —u,_1). For detailed study of indef-
inite linear algebra refer to [12].

The m-projectors, as a result of the impact of the Minkowski metric matrix on a projection, were
identified by the author in [22]. Projections are widely scattered in the literature, see e.g., [3-6, 10, 15,
18, 19, 24, 25] and are used in pure as well as applied mathematics. Projections occupy a fundamental
place in the literature of generalized inverses. There are many extensions and generalizations of the
projections like generalized projections, k-generalized projections, hypergeneralized projections etc.,
for instance see [2, 11, 16, 23, 26]. Projections were also studied in indefinite inner product spaces
see [27, and references therein].

An important projector known as oblique projector has been studied in different environmental
settings, i.e., infinite and finite dimensional vector spaces over either complex or real Euclidean space
resulting in establishment of various results of oblique projectors with given onto and along spaces,
seee.g., [1, 13,14, 21, 29]. But these results are valid only under the assumption of the nonsingularity
of certain functions of projectors involved. In this paper we establish certain results from the literature
in a more generalized and extended form, in a different environmental setting, obtained by making a
transition from complex Euclidean space to Minkowski spaZever the same field. This transition
thus paves a way to go from a definite inner product space to an indefinite inner product space.
Furthermore, the nobility lies in utilizing th&-projections instead of the orthogonal projections and
the use of Minkowski inverse instead of ordinary inverse.

2. PRELIMINARIES

In an indefinite inner product space the concept of orthogonality is analogous to that in the ordinary
inner product space. LéL" be an indefinite inner product space then a vegtar C" is said to be
orthogonal to a vectoy € C" if [x,y]| = 0, where [, ] denotes the indefinite inner product. Further,
the orthogonal companion of a subspace Sayf C" is defined assl+! = {xeC": [xy] =

0Vy € S}. We reserve the symb@lL ] to denote the orthogonality in the indefinite inner product
space. Minkowski space” being an indefinite inner product space is nondegenerate in the sense
that[X, Y] =0VY € .# impliesX = 0. For every matrixA € M, ,)(C), satisfying r(AA™)

= rk(A~A) = rk(A), there corresponds therprojectors AA® onto R(A) along N(A™),

In — AA®ontoN(A~) alongR(A), A®A ontoR(A~) alongN (A), andl,, — A®A ontoN(A)
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alongR(A"™). The rank equality rkA A~) = rk(A~A) = rk(A) is the necessary and sufficient con-
dition for the existence of the Minkowski inverge® of the matrixA, which is the unigue solution
of equations

AAPA = A, APAA® = A% (AAD)™ = AA® (APA)” = A®A. )

For any subspac$ of an indefinite inner product spaé& S+ is the direct complement t8
if and only if S is nondegenerate, i.eS N S = {0} or this can be equivalently expressed as
C = SeltIsl] wheres!! indicates the orthogonality of the subspaces involved in the direct sum
of an indefinite inner product space. Thus, fortis@rojectorsA A® andA® A corresponding to the
matrix A € M, ,)(C), we have

M(;1y(C) = R(A)2H R(A)H and M, 11(C) = R(A™)aH R(AMH,

The following lemma gives a good insight of the relation between the subspaces of a Anatrike
Minkowski spaceZ .

Lemmal — Let A € M, (C) in the Minkowski space#. Then, N(A) = R(A~)H! and
N(A™) = R(A)H.

PROOF: For A € M, (C) andx,y € M, 1)(C), we have

[Ax,y] = (Ax, Gy) = (x, A"Gy) = [x,A7y]. 3)

If x € N(A) then,[Ax,y] =0Vy € M, )(C). Thus, from (3), we gefx, A~y] = 0 which
implies thatx[ L]R(A™) and hence/N(A) € R(A~)! and on the same lines we can prove the
reverse inclusion. Therefora](A) = R(A~) and its dual, i.e.N(A~) = R(A)H also holds.

Remarkl : The Minkowski inverse of a matriA € M,, ,(C) exists if and only if (KAA™) =
rk(A~A) = rk(A). This condition is trivially satisfied by thexprojections. For an-projectionP,
we havePP~ = P% = P = P2 = P~P. Using this equality, we have (RP~) = rk(P~P) =
rk (P).

The representation obtained in the Coroll@yb) in [22] facilitates to formulate the Minkowski
inverse of the range symmetric matrices and in particular fomtpeojections in the Minkowski space
A . Amatrix A € M,(C) is said to be G-unitary if and only AA~ = A~A =1. If U € M,,(C)
is unitary, then

UG =GU & UGU" =G < UGU'G =1, & UU"™ =1,,.
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Similarly, U~U = I,, also holds. We will use this assumption in formulating the Minkowski
inverse of tham-projections in the forthcoming results.

