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Let X be a uniformly convex and uniformly smooth real Banach space with dual spacket
F:X — X*andK : X* — X be bounded monotone mappings such that the Hammerstein
equationu + K F'u = 0 has a solution. An explicit iteration sequence is constructed and proved
to converge strongly to a solution of this equation.
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1. INTRODUCTION

Let Q2 ¢ R™ be bounded. Let : 2 x Q2 — Randf : Q2 x R — R be measurable real-valued
functions. An integral equation (generally nonlinearHaimmerstein-typbas the form

u(z) + /Q Kz, 9) f (g, uly))dy = w(a), (1.1)

where the unknown functiom and inhomogeneous functienlie in a Banach spack of measurable
real-valued functions. If we defing : 7(2,R) — F(,R) andK : F(Q,R) — F(Q,R) by

Fu(y) = f(y,u(y)), z € Q,

and
Kov(x) = /Qk‘(w,y)v(y)dy, x €,

respectively, wherg (2, R) is a space of measurable real-valued functions definedfrooR, then
equation (1.1) can be put in the abstract form

u+ KFu=0. (1.2)
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where, without loss of generality, we have assumedithat 0.

Interest in (1.1) stems mainly from the fact that several problems that arise in differential equa-
tions, for instance, elliptic boundary value problems whose linear parts possess Green’s function can,
as a rule, be transformed into the form (1.1) (see e.g., Pascali and Sburian [27], chapter IV, p. 164).
Equations of Hammerstein-type also play a crucial role in the theory of optimal control systems and
in automation and network theory (see e.g., Dolezale [22]).

Several existence results have been proved for equations of Hammerstein-type (se€zs., Br
and Browder [4, 5, 6], Browder [7], De Figueiredo and Gupta [9]).

1.1 Approximation of solutions of Hammerstein equations

In general, equations of Hammerstein-type are nonlinear and there is no known method to find close
form solutions for them. Consequently, methods of approximating solutions of such equations, where
solutions are known to exist, are of interest. IEetbe a real Hilbert space. Aonlinearoperator

A : H — H is said to benonotonef for eachx, y € H, the following inequality holds

(Az — Ay, z —y) > 0. (1.3)

The mapA is said to beangle-boundedavith anglesg > 0 if
(Az — Ay,z —y) < B{Az — Ay,z —y) 1.4)

for any triple elements, y,z € H. Fory = z inequality (1.4) implies the monotonicity . A
monotondinear operatorAd : H — H is said to beangle boundedvith anglea > 0 if

N

[(Az,y) — (Ay, 7)| < 20(Az, z)2 (Ay, 1) (1.5)

forall z,y € H.

In the special case wheome of the operators is angle-boundeaid the other iboundedBrézis
and Browder [4, 6] proved the strong convergence of a suitably deGaderkin approximatiorio a
solution of equation (1.2). In fact, they proved the following theorem.

Theoreml.1— (Brézis and Browder [6]). LeH be a separable Hilbert space akdbe a closed
subspace of. Let K : H — C be a bounded continuous monotone operator &hd C — H
be angle-bounded and weakly compact mapping. For a gjven C, consider the Hammerstein
equation

I+ KF)yu=f (1.6)
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and itsnth Galerkin approximation given by
(I + K, Fp)u, = P*f, (1.7)

whereK, = P;KP, : H — C, andF,, = P,FP; : C,, — H, the symbols have their usual
meanings (see [6]). Then, for eaghe N, the Galerkin approximation (1.7) admits a unique solution
uy, in C,, and{u, } converges strongly i/ to the unique solutiom € C of the equation (1.6)

It is obvious that if aniterative algorithmcan be developed for the approximation of solu-
tions of equation of Hammerstein-type (1.2), this will certainly be a welcome complement to the
Galerkin approximation method. Attempts had been made to approximate solutions of equations of
Hammerstein-type usinijylann-type(see e.g., Mann [25]) iteration scheme. However, the results
obtained were not satisfactory (see [16]). The recurrence formulas used in these attempts, even in
real Hilbert spaces, involvefl —! which is required to be strongly monotone whg&nis, and this,
apart from limiting the class of mappings to which such iterative schemes are applicable, is also not
convenient in any possible applications.

Let F be a real normed space with dual sp&te A mapJ : E — 2E" defined by
Jr ={a* € E" : (z,2%) = [|=[|[|="[|, ||=[| = [|="[|}

is called thenormalized duality mapn £. Amap A : E — E'is calledaccretiveif for eachz,y € E,
there existgi(z — y) € J(x — y) such that

(Az — Ay, j(x —y)) > 0.

