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A certain class of results about the different representations of Oblique projectors is present in

the literature. These results represent Oblique projectors as the functions of orthogonal projec-

tors with given onto and along spaces. But these results are valid under the restriction that the

functions of orthogonal projectors involved are invertible. In this paper we extend and general-

ize these results. The extension lies in making a transition from Euclidean space to Minkowski

spaceM and the generalization is obtain by voiding the invertibility condition and use of the

Minkowski inverse. Furthermore, the nobility lies in utilizing them-projectors instead of the

regular orthogonal projectors.
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1. INTRODUCTION

Let us denote byM(m,n)(C) the set ofm × n matrices over the complex field and whenm = n

we write Mn(C) for M(n,n)(C). The symbolsA∗, A∼, A⊕, A†, rk(A), R(A), andN(A) denote

the conjugate transpose, Minkowski adjoint, Minkowski inverse, Moore-Penrose inverse, rank, range

space, and null space of a matrixA respectively.In denotes the identity matrix of ordern×n. Further

we denote byCmp
n the set of allm-projections. i.e.,Cmp

n = {P : P2 = P = P∼}.

Indefinite inner product is a scalar product defined by

[u,v] = 〈u,Hv〉 = u∗Hv, (1)

where〈 , 〉 denotes the conventional Hilbert Space inner product andH is a Hermitian matrix. This

hermitian matrixH is referred to as metric matrix. Minkowski spaceM is an indefinite inner product

space in which the metric matrix is denoted byG and is defined as
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G =

[
1 0

0 −In−1

]
, satisfyingG2 = In andG∗ = G.

G is called the Minkowski metric matrix. In caseu = (u0,u1, ...,un−1) ∈ Cn, G is called the

Minkowski metric tensor and is defined asGu = (u0,−u1, ...,−un−1). For detailed study of indef-

inite linear algebra refer to [12].

Them-projectors, as a result of the impact of the Minkowski metric matrix on a projection, were

identified by the author in [22]. Projections are widely scattered in the literature, see e.g., [3-6, 10, 15,

18, 19, 24, 25] and are used in pure as well as applied mathematics. Projections occupy a fundamental

place in the literature of generalized inverses. There are many extensions and generalizations of the

projections like generalized projections, k-generalized projections, hypergeneralized projections etc.,

for instance see [2, 11, 16, 23, 26]. Projections were also studied in indefinite inner product spaces

see [27, and references therein].

An important projector known as oblique projector has been studied in different environmental

settings, i.e., infinite and finite dimensional vector spaces over either complex or real Euclidean space

resulting in establishment of various results of oblique projectors with given onto and along spaces,

see e.g., [1, 13, 14, 21, 29]. But these results are valid only under the assumption of the nonsingularity

of certain functions of projectors involved. In this paper we establish certain results from the literature

in a more generalized and extended form, in a different environmental setting, obtained by making a

transition from complex Euclidean space to Minkowski spaceM over the same field. This transition

thus paves a way to go from a definite inner product space to an indefinite inner product space.

Furthermore, the nobility lies in utilizing them-projections instead of the orthogonal projections and

the use of Minkowski inverse instead of ordinary inverse.

2. PRELIMINARIES

In an indefinite inner product space the concept of orthogonality is analogous to that in the ordinary

inner product space. LetCn be an indefinite inner product space then a vectorx ∈ Cn is said to be

orthogonal to a vectory ∈ Cn if [x,y] = 0, where [ , ] denotes the indefinite inner product. Further,

the orthogonal companion of a subspace sayS of Cn is defined asS[⊥] = {x ∈ Cn : [x,y] =

0 ∀ y ∈ S}. We reserve the symbol[⊥] to denote the orthogonality in the indefinite inner product

space. Minkowski spaceM being an indefinite inner product space is nondegenerate in the sense

that [X,Y] = 0 ∀ Y ∈ M impliesX = 0. For every matrixA ∈ M(m,n)(C), satisfying rk(AA∼)

= rk(A∼A) = rk(A), there corresponds them-projectorsAA⊕ onto R(A) along N(A∼),

Im−AA⊕ ontoN(A∼) alongR(A), A⊕A ontoR(A∼) alongN(A), andIn −A⊕A ontoN(A)
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alongR(A∼). The rank equality rk(AA∼) = rk(A∼A) = rk(A) is the necessary and sufficient con-

dition for the existence of the Minkowski inverseA⊕ of the matrixA, which is the unique solution

of equations

AA⊕A = A, A⊕AA⊕ = A⊕, (AA⊕)∼ = AA⊕, (A⊕A)∼ = A⊕A. (2)

For any subspaceS of an indefinite inner product spaceC, S[⊥] is the direct complement toS

if and only if S is nondegenerate, i.e.,S ∩ S[⊥] = {0} or this can be equivalently expressed as

C = S⊕[⊥]S[⊥], where⊕[⊥] indicates the orthogonality of the subspaces involved in the direct sum

of an indefinite inner product space. Thus, for them-projectorsAA⊕ andA⊕A corresponding to the

matrixA ∈ M(m,n)(C), we have

M(m,1)(C) = R(A)⊕[⊥]R(A)[⊥] andM(n,1)(C) = R(A∼)⊕[⊥]R(A∼)[⊥].