Let L. be anm-projector in the Minkowski space#. Taking into account Remark 1 and the
observations made from the Corollaries of the Theo2ehin [22], there exists a G-unitary matriX
such that

I, 0] _ _
L:U[O O]U. (4)

The representation (4) of the-projector can be used to determine the partitioning of any other
m- projector sayM with the use of the same G-unitary matfiksuch that

W X
M=U U~. (5)
Y Z
Using the later part of the definition ofra-projection, i.e.,M = M, the representation (5)
becomes
w X
M=U U™, (6)
-G X~ Z

whereW € M, (C) is msymmetric,Z € M, _,(C) is hermitian andG,,_, is the metric matrix

of ordern — r x n — r. We will useG; in place ofG,,_,. The following results from [22] give
the relation between the submatric®s, X andZ of the matrixM given in (6) and will be used
extensively in the main results. We use the notalde- I, — R , wherely, is the identity matrix of

orderk andR is any matrix or a block of the given matrix of order Also we use the convection
according to whiclPgr = RR® andPg = I, — RR®, whereR € {W,W,Z,Z}.

Lemma2 — LetM € C;'” be partitioned as in (6). Then:

(i) W =W?2 — XG1X"™ or equivalentyWw = —XG;X",

(171) X = WX + XZ or equivalentlyX™~ = X~"W + G1ZG1 X",

(iii) G1X~ = G1X~W + ZG1X" or equivalentlyG; X~W = ZG; X",
(iv) Z = Z? — G1X~X or equivalentlyZZ = —G;X~X.

Lemma3 — LetM € C;,"” be partitioned as in (6). Then:

(i) W=W2 - XG;X",

(i) WX = XZ,

(iii) XZ = WX,



MINKOWSKI INVERSE IN MINKOWSKI| SPACE

(iv) G1X~ = G1X "W + ZG1 X",

(v) Z =72 — G1X~X.

Theoreml — LetM < C,;"” be partitioned as in (6). Then:
(i) WWOX = X,

(i) WWeX = X,

(iii) ZZ®G1 X~ = G1X~,

(iv) ZZ®G1 X~ = G;X"~,

(v) WoX = XZ9,

(vi) XZ® = WX,

Theorem2 — LetM < C,;"” be partitioned as in (6). Then:
() Pw = W — XZ®G,X™~ andP,, = W + XZ?G, X",
(i) Py = W — XZ®G1 X~ andPy = W + XZPG, X",
(iii) P, = Z — G1X~W®X andP, = Z + G XWX,
(iv) Pz =Z — G1X~"W®X andP; = Z + G X~W¥oX.
Lemmad — LetM € C;" be partitioned as in (6). Then:
(1) k(W) =7 — rk(W) + rk(X),

(if) 1k(Z) = n —r + 1k(X) — 1K(Z).

373

PROOF: From [28, 2.12] it follows that kW W) = rk(W) + rk(W) — r. Using (i) of Lemma

3. m-PROJECTORYONTO CERTAIN SUBSPACES

given spaces which is obtained as an analogous result from orthogonal projectors.

Lemmas — LetL, M € C,'*. Then:

(i) L+ L(LM)? is them-projector ontoR(L) + R(M),

2, we get tkW) = r + rk(XG1X"™) — rk(W). Which on simplifying and using the fact th@t; is
nonsingular is equivalent to the statement (i). The statement (ii) follows analogously.

In this section we develop the representationsgirojectors onto certain subspace including their
sum and intersection. The first lemma gives a powerful tool for constructingHmjectors onto



374 MOHD SALEEM LONE AND D. KRISHNASWAMY

(ii) L — L(LM)?® is them-projector ontaR(L) N R(M).

PrRooF: The proof follows analogously from the equivalent conditions of the TheoBeamsi4
in [24].

Using Lemma 5 we obtain the following representations ofrthgrojectors onto the sums and
intersection of certain subspaces including their dimensions.

Lemmab — LetL, M € C,,* and letM be partitioned as in (6). Then:

I

o p|Y” wheredim[R(L) + R(M)] = r + rk(Z),

(@) Pryrrovy = U

I, O

0 P—] U~, wheredim[R(L) + N(M)] = r + rk(X) + rk(Z),

(1) Praysnoy =U [
(iii) Prwyrnan = U U™, wheredim[N(L) + R(M)] = n — r + rk(W),

0
-G X~
(iv) of Lemma 2 and (iii) of Theorem 1, can be easily verified that the Minkowski inverge\ifis

_ 0
PrRoOF: For givenL andM, we haveLM) = U [ Z] U~. Utilising the conditions

0 XZ%

(LM)® =U
0 P,

U~ @)

Hence, using the statement (i) of Lemma 5 and substituting (7), we obtam-phejector as claimed
in point (i). The remaining part is obvious from the representation of the projector. The remaining
points can be obtained in a similar fashion.