We note that in Hilbert spaced, = I, the identity map on H. So, in Hilbert spaces, accretive
operators are monotone.

AmapA : E — E*is calledmonotonef for eachz, y € F, the following inequality holds:
(Ar — Ay,x —y) > 0.
Part of the difficulty in establishingerative algorithmdor approximating solutions of Hammer-

stein equations seems to be that the composition of two monotone maps need not be monotone.

The first satisfactory results dterative methodgor approximating solutions of Hammerstein
equationsinvolving accretive-type mappingas far as we know, were obtained by Chidume and
Zegeye [19, 20, 21].
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Let X be areal Banach space afdK : X — X beaccretive-typenappings. Letr := X x X.
Then, Chidume and Zegeye [20, 21] definéd £ — E by

Alu,v] = [Fu —v, Kv +u] for [u,v] € E.

We note thatA[u, v]=0 if and only ifu solves (1.2) an@ = F'u. The authors defined an iterative
sequence and obtained strong convergence theorems in the Cartesian produgt, $paselutions
of Hammerstein equations under various continuity conditions and X, for special classes of real
Banach spacesY. It turns out that, in the case of a real Hilbert spalle,the operatord defined
on H x H is monotone whenevéf and K are. The method of proof used by Chidume and Zegeye
provided the authors a clue for the establishment of the following coupled explicit iterative algorithm
for computing a solution of the equatiant+ K F'u = 0 in the original spaceX. With initial vectors
ug, vo € X, sequences$u,, } and{v, } in X are defined iteratively as follows:

Upy1 = Up — O (Fup — vy), n >0, (1.8)

Vnt1 = Vp — an(Kvp + up), n >0, (1.9

where«,, is a sequence if0, 1) satisfying appropriate conditions. The recursion formulas (1.8)
and (1.9) have been used successfully to approximate solutions of Hammerstein equations involv-
ing nonlinearaccretive-type mappingsee e.g., Chidume and Djitte [12, 14], Chidume and Ofoedu
[15], Chidume and Shehu [18], Chidume [10], and the references contained in them). The following
theorem has been proved as a generalization of recent important results.

Theoreml1.2— (Chidume and Djitte, [11]). Lefd be a real Hilbert space and, K : H — H
be bounded and maximal monotone operators {kef>° ; and{v,}>° ; be sequences iff defined
iteratively from arbitrary points.;, v; € H as follows:

Un+1 :un_)\n(Fun_'Un)_)\nen(un_ul)a n>1, (110)

Unt1 = Up — An(Kvp + up) — Apbn (v, — v1), n > 1, (1.11)
where{\,}>2 , and{6,,}>°, are sequences if0, 1) satisfying the following conditions:
(1) limy,— 00 05, = 0,

(i1) D02 Aplbn =00, A, = 0(6y),

()
on —0.

(i) limyp o0 ~—gg—?- =
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Suppose that + K Fu = 0 has a solution ini. Then, there exists a constafit > 0 such that
if A\, < dob, for all n > ng for someny > 1, then the sequende:,, }2° ; converges ta.*, a solution
ofu+ KFu=0.

Remarkl : It is known that monotone mappings were studied in Hilbert spaces by Zarantonello
[31], Minty [26], KaCurovskii [24] and a host of other authors as a result of their usefulness in numer-
ous applications. Consider the following for example:

Let f : H — RU{oc} be a proper convex function. Tisebdifferentiabf f atz € H is defined
by
Of(x) ={z" € H: f(y) - f(z) = (y —=,2") Vye H}.

It is easy to check thalf : H — 2! is amonotone operatoon H, and tha) € df(x) if and only
if = is a minimizer off. Settingd f = A, it follows that solving the inclusiofi € Au, in this case, is
solving for a minimizer off.

In fact, Pascali and Sburian in [27] made the following remark.

... The monotone maps constitute the most manageable class, because of the very simple
structure of the monotonicity condition. The monotone mappings appear in a rather wide
variety of contexts, since they can be found in many functional equations. Many of them
appear also in calculus of variations, as subdifferential of convex funtions (Pascali and
Sburian [27], p. 101).