The following lemma gives a good insight of the relation between the subspaces of a matrixA in the

Minkowski spaceM .

Lemma1 — Let A ∈ Mn(C) in the Minkowski spaceM . Then,N(A) = R(A∼)[⊥] and

N(A∼) = R(A)[⊥].

PROOF : ForA ∈ Mn(C) andx,y ∈ M(n,1)(C), we have

[Ax,y] = 〈Ax,Gy〉 = 〈x,A∗Gy〉 = [x,A∼y]. (3)

If x ∈ N(A) then,[Ax,y] = 0 ∀ y ∈ M(n,1)(C). Thus, from (3), we get[x,A∼y] = 0 which

implies thatx[⊥]R(A∼) and hence,N(A) ⊆ R(A∼)[⊥] and on the same lines we can prove the

reverse inclusion. Therefore,N(A) = R(A∼)[⊥] and its dual, i.e.,N(A∼) = R(A)[⊥] also holds.

Remark1 : The Minkowski inverse of a matrixA ∈ M(m,n)(C) exists if and only if rk(AA∼) =

rk(A∼A) = rk(A). This condition is trivially satisfied by them-projections. For am-projectionP,

we havePP∼ = P2 = P = P2 = P∼P. Using this equality, we have rk(PP∼) = rk(P∼P) =

rk (P).

The representation obtained in the Corollary(2.5) in [22] facilitates to formulate the Minkowski

inverse of the range symmetric matrices and in particular for them-projections in the Minkowski space

M . A matrix A ∈ Mn(C) is said to be G-unitary if and only ifAA∼ = A∼A = I. If U ∈ Mn(C)

is unitary, then

UG = GU ⇔ UGU∗ = G ⇔ UGU∗G = In ⇔ UU∼ = In.
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Similarly, U∼U = In also holds. We will use this assumption in formulating the Minkowski

inverse of them-projections in the forthcoming results.

Let L be anm-projector in the Minkowski spaceM . Taking into account Remark 1 and the

observations made from the Corollaries of the Theorem2.4 in [22], there exists a G-unitary matrixU

such that

L = U

[
Ir 0

0 0

]
U∼. (4)

The representation (4) of them-projector can be used to determine the partitioning of any other

m- projector sayM with the use of the same G-unitary matrixU such that

M = U

[
W X

Y Z

]
U∼. (5)

Using the later part of the definition of am-projection, i.e.,M = M∼, the representation (5)

becomes

M = U

[
W X

−G1X∼ Z

]
U∼, (6)

whereW ∈ Mr(C) is m-symmetric,Z ∈ Mn−r(C) is hermitian andGn−r is the metric matrix

of ordern − r × n − r. We will useG1 in place ofGn−r. The following results from [22] give

the relation between the submatricesW, X andZ of the matrixM given in (6) and will be used

extensively in the main results. We use the notationR̄ = Ik −R , whereIk is the identity matrix of

orderk andR is any matrix or a block of the given matrix of orderk. Also we use the convection

according to whichPR = RR⊕ andP̃R = Ik −RR⊕, whereR ∈ {W,W̄,Z, Z̄}.

Lemma2 — LetM ∈ Cmp
n be partitioned as in (6). Then:

(i) W = W2 −XG1X∼ or equivalentlyWW̄ = −XG1X∼,

(ii) X = WX + XZ or equivalentlyX∼ = X∼W + G1ZG1X∼,

(iii) G1X∼ = G1X∼W + ZG1X∼ or equivalentlyG1X∼W̄ = ZG1X∼,

(iv) Z = Z2 −G1X∼X or equivalentlyZZ̄ = −G1X∼X.

Lemma3 — LetM ∈ Cmp
n be partitioned as in (6). Then:

(i) W̄ = W̄2 −XG1X∼,

(ii) WX = XZ̄,

(iii) XZ = W̄X,
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(iv) G1X∼ = G1X∼W̄ + Z̄G1X∼,

(v) Z̄ = Z̄2 −G1X∼X.

Theorem1 — LetM ∈ Cmp
n be partitioned as in (6). Then:

(i) WW⊕X = X,

(ii) W̄W̄⊕X = X,

(iii) ZZ⊕G1X∼ = G1X∼,

(iv) Z̄Z̄⊕G1X∼ = G1X∼,

(v) W⊕X = XZ̄⊕,

(vi) XZ⊕ = W̄⊕X.

Theorem2 — LetM ∈ Cmp
n be partitioned as in (6). Then:

(i) Pw = W −XZ̄⊕G1X∼ andP̃w = W̄ + XZ̄⊕G1X∼,

(ii) Pw̄ = W̄ −XZ⊕G1X∼ andP̃w̄ = W + XZ⊕G1X∼,

(iii) Pz = Z−G1X∼W̄⊕X andP̃z = Z̄ + G1X∼W̄⊕X,

(iv) Pz̄ = Z̄−G1X∼W⊕X andP̃z̄ = Z + G1X∼W⊕X.