Lemma? — LetL, M € C,,”” and letM be partitioned as in (6). Then:

Py O
() Pryonoa) = U | ¥ U™, wheredim[R(L) 1 R(MD)] = k(W) = 1k(X),
g Py O
(ZZ) PR(L)QN(M) =U 0 u-~, Whel’edlm[R(L) N N(M)] =T — rk(W),

g 13?-] U~, wheredim[R(L) N R(M)] = rk(Z) — rk(X),

(@) Pywynrovmy = U [
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0 O
(Z’U) PN(L)QR(M) =U [0 1,5 ] UN, Wheredlm[R(L) N R(M)] =n-r— rk(Z)

PrROOF: With givenL andM, we haveLM = U

0 ] U™. Using the conditions (i) and

(i) of Lemma 2 and Theorem 1 respectively, direct verification shows that the Minkowski inverse
(LM)® of LM is

(LM)® =U (8)

WWe® o] ___
_ U™,
G1X~W? 0

Now using the statement (i) of the Lemma 5 and substituting (8) we obtain the representation
claimed in point (i) of the lemma. The dimensions of the onto space involved can be obtained easily
by using the point (i) of Lemma 4. The remaining statements follow on the same lines.

Theorem3 — LetL, M < C,,”” and letM be partitioned as in (6). Then:
(i) R(L)NR(M) = 0 < rk(W) = rk(X),

(i) R(L)+ R(M) = M, ;,(C) < 1k(Z) =n —r,

(#ii) R(L)[L]R(M) < rk(W) =0,

(iti) R(L) ® R(M) = M, )(C) & rk(W) = rk(X) and k(Z) = n —r,
(iv) R(L) @ R(M) = M(,,11(C) < k(W) =0 and rk(Z) =n —r.

ProOF: The points (i) and (ii) follow directly from the point (i) of Lemmas 6 and 7. The
statement (jii) is obtained by noticing the fag{L)[_L]|R(M) < LM = 0, which holds if and only
if rk (W) = 0. Finally, the points (iv) and (v) follow at once by combining the implications (i) with
(ii) and (ii) with (iii) respectively.

4. MAIN RESULTS

Taking Minkowski adjoint of the (8) and using the point (vi) of Theorem 1, we get

(ML)® =U 9)

0 0

Py —XZ@] -

It can be easily verified that representation (9) is idempotent. We now determine the onto and
along spaces for this projector. Using the first half of the condition (ii) of the Theorem 2, it can be
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easily verified that thex projector ontoR((ML)?®), .e., P rviwe) is given by

Ps O
0 O

Priyrye) = U U (10)

Also them-projector ontaV [(ML)#], i.e., P yrr,ye; = In — (ML)(ML)#, obtained by using
the conditions (ii) and (iv) of the Theorem 1 and the condition (iii) of the Theorem 2, is given by
w X

- | U™ (12)
—-G1 X~ Z+P,

Pyjmiwye; = U [

On applying the statement (ii) of Lemma 5 to the projectors given in (4) and point (iv) of the
Lemma 6, we have

Psz O

0 0

Prajyvawy+non) = U u~. (12)

Further, on applying the statement (i) of the Lemma 5 to the projectors given by (8) and the point
(iv) of the Lemma 7 and utilizing the condition (iii) of Theorem 1, we get

PR(M)@[HN(L)mN(M) =U [ W ~ x - | U™ (13)
-G1 X~ Z+P,
Observing (10) and (12) leads to
R((ML)®) = R(L) N N(L) + N(M). (14)
Also from (11) and (13), we have
N((ML)®) = R(M) e N(L) n N(M). (15)

From the above two equations we can observe that if the range spakbesdfM are comple-
mentary ther{ML)? is an oblique projector onto thg(L) along R(M). This observation was also
pointed out by Greville in [14] with the restriction th&(L) and R(M) are complementary. Afriat in
[1] produced one more representation of the oblique projector in terms of orthogonal projectors with
a restrictive condition thaR(L) N R(M) = {0} establishes the invertibility df, — LM. The next
theorem generalizes this result by weakening the disjointness conglitibhn R(M) = {0}.

Theorem4 — LetL, M € C,;'*. Then,

(ML)® = (I, - LM)®LM (16)
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is the oblique projector ont&(L) N [N (L) + N(M)] along R(M) & [N(L) N N(M)].

ProoF: Using the point (ii) of Theorem 1, the Minkowski inverse of

W -X|__
(In—LM)zU[0 IH]U, (7)

i.e., (I, — LM)®, as a result of direct verification is given by

wWo WX
(I, -LM)® =U [ ] u~. (18)
0 In—r
Post multiplying (18) byLM, we get
_ Py —WeX
(I, - LM)°LM =U 0 0 ] u~. (19)

Which is the same representation as obtained in (9). The column space and the null space of
(ML)? are already characterized in (14) and (15).