Remark? : Even though the class of monotone-type operators have a wider variety of applications
than the class of accretive-type operators in Banach spaces, virtually all the results on the approxima-
tion of solutions of Hammerstein equations are either proved in Hilbert spaces or in a Banach space in
the case where the operatdtsand F' areaccretive-typeanappings (see [13, 15, 17, 18]). To the best
of our knowledge, there are very few results on the approximation of solutions of Hammerstein-type
equations in Banach spaces (in the case where the opefatang /' aremonotone-type operators

It may be that, part of the difficulty is that since the operatbmapsE to E* and K maps
E* to E the recursion formulas used for accretive-type mappings may no longer make sense under
these settings. Moreover, most of the inequalities used in proving convergence when the operators
are accretive-type involve the normalized duality mappings which also appears in the definition of
accretive operators. However, the definition of monotone mappings does not involve the normalized
duality mappings. This creates computational difficulties in attempting to use standard Banach space
inequalities in proving convergence results fmonotone-typeappings.
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Itis our purpose in this paper to construct a coupled iteration process and prove its strong conver-
gence to a solution af + K Fu = 0 in uniformly convex and uniformly smooth real Banach spaces,
where the operatorE” and F' are maximamonotoneand bounded. Furthermore, our result extends
and generalizes Theorem 1.2. Our method of proof is also of independent interest.

2. PRELIMINARIES

Definition2.1 — Let E be a normed space widim E > 2. The modulus of convexityof F is the
functiondg : (0,2] — [0, 1], defined by

() = inf {1 | 22| el = Iyl = 1€ = = w1}

In the sequel, we shall need the following definitions and resultsELls¢ a smooth real Banach
space with duaE™. The functiony : £ x E — R, is defined by,

oz, y) = |2|* - 2(z, Jy) + [ly||?, forz,y € E, (2.1)

where J is the normalized duality mapping frod into 27, It was introduced by Alber and has
been studied by Alber [1], Alber and Guerre-Delabriere [2], Kamimura and Takahashi [23], Reich
[28] and a host of other authors. B = H, a real Hilbert space, then equation (2.1) reduces to
¢(z,y) = ||z — y||? for 2,y € H. Itis obvious from the definition of the functiopthat

(lzll = lly)? < é(z,y) < (lz] + llyl)* fora,y € E. (2.2)

Defineamag/ : X x X* — R by

V(z,z*) = |l2]* - 2(z,2") + "% (2.3)

Then, it is easy to see that

V(z,z*) = ¢(z, J 1 (z*)) Vz € X, 2* € X*. (2.4)

Lemma2.2 — (Alber, [1]). LetX be a reflexive strictly convex and smooth Banach space with
X* asits dual. Then,

Vi, a®) + 200" 'a" — ") < Va,a* + ) (2.5)

forall x € X andz*, y* € X*.
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Lemma2.3 — (Kamimura and Takahashi, [23]). L&t be a real smooth and uniformly convex
Banach space, and 1ét:,,} and{y, } be two sequences df. If either{z,,} or {y,,} is bounded and
&(zn,yn) — 0a@sn — oo, then||z,, — y,|| — 0 asn — oc.

Lemma2.4 — (Xu [30]). Letp, be a sequence of non-negative real numbers satisfying the
relation:

Prt1 < (1= Bn)pn + Bnln + Yo, n >0, (2.6)

where,
(i) Bn € [0,1], > Bn = o0; (it) limsup ¢, < 0; (i48) v, > 0; (n > 0), > 7, < co. Then,

pn — 0a@sn — oo.

Remarl3 : Let E* be a strictly convex dual Banach space with échet differentiable norm and
A: E — 2F" be a maximal monotone map. Let E* be fixed. Then for every > 0, there exists
auniquer) € E suchthat € Jx), + AAx) (see Reich [29], p. 342). Setting), = = =), we have the
resolventR) := (J + A\A)~! : E* — E of A, for every)\ > 0. A celebrated result of Reich follows.

Lemma2.5 — (Reich, [29]). LetE* be a strictly convex dual Banach space with @chet
differentiable norm and leti : E — E* be maximal monotone such that 10 # (. Let z € E* be
an arbitrary but fixed vector. For eagh> 0, there exists a unique, € E suchthat € Jx)+AAx).
Furthermoreg, converges strongly to a uniques A~10.

Lemma2.6 — (Alber, [1]). LetX be a uniformly convex Banach space. Then for &y 0 and
anyzx, y € X such that|z|| < R, ||y|| < R the following inequality holds:

(Jao — Jy,x —y) = (2L) 'ox(cy o — yl)), (2.7)

wherecy = 2max{1,R}, 1 < L < 1.7.