Lemma4 — LetM ∈ Cmp
n be partitioned as in (6). Then:

(i) rk(W̄) = r − rk(W) + rk(X),

(ii) rk(Z̄) = n− r + rk(X)− rk(Z).

PROOF : From [28, 2.12] it follows that rk(WW̄) = rk(W) + rk(W̄)− r. Using (i) of Lemma

2, we get rk(W̄) = r + rk(XG1X∼)− rk(W). Which on simplifying and using the fact thatG1 is

nonsingular is equivalent to the statement (i). The statement (ii) follows analogously.

3. m-PROJECTORSONTO CERTAIN SUBSPACES

In this section we develop the representations ofm-projectors onto certain subspace including their

sum and intersection. The first lemma gives a powerful tool for constructing them-projectors onto

given spaces which is obtained as an analogous result from orthogonal projectors.

Lemma5 — LetL, M ∈ Cmp
n . Then:

(i) L + L̄(L̄M)⊕ is them-projector ontoR(L) + R(M),
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(ii) L− L(LM̄)⊕ is them-projector ontoR(L) ∩R(M).

PROOF : The proof follows analogously from the equivalent conditions of the Theorems3 and4

in [24].

Using Lemma 5 we obtain the following representations of them-projectors onto the sums and

intersection of certain subspaces including their dimensions.

Lemma6 — LetL, M ∈ Cmp
n and letM be partitioned as in (6). Then:

(i) PR(L)+R(M) = U

[
Ir 0

0 Pz

]
U∼, wheredim[R(L) + R(M)] = r + rk(Z),

(ii) PR(L)+N(M) = U

[
Ir 0

0 Pz̄

]
U∼, wheredim[R(L) + N(M)] = r + rk(X) + rk(Z),

(iii) PN(L)+R(M) = U

[
Pw 0

0 In−r

]
U∼, wheredim[N(L) + R(M)] = n− r + rk(W),

(iv) PN(L)+N(M) = U

[
Pw̄ 0

0 In−r

]
U∼, wheredim[N(L) + N(M)] = n− rk(W) + rk(X).

PROOF : For givenL andM, we have(L̄M) = U

[
0 0

−G1X∼ Z

]
U∼. Utilising the conditions

(iv) of Lemma 2 and (iii) of Theorem 1, can be easily verified that the Minkowski inverse ofL̄M is

(L̄M)⊕ = U

[
0 XZ⊕

0 Pz

]
U∼. (7)

Hence, using the statement (i) of Lemma 5 and substituting (7), we obtain them-projector as claimed

in point (i). The remaining part is obvious from the representation of the projector. The remaining

points can be obtained in a similar fashion.

Lemma7 — LetL, M ∈ Cmp
n and letM be partitioned as in (6). Then:

(i) PR(L)∩R(M) = U

[
P̃w̄ 0

0 0

]
U∼, wheredim[R(L) ∩R(M)] = rk(W)− rk(X),

(ii) PR(L)∩N(M) = U

[
P̃w 0

0 0

]
U∼, wheredim[R(L) ∩N(M)] = r− rk(W),

(iii) PN(L)∩R(M) = U

[
0 0

0 P̃z̄

]
U∼, wheredim[R(L) ∩R(M)] = rk(Z)− rk(X),
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(iv) PN(L)∩R(M) = U

[
0 0

0 P̃z

]
U∼, wheredim[R(L) ∩R(M)] = n− r− rk(Z).

PROOF : With givenL andM, we haveLM̄ = U

[
W̄ −X

0 0

]
U∼. Using the conditions (i) and

(ii) of Lemma 2 and Theorem 1 respectively, direct verification shows that the Minkowski inverse

(LM̄)⊕ of LM̄ is

(LM̄)⊕ = U

[
W̄W̄⊕ 0

G1X∼W̄⊕ 0

]
U∼. (8)

Now using the statement (i) of the Lemma 5 and substituting (8) we obtain the representation

claimed in point (i) of the lemma. The dimensions of the onto space involved can be obtained easily

by using the point (i) of Lemma 4. The remaining statements follow on the same lines.

Theorem3 — LetL, M ∈ Cmp
n and letM be partitioned as in (6). Then:

(i) R(L) ∩R(M) = 0 ⇔ rk(W) = rk(X),

(ii) R(L) + R(M) = M(n,1)(C) ⇔ rk(Z) = n− r,

(iii) R(L)[⊥]R(M) ⇔ rk(W) = 0,

(iii) R(L)⊕R(M) = M(n,1)(C) ⇔ rk(W) = rk(X) and rk(Z) = n− r,

(iv) R(L)⊕[⊥] R(M) = M(n,1)(C) ⇔ rk(W) = 0 and rk(Z) = n− r.