The representation given in the Theorem 4 can be written as
(ML)® = (I, - LM)®L(I,, — LM),

which resembles a similarity transformation carryibgnto the projectof LM)®. Premultiplying
(18) by LM and utilizing the points (ii) and (vi) of the Theorem 1, we have

Psx O

LM(I, - LM)® = U
0 0

U,

which is same as the-projector ontoR[(ML)] given in (10).

Corollary 1 —LetL, M € C,” andR(L)NR(M) = {0}. Then,(I, — LM) is nonsingular and
(ML)® = (I, — LM) LM is an oblique projector ont8(L) alongR(M) &M [N (L) n N (M)].

Utilizing representations (17) and (18), it can be easily verified thatrtpeojector onto the
R(I, — LM) is given by

Pra,-tmy =U

Py O
u~. (20)
0 In—r
Further, it can observed from (20) th@;, — LM) is nonsingular if and only if kW) = r.
Combining this statement with the point (i) of the Lemma 4 and statement (i) of the Theorem 3 leads
to R(L)NR(M) = {0}. Thus, the invertibility of I, — LM) is equivalent ta?(L) N R(M) = {0}.
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Theorem5 — LetL, M € C;"*. Then:

(i) (I, — LM)®LM is the oblique projector ont&(L) N[N (L) + N (M)] @ [N (L) NN (M)
along R(M),

(i7) L(L + M — ML)@ is the oblique projector ont®(L) along R(M) N[N (L) + N (M)] @l
[N (L) N N(M)].

ProoF: Direct verification shows that the Minkowski inverse of

W 0
I, -ML=U u~
G1X~ I,

is given by

(In—ML)® =U _
~G1X"W® I,

wWe 0 ] N
u~.
Direct verification, on utilizing the conditions (iii) of Lemma 2, (i) of Lemma 3, (ii) and (iii) of
Theorem 1, and the later part of point (iii) of Theorem 2, shows that the Minkowski inverse of

Py —WOX

(I, — ML)®M = U
-0 P,

U,

i.e.,[(I, — ML)®M]® is given by

_ \%% 0
(I, — ML)®M]® = U -
GX~ P,

Therefore, using the conditions (iii) and (ii) of the Theorems 1 and 2 respectively leads to the fact

that
Psz O

U~ 21
o b, (21)

PR(InfML)GBl\_/I =

Thus, the point (i) of the result will be proved if we establish that the matrix on the LHS of
(21) represents ther-projector with given onto and along spaces. This can be easily established by
applying Lemma 5 to the equation (4) and the point (iv) of the Lemmas 6 and 7 respectively. For
proving point (ii) of the results we observe that the Minkowski inverse of

I, X
L+M—ML:U[O Z]UN, (22)
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i.e.,(L+M + ML)?® is given by

I, —W%X
L+M-ML®=U|" U~. 23
T .
Premultiplying (23) byL: and using condition (vi) of Theorem 1, we get
I, —W®X
L(L+M-ML)® =U 0 0 Uu~. (24)

Now utilizing the conditions (ii) and (iii) of Theorem 2, (ii) of Theorem 1, (i) of Lemma 3, and
(iii) of Lemma 2, direct verification shows that the Minkowski inversel¢l. + M — ML)® is of
the form

[L(IL+M - ML)%® =U

WPy 0 U~
-G1X~ 0

As a consequence, we have

Py - W X

U~ (25)
GiX~ P,+7Z

Priaw+m-mrye] = L andP yam—mr)e) =

Finally, the onto and along spaces can be easily obtained by applying the analogous reasoning as
used for the statement (i).

From Theorem 5 it can be easily observed tdf.)® = (I,,— ML)~ !M whenR(L)NR(M) =
{0} and the invertibility of L. + M — ML), as a part of the projector in the point (ii) of the Theorem
5, is due if and only ifR(L) + R(M) = M, 1)(C), which on using the statement (ii) of Theorem 3
is equivalent to rkZ) = n — r. This observation can be alternatively seen fromrnthegrojector

I. O

U7,
Pz

Prrim-mpL) =U

obtained by utilizing the representation obtained in (22) and (23). Taking into account the Theorems 4
and 5, the following result establishes the conditions to ensure the equality of the projectors involved
therein.

Theorem6 — LetL, M < C,”. Then:
(i) (ML)® = (I, — ML)®M & R(L) + R(M) = M, )(C),

(i) (ML)® = L(L + M + ML)® < R(L) N R(M) = {0},
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(iii) (In — ML)®M = L(L + M + ML)® & R(L) ® R(M) = M, 1)(C).