Define

K := 4ARLsup{||Jz — Jy| : [|z|| < R,|ly|| < R} +1 (2.8)

Lemma2.7 — (Alber, [1]). LetX be a uniformly smooth and strictly convex Banach space. Then
forany R > 0 and anyz, y € X such that|z|| < R, ||y|| < R the following inequality holds:

(Jo— Jy,x —y) > (2L) '6x-(c3 | Jz — Jyl)), (2.9)

whereca = 2max{l,R},1 < L < 1.7.
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Lemma2.8 — (Alber, [1]). LetX be a reflexive strictly convex and smooth Banach space with
dual X*. LetW : X x X — R be defined by¥ (z,y) = £¢(y,z). Then,

Oy, x) = dly,2) = 2(Jx — Jz,2 —y), (2.10)
and
W(z,y) < (Jx—Jy,z —y), (2.11)
forall z,y,z € X
Lemma2.9 — From Lemma 2.5, setting, := ei wheref),, — 0asn — 00,0, < 0,1 V n > 1,

—1
(%K) <1, z = Jv for somev € E, andy,, := (J 1 iA) 2, we obtain that:

Ay = 0, (Jv — Jyn), (2.12)
yn — y* € A0,

whereK isasinlemma 2.6 and : E — E* is maximal monotone. We observe that equation (2.12)

yields
97171 - en

JYn—1 — Jyn + 91H<Ayn_1 — Ayn> = T(Ju — Jyn_1>.

Taking the duality pairing of this witly,, 1 — ¥, and using monotonicity ofl, we obtain that

enf 1= Hn
On

N

<=]yn—1 - Jynvyn—l - yn> =~

Ju — Jyn—lH Hyn—l - ynH

We observe that it0 is uniformly convex and uniformly smooth, using Lemma 2.6 we obtain,

— — gn— _en
(2L) 7 8(c5 lyn-1 = all) < == Tu = Ty lgn-1 = vl
which gives
On—1— 0
[Yn—1 — ynl < 205" (;K> , for someK > 0. (2.13)

Similarly, using equation 2.9 of Lemma 2.7, we obtain that,

en—l - ‘9n

ijn—l - JynH < CQ(SE}( 7

K> ,for someK > 0. (2.14)

Lemma2.10 — LetFE be a smooth real Banach space with di&land the function
¢ : E x E — Rdefined by,

oz, y) = ||z]|* = 2(z, Jy) + |ly|]?, forz,y € E,
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whereJ is the normalized duality mapping frofiinto 2. Then,
Py, x) = d(x,y) + 2(z, Jy) — 2(y, J). (2.15)

Lemma2.11 — [10]. Letp > 1 andr > 0 be two fixed real number anfl be a Banach space.
Then the following are equivalent.

(7) X is uniformly convex.

(74) There is a continuous, strictly increasing convex function
g:RT - R*, g(0)=0

such that
|z +yl[” > [|z]|” + p(y, fz) + g(llyl]) (2.16)

for everyz,y € B, (0) andf, € Jp(x).
(7i7) There is a continuous, strictly increasing convex function
g:RT = R", g(0)=0

such that
(@ =y, fo— fy) = 9(llz = yl)) (2.17)

foreveryz,y € B,(0) and f, € Jp(x), fy € Jp(y), whereB,(0) := {u € X : ||u|| < r}.

Lemma2.12 — [10]. Letqg > 1 andr > 0 be two fixed real number and be a smooth Banach
space. Then the following are equivalent.

(1) X is uniformly smooth.

(74) There is a continuous, strictly increasing convex function
g:RT =R ¢(0)=0
such that for every:, y € B,.(0), we have

2 +yl|* < ll|” + q(y, Jo(2)) + g([ly]]) (2.18)

(731) There is a continuous, strictly increasing convex function

g:RT =R, g(0)=0
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such that for allz, y € B,.(0), we have

(x =y, Jy(x) = Jo(y)) < g(llz =yl (2.19)
whereB,.(0) := {u € X : ||u|| < r}.

Lemma2.13 — LetX, X* be uniformly convex and uniformly smooth real Banach spaces. Let
E = X x X*with the norm||z||g = (||u]|lx + Hu||X*)%, foranyz = [u,v] € E. LetE* = X* x X
denote the dual space &f For arbitraryz = [z1,x2] € E, define the mapy : E — E* by

Jp(z) = Jg(r1, 2] i= [Jx (21), Jx+ (22)],

so that for arbitrary; = [uy,v1], z2 = [ug, ve] in E, the duality pairing(-, -) is given by

<Zl, JE> = <u1, JX(U2)> + <'U1, Jx (U2)>.

Then, E is uniformly smooth and uniformly convex.

PROOF: Letx = [x1,z2], y = [y1, y2] be arbitrary elements df. Then,

(x -y, Je(z) — Je(Y))

([or = w12 = gl [ Tx(@1) = Txc(yn), I () = T (2)])
= <x1 =y, JIx (1) - JX(y1)> + <962 — Y2, Jx+(2) — JX*(y2)>
< gilla —wl) + g5 (w2 — wel).

whereg:, g5 are strictly increasing continuous and convex function®drandg; (0) = ¢4(0) = 0.
It follows that:

(2 =y, Jo(@) = Je(v)) < g (|2~ y]),
whereg*(||z — yl|) := g1 (|lx1 — v1l]) + g5(|Jxz2 — y2||). Hence the result follows from inequality

(2.19) of Lemma 2.12 that’ is uniformly smooth.