PROOF : The points (i) and (ii) follow directly from the point (i) of Lemmas 6 and 7. The

statement (iii) is obtained by noticing the factR(L)[⊥]R(M) ⇔ LM = 0, which holds if and only

if rk(W) = 0. Finally, the points (iv) and (v) follow at once by combining the implications (i) with

(ii) and (ii) with (iii) respectively.

4. MAIN RESULTS

Taking Minkowski adjoint of the (8) and using the point (vi) of Theorem 1, we get

(M̄L)⊕ = U

[
Pw̄ −XZ⊕

0 0

]
U∼. (9)

It can be easily verified that representation (9) is idempotent. We now determine the onto and

along spaces for this projector. Using the first half of the condition (ii) of the Theorem 2, it can be
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easily verified that them- projector ontoR((M̄L)⊕), i.e.,PR[(M̄L)⊕] is given by

PR[(M̄L)⊕] = U

[
Pw̄ 0

0 0

]
U∼. (10)

Also them-projector ontoN [(M̄L)⊕], i.e.,PN [M̄L)⊕] = In − (M̄L)(M̄L)⊕, obtained by using

the conditions (ii) and (iv) of the Theorem 1 and the condition (iii) of the Theorem 2, is given by

PN [(M̄L)⊕] = U

[
W̄ X

−G1X∼ Z + P̃z

]
U∼. (11)

On applying the statement (ii) of Lemma 5 to the projectors given in (4) and point (iv) of the

Lemma 6, we have

PR(L)∩N(L)+N(M) = U

[
Pw̄ 0

0 0

]
U∼. (12)

Further, on applying the statement (i) of the Lemma 5 to the projectors given by (8) and the point

(iv) of the Lemma 7 and utilizing the condition (iii) of Theorem 1, we get

PR(M)⊕[⊥]N(L)∩N(M) = U

[
W X

−G1X∼ Z + P̃z

]
U∼. (13)

Observing (10) and (12) leads to

R((M̄L)⊕) = R(L) ∩N(L) + N(M). (14)

Also from (11) and (13), we have

N((M̄L)⊕) = R(M)⊕[⊥] N(L) ∩N(M). (15)

From the above two equations we can observe that if the range spaces ofL and M are comple-

mentary then(M̄L)⊕ is an oblique projector onto theR(L) alongR(M). This observation was also

pointed out by Greville in [14] with the restriction thatR(L) andR(M) are complementary. Afriat in

[1] produced one more representation of the oblique projector in terms of orthogonal projectors with

a restrictive condition thatR(L) ∩ R(M) = {0} establishes the invertibility ofIn − LM. The next

theorem generalizes this result by weakening the disjointness conditionR(L) ∩R(M) = {0}.

Theorem4 — LetL, M ∈ Cmp
n . Then,

(M̄L)⊕ = (In − LM)⊕LM̄ (16)



MINKOWSKI INVERSE IN MINKOWSKI SPACE 377

is the oblique projector ontoR(L) ∩ [N(L) + N(M)] alongR(M)⊕[⊥] [N(L) ∩N(M)].

PROOF : Using the point (ii) of Theorem 1, the Minkowski inverse of

(In − LM) = U

[
W̄ −X

0 In−r

]
U∼, (17)

i.e.,(In − LM)⊕, as a result of direct verification is given by

(In − LM)⊕ = U

[
W̄⊕ W̄⊕X

0 In−r

]
U∼. (18)

Post multiplying (18) byLM̄, we get

(In − LM)⊕LM̄ = U

[
Pw̄ −W̄⊕X

0 0

]
U∼. (19)

Which is the same representation as obtained in (9). The column space and the null space of

(M̄L)⊕ are already characterized in (14) and (15).

The representation given in the Theorem 4 can be written as

(M̄L)⊕ = (In − LM)⊕L(In − LM),

which resembles a similarity transformation carryingL into the projector(LM)⊕. Premultiplying

(18) byLM̄ and utilizing the points (ii) and (vi) of the Theorem 1, we have

LM̄(In − LM)⊕ = U

[
Pw̄ 0

0 0

]
U∼,

which is same as them-projector ontoR[(M̄L)] given in (10).

Corollary 1 — LetL, M ∈ Cmp
n andR(L)∩R(M) = {0}. Then,(In − LM) is nonsingular and

(M̄L)⊕ = (In − LM)−1LM̄ is an oblique projector ontoR(L) alongR(M)⊕[⊥] [N(L) ∩N(M)].

Utilizing representations (17) and (18), it can be easily verified that them-projector onto the

R(In − LM) is given by

PR(In−LM) = U

[
Pw̄ 0

0 In−r

]
U∼. (20)

Further, it can observed from (20) that(In − LM) is nonsingular if and only if rk(W̄) = r.

Combining this statement with the point (i) of the Lemma 4 and statement (i) of the Theorem 3 leads

to R(L)∩R(M) = {0}. Thus, the invertibility of(In − LM) is equivalent toR(L)∩R(M) = {0}.
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Theorem5 — LetL, M ∈ Cmp
n . Then:

(i) (In − LM)⊕LM̄ is the oblique projector ontoR(L)∩ [N(L)+N(M)]⊕[⊥] [N(L) ∩N(M)]

alongR(M),

(ii) L(L + M−ML)⊕ is the oblique projector ontoR(L) alongR(M)∩ [N(L)+N(M)]⊕[⊥]

[N(L) ∩N(M)].