PROOF: On observing the representation given in (9) and the representatiby of ML) *M
given in Theorem 5, the condition (i) follows if and only if(&) = n — r. This follows directly from
the equivalence (ii) of Theorem (3). Also on account of the representations given in (9) and (24), the
statement (ii) follows if and only if rkW) = r. Combining this condition with the point (i) of Lemma
4 and Theorem 3 leads to the statement (ii). The statement (iii) follows if and only ifWWo#md Z
are invertible, which in turn, on using the statement (iv) of 3, implies &{dt) © R(M) = M, 1)(C).

The next result gives a representations of the projedF.)®.
Theorem7 — LetL, M € C;". Then,(ML)® = (I, — LML)®LM.

PrROOF: Using the representations bfand M given in (4) and (6), it can be easily verified that
the Minkowski inverse of

W 0
(I,—-LML)=U U~ (26)
0 In—r
is given by
We 0
(In — LML)69 =U [ o 1 ] uU~. 27)

Postmultiplying (26) by LM), we get

(I, - LML)®(LM) =U

Py —-XZ%|
U~
0 0

which is same as the representation (9). The onto and along spaces of the prayd&ty?
= (I,—LML)®(LM) are already characterized in Theorem 4. Itis obvious from (27)That LML)
is nonsingular if and only if kW) = r, which is equivalent ta?(L) N R(M) = {0} as shown in
Theorem 6.

The next theorem gives one more representation of the projédfdr)® as a product of two
functions ofLL and M.

Theorem8 — LetL, M € C;"”. Then,(ML)® = L(L — M)®.

ProoF: The Minkowski inverse of the difference of theprojectorsL. andM, i.e.,

W X
L-M=U U~, (28)
G1X~ -Z
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as a result of direct verifications, on using the points (iii) of Lemma 2, (ii) and (iii) of Theorem 1, and
(ii) and (iii) of Theorem 2, is given by

Py —-XZ®

L-M®=U
Z°G1X~ -P,

U~ (29)

The result follows at once by premultiplying (29) by

From (28) and (29) doing simple algebra we can easily verify that

Px O
0 P,

Pro-wm = U~ (30)

As a simple observation from (30), the invertibility @& — M) directly depends on the invert-
ibility of W andZ, which is equivalent to the statement, given in the proof of the Theorem 6, that the
range space di andM are complementary. Another representation(for- M)® can be formulated
by using the representations IL)® and(MI_J)69 obtained in (7) and (9), i.e.,

(L—-M)% = (ML)® — (ML)®. (31)
In caseW andZ are nonsingular, the representation reduces to

(L—M)! = (ML)® — (ML)®.
In [7], the invertibility of difference of two projectorB and Q is established as the existence of
the oblique projectoM with R(M) = R(P) andN(M) = N(Q) and if rk(P — Q) = n, then

P-Q  '=M+M—1I,. (32)

Same result was given in [9] with an extension that the projector involved in the above equation
is unique andM = (QP)' and whence

P-Q '=(QP)'+PQ) - I. (33)

This remains valid in Minkowski space by replacing the conjugate transpose by the Minkowski
adjoint and the Moore-Penrose inverse by Minkowski inverse, and the expression becomes

(L—M)™! = (ML)® + (LM)® —1,,. (34)
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Replacing the ordinary inverse by the Minkowski inverse and using the corresponding represen-

tations, we get

Py O

_ _(ML)® _ (LN _
(L-M)® — (ML)® — (LM)® +1,=U N

U™, (35)

The representation obtained in (35) can be alternatively expressed as the following result.

Theorem9 — LetL, M € C;"*. Then,

(L —M)® = Pruynransvmonon T (ML) + (LM)® - 1,

PrROOF: The result follows by applying point (i) of the Lemma 5 to the projectors in the points

(i) and (iv) of the Lemma 7.

Combining the expressions given in Theorem 9 and equation (31), results in the following corol-

lary.

Corollary2 — LetL, M € C,"”. Then,
Piraw)nranjetiiv@nvon) T Prenroninv@ny o)) = In.

PrRoOF: The proof will follow at once if we show thatMIL)® 4 (LM)® is am-projector onto
[R(L)NR(M)]N[N(L)n N(M)], which in fact can be easily obtained by applying point (ii) of the
Lemma 5 to the projectors in the points (i) and (iv) of the Lemma 6.