Also,
(z -y, Je(z) — JE(Y))

<[901 — Y1, T2 — Y2, [Jx(l’l) = JIx(y1), Jx+(22) — JX*(?ﬂ)D
= <951 —y1, Jx(21) — JX(y1)> + <£C2 —y2, Jx+(12) — JX*(Z/Q)>

> gillzr = uil) + g2(ll2 = 2l)),
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whereg;, g» are strictly increasing continuous and convex function®orandg; (0) = g»(0) = 0.
It follows that:

(=9, J8(@) = T6()) = gllle — yI);

whereg(||z —yl|) := g1(|]x1 — 1) + g2(||z2 — y2||). Hence the result follows from inequality (2.17)
Lemma 2.11 that is uniformly convex. O

In what follows, we shall need the following theorem.

Theorem?2.14— (Browder [8]). Let E be a strictly convex and reflexive Banach space with a
strictly convex conjugate spad&’, T; a maximal monotone mapping frafnto £*, T, a hemicontin-
uous monotone mapping of all Bfinto E* which carries bounded subsetsiinto bounded subsets
of E*. Then, the mappin@ = T + T» is a maximal monotone map éfinto £*.

Lemma2.15 — LetFE be a uniformly convex and uniformly smooth real Banach &hdE' —
E*, K : E* — E be maximal monotone. Defind: F x E* — E* x E by

Afu,v] = [Fu—v,Kv+u|V[u,v] € Ex E*.

Then, A is maximal monotone.
PROOF: LetS,T : E x E* — E* x E be defined as
Slu,v] = [Fu, Kv], Tu,v]=[-v,u].

Then,A = S + T'. It suffices to show that andT" are maximal monotone. Observe titats
monotone. Leb = [k, he] € E* x E. SinceF, K are maximal monotone, take= (J + AF)~1h,
andv = (J. + AK)'hs, whereJ, is the normalized duality map of*. Then,(J + AS)w = h,
wherew = [u, v]. Hence,S is maximal monotone.

Clearly, T is bounded and monotone. Furthermore it is continuous. Hence, it is hemi-continuous.
Therefore by theorem (2.14) abow = S + T is maximal monotone. O

Remarkd : From Lemma 2.5, setting, := é wheref,, — 0 asn — oo,
Op, <O0p_1 ¥V n>1, (%K) <1,z = [z, 22] = JExE~[u,v] for some[u,v] € E x E*, and

-1
X = [Yn, Ul = (JEXE* + iA) [21, 2], we obtain that:

1
Tyn + 5= (Fyn = y) = 21, Y 20, and (2.20)

1
Ty + 5= (Kyp +yn) = 22 Y 2 0; (2.21)
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Remarls : Lety, — y andy) — y*. From lemma 2.5 we have that,, v ] converges to a point
in A=10. This implies thafy,y*] € A~'0. ConsequentlyA[y,y*] = 0, thatis, Fy — y* = 0 and
Ky*+y=0.Hencey* = Fyandy + KFy = 0.

3. MAIN RESULT
In Theorem 3.1 below, the sequendes, }>° ; and{6,}>°, are in(0, 1) and are assumed to satisfy
the following conditions:

(i) An, O — 0@sn — oo, (BE2K) <1, 3770 Apby, = 005
(i) An < Y00, [65" A MT) + 65 (A M3)] < 3002

(i11) 02 65 (MM < 00, 302, 651 (A M) M* < o0

—1( On—1-n —1( bn—1-6n
() ()
_ (0, —F—

(iv - e — 0 asn — oo,

for some constantd/* > 0, My > 0, M5 > 0, K > 0 andv, > 0; wheredg is the modulus of
convexity of & andd g~ is the modulus of convexity af™.

Theorem 3.1 — Let E be a uniformly convex and uniformly smooth real Banach space and
F:FE— E* K:E*— E be maximal monotone and bounded maps.J0€ E, v, € E*, define
the sequencegu,, } and{v,} in E and E*, respectively by

Uni1 = J Tty — M (Fy — ) — Man(Juy — Jup)), n > 1, (3.1)

Upyl = J;l(J*vn — M (Ko, 4+ up) — M\ (Jevy, — Jyv1)), n > 1, (3.2)

Assume that the equatien+ K F'u = 0 has a solution. Then, the sequenées }°>°, and{v,}>>,
converge strongly to* andv*, respectively, where* is the solution ofi+ K Fu = 0 withv* = Fu*.