PROOF : Direct verification shows that the Minkowski inverse of

In −ML = U

[
W̄ 0

G1X∼ In−r

]
U∼

is given by

(In −ML)⊕ = U

[
W̄⊕ 0

−G1X∼W̄⊕ In−r

]
U∼.

Direct verification, on utilizing the conditions (iii) of Lemma 2, (i) of Lemma 3, (ii) and (iii) of

Theorem 1, and the later part of point (iii) of Theorem 2, shows that the Minkowski inverse of

(In −ML)⊕M̄ = U

[
Pw̄ −W̄⊕X

−0 P̃z

]
U∼,

i.e., [(In −ML)⊕M̄]⊕ is given by

[(In −ML)⊕M̄]⊕ = U

[
W̄ 0

G1X∼ P̃z

]
U∼.

Therefore, using the conditions (iii) and (ii) of the Theorems 1 and 2 respectively leads to the fact

that

PR(In−ML)⊕M̄ = U

[
Pw̄ 0

0 P̃z

]
U∼. (21)

Thus, the point (i) of the result will be proved if we establish that the matrix on the LHS of

(21) represents them-projector with given onto and along spaces. This can be easily established by

applying Lemma 5 to the equation (4) and the point (iv) of the Lemmas 6 and 7 respectively. For

proving point (ii) of the results we observe that the Minkowski inverse of

L + M−ML = U

[
Ir X

0 Z

]
U∼, (22)
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i.e.,(L + M + ML)⊕ is given by

(L + M−ML)⊕ = U

[
Ir −W̄⊕X

0 Z⊕

]
U∼. (23)

Premultiplying (23) byL and using condition (vi) of Theorem 1, we get

L(L + M−ML)⊕ = U

[
Ir −W̄⊕X

0 0

]
U∼. (24)

Now utilizing the conditions (ii) and (iii) of Theorem 2, (ii) of Theorem 1, (i) of Lemma 3, and

(iii) of Lemma 2, direct verification shows that the Minkowski inverse ofL(L + M−ML)⊕ is of

the form

[L(L + M−ML)⊕]⊕ = U

[
W̄ + P̃w̄ 0

−G1X∼ 0

]
U∼.

As a consequence, we have

PR[L(L+M−ML)⊕] = L andPN [L(L+M−ML)⊕] = U

[
Pw̄ −W X

G1X∼ P̃z + Z

]
U∼. (25)

Finally, the onto and along spaces can be easily obtained by applying the analogous reasoning as

used for the statement (i).

From Theorem 5 it can be easily observed that(M̄L)⊕ = (In−ML)−1M̄ whenR(L)∩R(M) =

{0} and the invertibility of(L + M−ML), as a part of the projector in the point (ii) of the Theorem

5, is due if and only ifR(L) + R(M) = M(n,1)(C), which on using the statement (ii) of Theorem 3

is equivalent to rk(Z) = n− r. This observation can be alternatively seen from them-projector

PR(L+M−ML) = U

[
Ir 0

0 PZ

]
U∼,

obtained by utilizing the representation obtained in (22) and (23). Taking into account the Theorems 4

and 5, the following result establishes the conditions to ensure the equality of the projectors involved

therein.

Theorem6 — LetL, M ∈ Cmp
n . Then:

(i) (M̄L)⊕ = (In −ML)⊕M̄ ⇔ R(L) + R(M) = M(n,1)(C),

(ii) (M̄L)⊕ = L(L + M + ML)⊕ ⇔ R(L) ∩R(M) = {0},
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(iii) (In −ML)⊕M̄ = L(L + M + ML)⊕ ⇔ R(L)⊕R(M) = M(n,1)(C).

PROOF: On observing the representation given in (9) and the representation of(In −ML)⊕M̄

given in Theorem 5, the condition (i) follows if and only if rk(Z) = n− r. This follows directly from

the equivalence (ii) of Theorem (3). Also on account of the representations given in (9) and (24), the

statement (ii) follows if and only if rk(W̄) = r. Combining this condition with the point (i) of Lemma

4 and Theorem 3 leads to the statement (ii). The statement (iii) follows if and only if bothW̄ andZ

are invertible, which in turn, on using the statement (iv) of 3, implies thatR(L)⊕R(M) = M(n,1)(C).

The next result gives a representations of the projector(M̄L)⊕.

Theorem7 — LetL, M ∈ Cmp
n . Then,(M̄L)⊕ = (In − LML)⊕LM̄.