In the forthcoming results we will utilize the sum of two projectors and the invertibility of their
sum. As a consequence of this consideration, we have

L+M=U (36)

L+W X|___
U™,
~G1X~ Z

The Minkowski inverse of (36), as a result of direct verification on using the points (i) and (iii)
of Theorem 2, (ii) of Lemma 2, and (iii) of Theorem 1, is given by

I — 1Py —XZ®
L+M)®=U 2 U™, (37)
7Z°GX~ 27Z° -P,
From (36) and (37) it is easy to observe that
P =U L0 U~ (38)
R(L+M) 0 P, .
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Whence, it is obvious thdl + M) is nonsingular if and only if rkZ) = n —r. In [17] Gro3 and
Trenkler established that the invertibility @& — M) implies the invertibility of(L + M). The next
result establishes the relation between the sum and difference ofi-gejectors involving their
Minkowski inverse.

Theoreml0— LetL, M < C,". Then,

(L-M)® = (L+M)®(L - M)(L+M)?.

ProoF: The proof follows by substituting the representations from (28), (29), and (37) and
utilizing the conditions (ii), (iii), (v), and (vi) of Theorem 1 and (ii) and (iii) of Theorem 2.

Theoremll— LetL, M < C;;’*. Then,

1
(L +M)® — (L = M)#(L + M)(L = M)¥ = SPrw)nr(v)-
PrRoOF: The result follows by using the point (i) of Lemma 7, the representations (29), (36), (37)

and utilizing the points (ii), (iii), (v), and (vi) of Theorem 1 and (ii) and (iii) of Theorem 2.

From the above result it can be easily observed &{&t) N R(M) = {0} is equivalent to
(L+M)® = (L-M)®(L+M)(L-M)®,

which is a generalization of statement (2.6) in [20], under the restriction of the invertibility of the
terms(L + M) and (L — M).

Further using the proof of the Theorems 10 and 11, it can be observed that

(L+M)®(L-M) = (L-M)®L+M) = (LM)® — (ML)®.
Turning back to the main interest of the paper which involves the matrix

(39)

(L+M—LQ:U[‘W X]Uﬂ

—Gi X~ -Z

Using the points (i) and (iv) of Theorem 1 and (i) of Theorem 2, direct verification shows that the
Minkowski inverse of L + M —1,,) is

Py WeX

(L+M-1,)%=U
—G1X"W?  _P;

U~ (40)
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While verifying the conditions of the Minkowski inverse @i+M—1,,), it can be easily observed
that
Py O

U~ (41)
0 P,

Praiim-1,)=U

Hence, the invertibility of(L. + M — I,,) is equivalent to the invertibility of botiW and Z.
Another equivalent condition for the invertibility oL + M — I,,) is invertibility of them-projectors
given in points (i) and (iii) of Lemma 6 or equivalently the two projectors reduce to the Identity

matrix I,.

In [8] the author formulates results involving projections in the Banach space settings, under the
assumption of the invertibility of the functions of the projectors involved. We extend and generalize
the statementsii) and (iv) of the Lemma2.4 in [8], in Minkowski space setting, by relaxing the
invertibility condition and use Minkowski inverse of the functionaefprojectors.

Theoreml2— LetL, M € C,”. Then:
(@) (L+M —1,)%L = (LM)?,

(i5) M(L +M —I,)® = (LM)®?,

(ii7) L(L+M —I,)® = (ML)®,

(i) (L+M — I,)®M = (ML)®.

PrROOF: Using the point (i) of the Theorems 1 and 2, it can be easily verified that the Minkowski
inverse of(LM) is

(LM)® =U (42)

Py 0.
_ u~.
—-ZG; X~ 0

Now using the matrix representation given in (4), (40), and (42), we obtain the points (i) and
(ii) of the Theorem. The remaining two points follow on the same lines by using the respective
representations.

Theorem13— LetL, M < C,,*. Then:
() [(L+ M —1I,)%2L = (LML)® = L[(L + M — I,,)%]2,
(¢7) (L+M — In)®]21\/[ = (MLM)® = M[(L+M — In)@]z.

PROOF: Using the matrix representationslbfind (L + M — I,,)® and the point (i) of Theorem
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1 and the points (i) and (iv) of Theorem 2, we obtain

(L+M-1,)%?=U [W@ 0] U™,
0 0
Also
(LML)® = (L+M-1,)%)?=U V‘f 8] U”.

Thus, the LHS of the equality (i) follows. Taking the Minkowski conjugate of the first half of the
equality, the RHS of the equality (i) follows. The proof of the point (ii) follows on the same lines.

In [8] the authors showed that under the conditions of the invertibilityIof- M — I,,), the
function given by
K(L,M) = L[(L + M —I,,)] M.

is a unique projector onto th(L) along N(M). The function involved is actually know as the
Kovarik formula defined by Kovarik in [21]. Redefining the function, by relaxing the invertibility
condition, as

K, (L,M) = L[(L + M — I,)®]"M; r € N, (N is the set of natural numbers). (43)

Forr = 1, we have
Ki(L,M) =L[(L +M —I,,)®]M,

which upon using the point (iii) of Theorem 12 gives

Ki(L,M) = L[(L + M — I,)®|M = (ML)®. (44)

The next result shows that the statement (i) of the Theorem (2.7) in [8] remains valid by relaxing
the assumption of invertibility ofL. + M — I,,).