ProOF: We first prove that the sequencis, }2° ; and{v, }°° , are bounded.
For (up,vy), (u*,v*) € E x E* whereu* is a solution of (1.2) withv* = Fu*, setw,, = (up, vy)
andw* = (u*,v*). DefineA : (E x E*) x (E x E*) — R by

Alwr,wa) = ¢(u1, uz) + ¢(v1, v2), (3.3)

wherew; = (u1,v1) andws = (ug, vs). Let E x E* be endowed with the norh(u, v)|| = (||u|% +
[|v]|? *)%. We show that\ (w*, w,,) < r, for alln > 1 and for some* > 0.

Using the fact that” and K are bounded, define

M, :=sup{||(Fu —v) + 0(Ju — Juy)|| : (u,v) € Bpxg+,0 € (0,1)} + 1;
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My := sup{||(Kv + u) 4+ 0(J,v — Jov1)]| : (u,v) € Bepxp-0 € (0,1)} +1;
My = sup{||Ju — A(Fu —v) — N0(Ju — Juy) — Jus|| : (u,v) € Bpxp+,\,0 € (0,1)} + 1;
My = sup{||J(Ju — X(Fu —v) — M0(Ju — Juy)) — u*|| : (u,v) € Bxp, A0 € (0,1)} +1;
Ms = sup{||J.v — A(Kv 4+ u) — N0(Jv — Jov1) — Jov1]] : (w,v) € Bexg«, A0 € (0,1)} + 1;
Mg = sup{||J. (Jov = AM(Kv +u) — \(Jov — Jov1)) —v*|| 2 (u,v) € By, M\, 0 € (0,1)} +1;
M; = 2LM; M,y
Mg = 2LMs Mg
M* =: max{2co My, 2coMs, 2co M3, 2co M5, 2M71 My + 2Mo Mg };

wherec, andL are the constants appearing in Lemma 2.6 Bad g+ = {w € Ex E* : A(w*,w) <
r}. Letr > 0 be such that

C > A(w*,wl).
5
Define
. {1 r 1 1 }
= 1min - Ty T (-
,70 b 5M*7 Mik? Mék
Claim:
A(w*, wy,) r, ¥ n > 1. The proof of this claim is by induction. By construction, we have

<
A(w*,w1) < r. Assume that\ (w*, w,) < r for somen > 1. This implies that

o(u, upn) + ¢(v*,vy,) <r, for somen > 1.

We prove thatA (w*,w,+1) < r. Suppose, for contradiction, that this is not the case, then
A(w*, wp41) > r. From lemma (2.6), we have that

(2L) "' 0p (e Hunsr —ull) < ([ Junis = Junlllftns1 — |

< A My My.

This yields
[tns1 — wnl| < 265 (A7),  M; = 2L M M. (3.4)

Also, using lemma 2.7, we obtain

|ont1 — val| < 20t (A M3), My = 2LMyMs. (3.5)
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Using the definition o, 11, equation (2.4) and inequality (2.5) with
Yy = M (Fup — vp) + Anbn (Juy, — Juq),
we obtain

d(u* upt1) = VU, Juy — M(Fuy — vp) — Anbn(Jup, — Juy))
<V, Jup) — 2<J’1(Jun APy — vp)

—AnOn (Jup — Juy)) — u*, Ay (Fuy, — vp) + M\ (Juy, — Ju1)>

= o(u",uy) — 2<un+1 —u", /\n<(Fun —vn) + 0 (Juy, — Ju1>>

= G(u,up) ~ 2<Un+1 — Up, A ((Fun —vp) + On(Ju, — Jul))>

—2<un —u¥, )\n<(Fun — ) + Op(Juy — Jul))>.
Which implies that

¢(U*7 un+1) < QS(/U’*a un) + 2||un+1 — Un

I

—2)\n<un —u*, ((Fun — ) + O (Juy, — Ju1)>>.

)\n((Fun — ) + O (Juy, — Jul)) H

Observe that using the monotonicity Bfand./, we have:

<un —u¥, ((Fun — ) + 0p(Juy, — Jul))>

> (up —u*, (Fu* —vp)) 4+ 0p(up — upg1, Jtn — Jupt1)
+0 (Up, — Upt1, Juns1 — Jur) + Op(upy1 — u™, Jup — Jupy1)
+0,, (upt+1 — u*, Jupy1 — Jug)

> (up —u", (Fu® = vn)) = Onllun — unpa[[|[Jun g1 — Ju ||

—On||tun+1 — w|||| Jun — Jungi|] + On(tnsr — u*, Jupsr — Juq).