PROOF : Using the representations ofL and M given in (4) and (6), it can be easily verified that

the Minkowski inverse of

(In − LML) = U

[
W̄ 0

0 In−r

]
U∼ (26)

is given by

(In − LML)⊕ = U

[
W̄⊕ 0

0 In−r

]
U∼. (27)

Postmultiplying (26) by(LM̄), we get

(In − LML)⊕(LM̄) = U

[
Pw̄ −XZ⊕

0 0

]
U∼,

which is same as the representation (9). The onto and along spaces of the projector(M̄L)⊕

= (In−LML)⊕(LM̄) are already characterized in Theorem 4. It is obvious from (27) that(In − LML)

is nonsingular if and only if rk(W̄) = r, which is equivalent toR(L) ∩ R(M) = {0} as shown in

Theorem 6.

The next theorem gives one more representation of the projector(M̄L)⊕ as a product of two

functions ofL andM.

Theorem8 — LetL, M ∈ Cmp
n . Then,(M̄L)⊕ = L(L−M)⊕.

PROOF : The Minkowski inverse of the difference of them-projectorsL andM, i.e.,

L−M = U

[
W̄ −X

G1X∼ −Z

]
U∼, (28)
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as a result of direct verifications, on using the points (iii) of Lemma 2, (ii) and (iii) of Theorem 1, and

(ii) and (iii) of Theorem 2, is given by

(L−M)⊕ = U

[
Pw̄ −XZ⊕

Z⊕G1X∼ −Pz

]
U∼. (29)

The result follows at once by premultiplying (29) byL.

From (28) and (29) doing simple algebra we can easily verify that

PR(L−M) = U

[
Pw̄ 0

0 Pz

]
U∼. (30)

As a simple observation from (30), the invertibility of(L−M) directly depends on the invert-

ibility of W̄ andZ, which is equivalent to the statement, given in the proof of the Theorem 6, that the

range space ofL andM are complementary. Another representation for(L−M)⊕ can be formulated

by using the representations of(M̄L)⊕ and(ML̄)⊕ obtained in (7) and (9), i.e.,

(L−M)⊕ = (M̄L)⊕ − (ML̄)⊕. (31)

In caseW̄ andZ are nonsingular, the representation reduces to

(L−M)−1 = (M̄L)⊕ − (ML̄)⊕.

In [7], the invertibility of difference of two projectorsP and Q is established as the existence of

the oblique projectorM with R(M) = R(P) andN(M) = N(Q) and if rk(P−Q) = n, then

(P−Q)−1 = M + M∗ − In. (32)

Same result was given in [9] with an extension that the projector involved in the above equation

is unique andM = (Q̄P)† and whence

(P−Q)−1 = (Q̄P)† + (PQ̄)† − In. (33)

This remains valid in Minkowski space by replacing the conjugate transpose by the Minkowski

adjoint and the Moore-Penrose inverse by Minkowski inverse, and the expression becomes

(L−M)−1 = (M̄L)⊕ + (LM̄)⊕ − In. (34)
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Replacing the ordinary inverse by the Minkowski inverse and using the corresponding represen-

tations, we get

(L−M)⊕ − (M̄L)⊕ − (LM̄)⊕ + In = U

[
P̃w̄ 0

0 P̃z

]
U∼. (35)

The representation obtained in (35) can be alternatively expressed as the following result.

Theorem9 — LetL, M ∈ Cmp
n . Then,

(L−M)⊕ = P[R(L)∩R(M)]⊕[⊥][N(L)∩N(M)] + (M̄L)⊕ + (LM̄)⊕ − In.

PROOF : The result follows by applying point (i) of the Lemma 5 to the projectors in the points

(i) and (iv) of the Lemma 7.

Combining the expressions given in Theorem 9 and equation (31), results in the following corol-

lary.

Corollary 2 — LetL, M ∈ Cmp
n . Then,

P[R(L)∩R(M)]⊕[⊥][N(L)∩N(M)] + P[R(L)∩R(M)]∩[N(L)∩N(M)] = In.

PROOF : The proof will follow at once if we show that(M̄L)⊕ + (LM̄)⊕ is am-projector onto

[R(L)∩R(M)]∩ [N(L)∩N(M)], which in fact can be easily obtained by applying point (ii) of the

Lemma 5 to the projectors in the points (i) and (iv) of the Lemma 6.

In the forthcoming results we will utilize the sum of two projectors and the invertibility of their

sum. As a consequence of this consideration, we have

L + M = U

[
Ir + W X

−G1X∼ Z

]
U∼. (36)

The Minkowski inverse of (36), as a result of direct verification on using the points (ii) and (iii)

of Theorem 2, (ii) of Lemma 2, and (iii) of Theorem 1, is given by

(L + M)⊕ = U

[
Ir − 1

2P̃w̄ −XZ⊕

Z⊕G1X∼ 2Z⊕ −Pz

]
U∼. (37)

From (36) and (37) it is easy to observe that

PR(L+M) = U

[
Ir 0

0 Pz

]
U∼. (38)
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Whence, it is obvious that(L + M) is nonsingular if and only if rk(Z) = n−r. In [17] Groß and

Trenkler established that the invertibility of(L−M) implies the invertibility of(L + M). The next

result establishes the relation between the sum and difference of them-projectors involving their

Minkowski inverse.