Theoreml4— LetL, M € C;”. LetK,(L, M) be defined as i43). Then,

K2r+1 (La M) = K2(r+1) (Lv M)

PrRooOF: From the definition given in (43), we have

Kori1(L,M) =L[(L+M — )% "M = L[(L + M — I,)®]*"(L + M — I,)®M.
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Mathematical induction, on using the point (i) of Theorem 13, shows Ehabmmutes with
[(L+ M — I,,)®)?*. Therefore, we have

Kori1(L,M) = [(L+M —I)®*L(L+M - 1,))*M = [(L + M — I,)®]*K; (L, M).

But the point (i) of Theorem 13 gives

Ko(rr1)(L,M) = [(L+ M — L,)?2C+VLM. (45)
SinceLM = (L + M —I,,)M, we have
K1) (L,M) = [(L+M — I,)®]? (L + M - I,)®)*(L + M — I,)M.

Now using the fact thatL. + M — I,,) commutes with its Minkowski inverse and the condition
second in the definition of Minkowski inverse of a matrix, we get

Kopi1)(L,M) = [(L+M — L)1 [(L + M — I,)®)M. (46)

Finally, using the point (iv) of Theorem 12, we get the result.

Corollary 3 — LetL, M € C,”. Let Ky (L, M) and K2 (L, M) be defined as iti43). Then,
KI(L7 M) = K2(L7 M) = (ML)@

The next Theorem generalizes and extends the réxsdltfrom [13] to the Minkowski spaceZ .
Theorem15— LetL, M € C,””. LetK,(L, M) be defined as if43). Then:
(1) K2(L,M) +K2(M,L) = PrLiM-1,)

(i) K2[K2(M, L), K2(L, M)] = Prmy)-

- 0 0
PROOF: The Minkowski inverse ofLM) = U ax~ 7 U, as a result of direct verifica-
1
tion on using the points (i) and (iv) of Theorem 1 and (iv) of Theorem 2, is given by
_ 0 —XZ%
(LM)® =U u~. (47)
0 P

Hence, from the matrix representations given in (41), (42), and (47), we(Milg® + (LM)® =
P pL1+M-1,)- Using the fact thaK > (M, L) = (LM)® and Corollary 3, the statement (i) of the The-
orem is established. Again from the definition given in (43) and Corollary 3, we get

K [K2(M, L), Ko(L, M)] = (LM)®{[(LM)® + (ML)¥ — I,]%}?(ML)®.
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Now

(LM)® + (ML)® -1, =U {

P, W©%X
0

P, o] [I. o N
_ - U
~Z%G1X~ 0 0 I,
2P, — I, W&X| ___

_ U~
~Z8G1X~ I,

Utilizing the points (i) and (iv) of Theorem 1 and the points (i) and (iv) of Theorem 2, it can be
verified that the Minkowski inverse ofLM)® + (ML)® —1,,] is

W - Py, X
+

® O _ 719 —
(LM)® + (ML)® ~ 1, U[G1X~ »

Furthermore, using the points (i) of Lemma 2, (i), (iii), and (iv) of Theorem 2 and (v) of Lemma

3, we obtain
W + P, 0

@ & _ 711912 _
{{(LM)* + (ML)* - Iy]"}* =U 0 7 4 b,

u~.

Using the respective matrix representationfa¥1)®,{[(LM)®+(ML)® —1,]®}2, and(ML)®
and utilizing the points (i) of Theorem 1 and (iv) of Theorem 2, we get

\%\% X

_|u~. (48)
—GiX~ P+ 7Z

K2[K2(M,L),K2(L,M)|=U [

Finally, P vy = (ML)(ML)®, which is equal to the representation obtained in (48), the
result follows.

Corollary 4 — LetL, M € C;””. LetK; (L, M) be defined as i43). Then,

K, [Kl(M7 L), Ky <L7 M)] = PR(ML) .

From the representation (48), it can be observed Kgi; (M, L), K; (L, M)] = M if and
only if P; — Z = Z, or equivalently rkZ) = n — r. But we have already mentioned that the
invertibility of (L + M — I,) implies the invertibility ofZ. This is also established in the res{#t6)
in [13].

Theorem16— LetL, M € C,"”. LetK3(L, M) be defined as i43). Then,

Ko(L,M) + Ko(M,L) = (L+M —I,)® + Py im-1,)-
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PrRooOF: The proof follows at once by using the representations obtained in (39), (40), (41) and
(42).