Substituting into inequality (3.6), we obtain

O unn) < O un) + 2unss = unll|[Aa (P = vn) + 0a(Tun = Jur) |
=2\ (Up, — v, (Fu™ — vp)) + 22000 || tn, — Ungr ||| Jtns1 — Jur ]

(3.6)

20,00 | [un1 — ||| Jun — Jups1]| = 22000 (Unt1 — u*, Jupp1 — Jug).
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Now, using inequality (2.10) of lemma 2.8 and inequality (3.4), we have that

¢(U*, un+1) < QZ)(’LL*, un) - )\nengb(U*a Un+1) + >\n9n¢(U*, ul) (37)

A0 5 (A M) (2e2 M) + 22005, (N M7 ) My
F X005 O M) (2c2M3)] — 2 (uy, — 0, (Fu* — vy,)).

Similarly, using the fact thak” and.J, are monotone, inequality (2.10) of lemma 2.8 and inequal-
ity (3.5), we have

Gb(v*,UnJrl) < @Z)(U*,Un) - )‘n‘gnﬁf)(v*,vrﬁl) + )‘n‘gnﬁé(v*,m) (3-8)
A0t (A M3 ) (2eaM2) + 22,00, (M M2 ) Mg
MO0 [0 M M3) (2caM35)] — 205 (vy, — 0%, (K0* + up)).

Observe that since* + K Fu* = 0, settingF'u* = v*, we obtain thatv* = —u*, and these
equations vyield

20 (up — u*, (v, — Fu™)) + 20, (v, — 0", —(Kv* 4+ u,)) =0,
so that adding (3.7) and (3.8), we obtain

r < Aw*,wpi1)
< AW wn) = Al AW wii1) + MbnA(w*, w1) + A [65 A MT) + 5t (A M) M*
FXOn 65 M M) + St (A M) M* 4 Xy (N M),

So we have

r < Aw* wpg1) < AW, wy) — MO A(w* wpg1) + A A(w™, wy)

+An 00 (Y00n) M + X0 yo M™ + X\OnyoM™

r r r r
< _ Z Z _ _
< r—=\Onr + N0, 5 + An9n5 + An0n5 + An9n5

< T
This is a contradiction, henc&(w*, w,+1) < r and soA(w*, w,) < rforalln > 1. As aresult,

we havep(u*, u,) < rand¢(v*,v,) < r foralln > 1. Thus from inequality (2.2), we have that
{un }n>1 and{v, },>1 are bounded.
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We now prove thafu,, } converges strongly to a solution of the Hammerstein equation.

Using equation (2.4), lemmas 2.10 and 2.2, with= \,,(Fu,, — vy,) + A\ (Ju, — Juy), we

have

(Y Uny1)

IA

IN

O(Yn, I (Jun — Ap(Fug — vn) — M (Jun — Jup)))

V(Yn, Jun) — 2(Unt1 — Yn, A (Fun, — vp) + Anbn (Jup — Juq))

O (Un, Yn) + 2(Un, JYn) — 2{yn, Jun) — 22 (Unt1 — Yn, (Fn — vp)
+0, (Juy — Juq))

V(tn, Jyn) + 2(un, Jyn) — 2(yn, Jun) — 2Xn{(tUnt1 — Yn, (Fty — vy)
+0,,(Ju, — Juy))

V(tn; Jyn—1) = 20yn = tn, Jyn—1 = Jyn) + 2(tn, Jyn)) — 2(n, Jun))
=2\ (Unt1 — Yn, (Fup, — vp) + On(Jup — Juq))

P(Yn—1,un) + 2(yn—1, Jun) = 2(tn, Jyn-1) = 2{Yn — Un, Jyn-1 — Jyn)
+2(un, JYyn) — 2(Yn, Jun) — 22 (Unt+1 — Yn, (Fun — vp) + Op(Juy — Juq))
G(Yn—1,Un) + 2(Yn—1 = Yn, Jtn) + 2(Yn, Jyn — Jyn-1)

=2 (Unt1 — Yny (Fup — o) + 0p(Jup — Juy)).