Theorem10— LetL, M ∈ Cmp
n . Then,

(L−M)⊕ = (L + M)⊕(L−M)(L + M)⊕.

PROOF : The proof follows by substituting the representations from (28), (29), and (37) and

utilizing the conditions (ii), (iii), (v), and (vi) of Theorem 1 and (ii) and (iii) of Theorem 2.

Theorem11— LetL, M ∈ Cmp
n . Then,

(L + M)⊕ − (L−M)⊕(L + M)(L−M)⊕ =
1
2
PR(L)∩R(M).

PROOF: The result follows by using the point (i) of Lemma 7, the representations (29), (36), (37)

and utilizing the points (ii), (iii), (v), and (vi) of Theorem 1 and (ii) and (iii) of Theorem 2.

From the above result it can be easily observed thatR(L) ∩R(M) = {0} is equivalent to

(L + M)⊕ = (L−M)⊕(L + M)(L−M)⊕,

which is a generalization of statement (2.6) in [20], under the restriction of the invertibility of the

terms(L + M) and (L−M).

Further using the proof of the Theorems 10 and 11, it can be observed that

(L + M)⊕(L−M) = (L−M)⊕(L + M) = (LM̄)⊕ − (ML̄)⊕.

Turning back to the main interest of the paper which involves the matrix

(L + M− In) = U

[
W X

−G1X∼ −Z̄

]
U∼. (39)

Using the points (i) and (iv) of Theorem 1 and (i) of Theorem 2, direct verification shows that the

Minkowski inverse of(L + M− In) is

(L + M− In)⊕ = U

[
Pw W⊕X

−G1X∼W⊕ −Pz̄

]
U∼. (40)
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While verifying the conditions of the Minkowski inverse of(L+M−In), it can be easily observed

that

PR(L+M−In) = U

[
Pw 0

0 Pz̄

]
U∼. (41)

Hence, the invertibility of(L + M − In) is equivalent to the invertibility of bothW and Z̄.

Another equivalent condition for the invertibility of(L + M− In) is invertibility of them-projectors

given in points (ii) and (iii) of Lemma 6 or equivalently the two projectors reduce to the Identity

matrix In.

In [8] the author formulates results involving projections in the Banach space settings, under the

assumption of the invertibility of the functions of the projectors involved. We extend and generalize

the statements(ii) and(iv) of the Lemma2.4 in [8], in Minkowski space setting, by relaxing the

invertibility condition and use Minkowski inverse of the functions ofm- projectors.

Theorem12— LetL, M ∈ Cmp
n . Then:

(i) (L + M− In)⊕L = (LM)⊕,

(ii) M(L + M− In)⊕ = (LM)⊕,

(iii) L(L + M− In)⊕ = (ML)⊕,

(iv) (L + M− In)⊕M = (ML)⊕.

PROOF : Using the point (i) of the Theorems 1 and 2, it can be easily verified that the Minkowski

inverse of(LM) is

(LM)⊕ = U

[
Pw 0

−Z̄G1X∼ 0

]
U∼. (42)

Now using the matrix representation given in (4), (40), and (42), we obtain the points (i) and

(ii) of the Theorem. The remaining two points follow on the same lines by using the respective

representations.

Theorem13— LetL, M ∈ Cmp
n . Then:

(i) [(L + M− In)⊕]2L = (LML)⊕ = L[(L + M− In)⊕]2,

(ii) [(L + M− In)⊕]2M = (MLM)⊕ = M[(L + M− In)⊕]2.

PROOF: Using the matrix representations ofL and (L + M− In)⊕ and the point (i) of Theorem
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1 and the points (i) and (iv) of Theorem 2, we obtain

[(L + M− In)⊕]2 = U

[
W⊕ 0

0 0

]
U∼.

Also

(LML)⊕ = [(L + M− In)⊕]2 = U

[
W⊕ 0

0 0

]
U∼.

Thus, the LHS of the equality (i) follows. Taking the Minkowski conjugate of the first half of the

equality, the RHS of the equality (i) follows. The proof of the point (ii) follows on the same lines.

In [8] the authors showed that under the conditions of the invertibility of(L + M − In), the

function given by

K(L,M) = L[(L + M− In)]−2M.

is a unique projector onto theR(L) alongN(M). The function involved is actually know as the

Kovarik formula defined by Kovarik in [21]. Redefining the function, by relaxing the invertibility

condition, as

Kr(L,M) = L[(L + M− In)⊕]rM; r ∈ N, (N is the set of natural numbers). (43)

Forr = 1, we have

K1(L,M) = L[(L + M− In)⊕]M,

which upon using the point (iii) of Theorem 12 gives

K1(L,M) = L[(L + M− In)⊕]M = (ML)⊕. (44)

The next result shows that the statement (i) of the Theorem (2.7) in [8] remains valid by relaxing

the assumption of invertibility of(L + M− In).