Using the results obtained in this paper, a large number of formulas reganeingjections can
be further developed.

ACKNOWLEDGEMENT

The authors are highly grateful to the referee for his valuable comments that improved the presenta-
tion of the paper. Mohd Saleem Lone would like to express his sincere thanks to University Grants

Commission for their financial support under BSR scheme through grant no. F25-1/2014-15(BSR)/7-

254/2009(BSR). (20.01.2015).

REFERENCES

[

. S. Afrait, Orthogonal and oblique projectors and the characteristics of pair of vector spemesCm-
bridge Phlilos. Sog53(1957), 800-816.

2. J. K. Baksalary, O. M. Baksalary and X Liu, Further properties of generalized and hypergeneralized
projectorsLinear Algebra Appl 389(2004), 295-303.

3. O. Baksalary and G. Trenkler, Functions of orthogonal projectors involving the moore-penrose inverse,
Comput. Math. App)59(2010), 764-778.

4. O. M. Baksalary and G. Trenkler, Revisitation of the product of two orthogonal projetioesr alge-
bra and its applications430(2009), 2813-2833.

5. R. B. Bapat, J. S. Kirkland and K. M. Pras&iymbinatorial matrix theory and generalized inverses of
matrices Springer Verlag (2013).

6. A. Ben-isreal and T. GrevilleGGeneralized inverse: Theory and applicatip@sedn, Springer Verlag,
New York (2003).

7. D. Buckholtz, Inverting the difference of Hilbert space projectichmer. Math. Monthly104(1997),
60-61.

8. Y. N. Chen, H. K. Du and Y. F. Pang, A simplification of Kovarik formuldeMath. Anal. Appl 331
(2007), 13-20.

9. S. Cheng and Y. Tian, Moore-penrose inverse of the product and difference of orthogonal projectors,
Acta Sci. Math.(szegedj9 (2003), 53-542.

10. D. S. Djordjevic and Y. Wei, Operators with equal projections related to their generalized in¥kprse,
plied mathematics and computatioa$53) (2004), 655-664.

11. H. K. Du and Y. Li, The spectral characterization of generalized projectldnsar Algebra Appl 400
(2005), 313-318.



12

13.

14.

15.

16.

17.

18.
19.

20.

21.
22.

23.

24.

25.
26.

27.

28.

29

MINKOWSKI INVERSE IN MINKOWSKI| SPACE 389

. |. Gohberg, P. Lancaster and L. Rodmargefinite linear algebra and applicationBrikhauser verlag,
Basel, Boston, Berlin (2005).

J. Goil, From a formula of kovarik to the parametrization of idempotents in banach algklmas J.
Math., 51 (2007), 429-444.

T. Greville, Solution of the matrix equatiaruxz = =z, and relations between oblique and orthogonal
projectors SIAM J. Appl. Math 26 (1974), 828-832.

J. Grof3, On the product of orthogonal projectdrgear Algebra and its Application289 (1999),
141-150.

J. Grol? and K. Trenkler, Generalized and hypergeneralized projelcitoesy Algebra Appl 364(1997),
463-474.

J. Grof3 and K. Trenkler, Nonsingularity of the difference of two projec®isM J. Matrix Anal. Appl|
21(1999), 390-395.

P. R. HalmosFinite-dimensional vector spaceSpringer Verlag, New York (1974).

Y. Haruoet al.,, Projection matrices, generalized inverse matrices and singular value decomppsition
Springer Verlag, New York (2011).

J. J. Koliha, V. Rakocetiand I. Straskraba, The difference and sum of projectangar Algebra Appl
388(2004), 279-288.

Z. V. Kovarik, Similarity and interolation between projectofgta. Sci. Math 39 (1977), 341-351.

D. Krishnaswamy and M. Saleem Lone;projections involving minkowski inverse and range symmet-
ric property in minkowski spacdpurnal of Linear and Toplological Algeby@5(02) (2016), 2115-228.

L. Lebtahi and N. Thome, A note dageneralized projectiongjnear Algebra Appl 420(2007), 572-
575.

R. Piziak and P. Odell, Constructing projections on sum and intersec@iompt. Math. App| 37
(1999), 64-67.

J. RebazaA First course in Applied Mathematicgviley, New Jersey (2012).

C. Schmoeger, Generalized projections in Banach algebiiasar Algebra and its Applicationgt30
(2009), 601-608.

H. Seppo and N. Kenneth, On projections in a space with an indefinite matrear Algebra and its
Applications 208/209(1994), 401-417.

Y. Tian and G. Styan, Rank equalities for idempotent and involutory matriéesar Algebra Appl
335(2001), 101-117.

. I. Vida, On idempotent operators in a hilbert spaebl. Inst. Math, 4 (1964), 157-163.