Applying monotonicity ofF' and using equations (2.20), (2.11), (3.4), (2.13) and (2.14), we have

¢(yn7 Un+1)

<

IN

IN

IN

G(Yn—1,tn) + |[Yn — yn-1l|CL + [|Tyn — Jyn-1l|Ca + 2An[uns1 — unl[ M
=2 (Un, — Yn, (Fup — vp) + Op(Jupn — Juq))

(Yn—1,un) + [|[yn = Yn—1/|C1 + [[Tyn — Jyn—1|C2 + 2An||unt1 — un|[M;
2t s (Ftn = 00) 4 00 (Tt = T = 5 (Fin = 37))
(Yn—1,un) + [|yn = Yn—1|C1 + [[Tyn — Jyn—1l|C2 + 2An|[unt1 — un|[ M

=2 (Un = Yn, Yp — Un) — 2X00n (U — Yn—1, JUn — JYn—1)

=200 (U, — Yn—1, JYn—1 — JYn) — 22000 (Yn—1 — Yn, Jun — Jyn)

P(Yn—1,un) + |[yn — Yn-1||C1 + [[Jyn — Jyn—1[|C2 + 2An[|unt1 — un|[M:
~Annd(Yn—1,un) + [[Tyn = Jyn-1l|C3 + [lyn — yn-1l[Cs = 2An(tn — Yn, y5, — vn)

_ en— _Hn
¢(yn—17 un) - /\n0n¢(yn—17 un) + 6E1 <197K> C’5 (39)
Op—1— 0

+o7] (T"K) s + 262005 e M) My — 20 (11, — s Y — V),
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whereC:, Cs, C3, C4 are positive constants aidty = coCy + c2Cy, Cg = c2Co + c2Cs.

Similarly, applying monotonicity o and using equations (2.21), (2.11), (3.5), (2.13) and (2.14),
we have

* * * — 07"0— _971 *
¢(yn7 UTZ-H) < ¢(yn—17 ’Un) - )\nen(b(yn—l; U’fl) + 5E1 (107K) CS (310)

Op—1—0
05t (TG ) i + 202005 (0 M3)Mz = 20 (0 = Uit = ).
n
whereCs andCg are positive constants.

Hence, adding equations (3.9) and (3.10) we have

AP, wnt1) < APa—1,wn) — Anby <¢(yn—17 Un) + &Yy 1, UN)) + 202/\n551()\an)M1

203 A0 5t (M M) My + 67 (9”‘19*_0”[() Cs + 67! (9"‘;*_9"1() o
+ogk (79"‘19_ On K) C + 07t (79"‘10_ On K) c.

wherep,, = [y, y;;] is as in Remark 5. Letting/* = max{Cs + C}, Cs + C§, 2ca M7, 2co M3}, we
have

A(pna wnJrl) < A(pnfla wn) - )\nenA(pnfla wn) + )\négjl(Aan*)M* + )\né‘g'}()\nMg)M*

Op—1— 6y b1 —bn

+6,51(TK>M*+5,§}( . K) M,

Setting

n

5,;1( -
Pn = A(pn—lywn); B = Anabn; G i= ( Anbn t Anbn
we have

0 71—9” * —1 0 —1—9n *
"071(>M aE*( n K)M )
)

Pnt1 < (1 - ﬂn)pn + 6n<n + Yn, 1 > 1.

It now follows from Lemma(2.4) thatp, — 0 asn — oo, i.e., A(pp—1,w,) — 0 asn— oo.
Consequently, by Lemma 2.3, we obtain that|)im — y,,—1|| = 0. Hence using Remark 6, we have
that the sequencf.,, }°° ; converges strongly to a solution of (1.2). O

n=1

Remark7 : We have (see e.g., Alber [3]) for> 1,¢ > 1, X = LP, X* = L9, that

sei=1-(1- ()’
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and thus obtain also that

Q=

SxH(e) = 2[1 — (1 - )]s < 2quen.

(The last inequality follows sincél — €)? > 1 — ge, for ¢ > 1).

Prototypes for our result are the following:
0p=(n+1)"and N, = (n+1)"%n > 1,
where

1 1
0<b< g, a+b< -, b< e where K > 0 is as defined in Lemma 2.6, r = max{p, ¢}.
r r

For example, without loss of generality, if we set p, then taking

1 b . { 1 1 }
a = ; =MANS T, T (>
(p+1) 2K 2p(p+1)

conditions(7) to (iv) are satisfied.

Remark8 : Theorem (3.1) is an extension of Theorem (1.2) to uniformly convex and uniformly
smooth spaces.

Remark9 : (see e.g., Alber [3], p.36). The analytical representations of duality mappings are
known in a number of Banach spaces. For instance, in the sffadégG) andW},(G), p € (1, 00),
p~ !+ ¢ ' =1, respectively,

Jr = HxH?P_py € lq7 Y= (’xl‘p_Qxla ’x2’p—2x27 )7 r = ($1,$2, )a

Ja = [[a|[7,"|2(s) "2 (s) € LUG), s € G,

and

Jr = ||x\|?/[;£ > (=)D D (s) P~ Dx(s)) € WY, (G),m > 0,5 € G

laf<m
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