Theorem14— LetL, M ∈ Cmp
n . LetKr(L,M) be defined as in(43). Then,

K2r+1(L,M) = K2(r+1)(L,M).

PROOF : From the definition given in (43), we have

K2r+1(L,M) = L[(L + M− In)⊕]2r+1M = L[(L + M− In)⊕]2r(L + M− In)⊕M.
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Mathematical induction, on using the point (i) of Theorem 13, shows thatL commutes with

[(L + M− In)⊕]2r. Therefore, we have

K2r+1(L,M) = [(L + M− In)⊕]2rL(L + M− In)⊕M = [(L + M− In)⊕]2rK1(L,M).

But the point (i) of Theorem 13 gives

K2(r+1)(L,M) = [(L + M− In)⊕]2(r+1)LM. (45)

SinceLM = (L + M− In)M, we have

K2(r+1)(L,M) = [(L + M− In)⊕]2r[(L + M− In)⊕]2(L + M− In)M.

Now using the fact that(L + M − In) commutes with its Minkowski inverse and the condition

second in the definition of Minkowski inverse of a matrix, we get

K2(r+1)(L,M) = [(L + M− In)⊕]2r[(L + M− In)⊕]M. (46)

Finally, using the point (iv) of Theorem 12, we get the result.

Corollary 3 — Let L, M ∈ Cmp
n . Let K1(L,M) and K2(L,M) be defined as in(43). Then,

K1(L,M) = K2(L,M) = (ML)⊕

The next Theorem generalizes and extends the result(2.6) from [13] to the Minkowski spaceM .

Theorem15— LetL, M ∈ Cmp
n . LetK2(L,M) be defined as in(43). Then:

(i) K2(L,M) + K2(M̄, L̄) = PR(L+M−In),

(ii) K2[K2(M,L),K2(L,M)] = PR(ML).

PROOF : The Minkowski inverse of(L̄M̄) = U

[
0 0

G1X∼ Z̄

]
U∼, as a result of direct verifica-

tion on using the points (i) and (iv) of Theorem 1 and (iv) of Theorem 2, is given by

(L̄M̄)⊕ = U

[
0 −XZ̄⊕

0 Pz̄

]
U∼. (47)

Hence, from the matrix representations given in (41), (42), and (47), we have(ML)⊕ + (L̄M̄)⊕ =

PR(L+M−In). Using the fact thatK2(M̄, L̄) = (L̄M̄)⊕ and Corollary 3, the statement (i) of the The-

orem is established. Again from the definition given in (43) and Corollary 3, we get

K2[K2(M,L),K2(L,M)] = (LM)⊕{[(LM)⊕ + (ML)⊕ − In]⊕}2(ML)⊕.
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Now

(LM)⊕ + (ML)⊕ − In = U

{[
Pw W⊕X

0 0

]
+

[
Pw 0

−Z̄⊕G1X∼ 0

]
−

[
Ir 0

0 In−r

]}
U∼

= U

[
2Pw − Ir W⊕X

−Z̄⊕G1X∼ −In−r

]
U∼.

Utilizing the points (i) and (iv) of Theorem 1 and the points (i) and (iv) of Theorem 2, it can be

verified that the Minkowski inverse of[(LM)⊕ + (ML)⊕ − In] is

[(LM)⊕ + (ML)⊕ − In]⊕ = U

[
W − P̃w X

−G1X∼ −(Z̄ + P̃z̄)

]
U∼.

Furthermore, using the points (i) of Lemma 2, (i), (iii), and (iv) of Theorem 2 and (v) of Lemma

3, we obtain

{[(LM)⊕ + (ML)⊕ − In]⊕}2 = U

[
W + P̃w 0

0 Z̄ + P̃z̄

]
U∼.

Using the respective matrix representations of(LM)⊕,{[(LM)⊕+(ML)⊕−In]⊕}2, and(ML)⊕

and utilizing the points (i) of Theorem 1 and (iv) of Theorem 2, we get

K2[K2(M,L),K2(L,M)] = U

[
W X

−G1X∼ Pz̄ + Z̄

]
U∼. (48)

Finally, PR(ML) = (ML)(ML)⊕, which is equal to the representation obtained in (48), the

result follows.

Corollary 4 — LetL, M ∈ Cmp
n . LetK1(L,M) be defined as in(43). Then,

K1[K1(M,L),K1(L,M)] = PR(ML).

From the representation (48), it can be observed thatK1[K1(M,L),K1(L,M)] = M if and

only if Pz̄ − Z̄ = Z, or equivalently rk(Z̄) = n − r. But we have already mentioned that the

invertibility of (L+M− In) implies the invertibility ofZ̄. This is also established in the result(2.6)

in [13].

Theorem16— LetL, M ∈ Cmp
n . LetK2(L,M) be defined as in(43). Then,

K2(L,M) + K2(M,L) = (L + M− In)⊕ + PR(L+M−In).
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PROOF : The proof follows at once by using the representations obtained in (39), (40), (41) and

(42).

Using the results obtained in this paper, a large number of formulas regardingm-projections can

be further developed.
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