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Let G be a digraph with n vertices, a arcs, c2 directed closed walks of length 2. Let

q1, q2, . . . , qn be the eigenvalues of the signless Laplacian matrix of G. The signless Lapla-

cian energy of a digraph G is defined as ESL(G) =
n∑

i=1

|qi− a

n
|. In this paper, some lower

and upper bounds are derived for the signless Laplacian energy of digraphs.
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1. Introduction

In this paper we only consider finite digraphs without loops and multiple arcs. However, it

allows to a pair of oppositely directed arcs join the same pair of vertices. Let G = (V (G), E(G))

be a digraph with vertex set V (G) = {v1, v2, . . . , vn} and arc set E(G). If two vertices are

connected by an arc, then they are called adjacent. If there is an arc from vi to vj , we indicate

this by writing (vi, vj), call vj the head of (vi, vj), and vi the tail of (vi, vj), respectively. For

an arc (vi, vj), if (vj , vi) is not an arc in G, then (vi, vj) is simple and if (vj , vi) is also an arc

in G, then (vi, vj) is symmetric. For any vertex vi, let N+
i = {vj ∈ V (G) | (vi, vj) ∈ E(G)}

denote the out-neighbors of vi. Let d+
i = |N+

i | denote the outdegree of the vertex vi in the

digraph G. If every arc of a digraph is simple, then we call the digraph a simple digraph. Let
−→
Pn and

−→
Cn denote the directed path and the directed cycle on n vertices, respectively. Let

←→
K n denote the complete digraph on n vertices obtained from complete undirected graph Kn
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by replacing each edge in Kn with a pair of symmetric arcs. If the outdegrees of all vertices

are equal, then the digraph is called outdegree regular.

Let A(G) = (aij) denote the adjacency matrix of G, where aij = 1 if (vi, vj) ∈ E(G) and

aij = 0 otherwise. Let D(G) = diag(d+
1 , d+

2 , . . . , d+
n ) be the diagonal matrix with outdegrees

of the vertices of G. Then the matrix Q(G) = D(G) + A(G) is called the signless Laplacian

matrix of G. Let q1, q2, . . . , qn be the eigenvalues of the signless Laplacian matrix of G. Since

Q(G) is not symmetric and its eigenvalues can be complex numbers. If Q(G) is a normal

matrix, then G is called a signless Laplacian normal digraph.

The energy connected to undirected graphs has been well investigated in the literature,

see [1, 6, 7, 8, 10, 17] and a book [12]. The energy of an undirected graph has close links

to chemistry. However, in many cases we must use digraphs rather than undirected graphs.

But there is not so much known results about the energy of digraphs.

Recently, Peña and Rada [14] introduced the concept of the energy for a digraph G:

E(G) =
n∑

i=1

|Re(zi)|,

where z1, z2, . . . , zn are the eigenvalues of A(G) and Re(zi) denotes the real part of zi, 1 ≤
i ≤ n. For further results on the energy of digraphs see [5, 9, 15, 16].

Since the skew Laplacian matrix of a digraph contains the information of the degree of

vertices and it is a skew symmetric matrix. It plays an important role in spectral theory of

digraphs. Therefore, based on the definition of the Laplacian energy of undirected graphs,

Adiga and Khoshbakht [2] gave the skew Laplacian energy of a simple digraph G as

SLE(G) =
n∑

i=1

|µi − 2m

n
|,

where µ1, µ2, . . . , µn are the eigenvalues of the skew Laplacian matrix of G and m is the

number of arcs. They established some upper and lower bounds for the skew Laplacian

energy of a simple digraph. There are also many other results on the skew Laplacian energy

of a simple digraph, see [3, 4].

The skew Laplacian matrix of a digraph only allows simple arcs. Therefore the Laplacian

energy of a digraph has attracted attention, where both simple and symmetric arcs are

allowed. In 2010, Perera and Mizoguchi [13] presented another definition for the Laplacian
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energy of a digraph G, which was given as follow:

LE(G) =
n∑

i=1

λ2
i ,

where λ1, λ2, . . . , λn are all the eigenvalues of Laplacian matrix L(G) = D(G)−A(G). They

derived a formula for LE(G) and presented lower and upper bounds for LE(G) in term of

the number of vertices.

In this paper, the signless Laplacian energy of a digraph G is defined. We obtain some

lower and upper bounds about it and show that these bounds are sharp.

2. Bounds for the Signless Laplacian Energy of A Digraph

We give the definition of the signless Laplacian energy of a digraph.

Definition 2.1 — Let G be a digraph with n vertices and a arcs. Then the signless

Laplacian energy of the digraph G is defined as

ESL(G) =
n∑

i=1

|qi − a

n
|,

where q1, q2, . . . , qn are the eigenvalues of the signless Laplacian matrix Q(G) = D(G)+A(G)

of G.

In order to illustrate the concept of the signless Laplacian energy of a digraph, we give

the following two examples.

Example 2.2 : Let
←→
K 3 be a complete digraph. Then

Q(
←→
K 3) =




2 1 1

1 2 1

1 1 2


 .

The eigenvalues of the signless Laplacian matrix Q(
←→
K 3) are 1,1,4. Hence the signless

Laplacian energy of
←→
K 3 is 4.

Example 2.3 : Let
−→
C4 be a directed digraph with arc set {(1,2), (2,3), (3,4), (4,1)}. Then

Q(
−→
C4) =




1 1 0 0

0 1 1 0

0 0 1 1

1 0 0 1




.
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The eigenvalues of the signless Laplacian matrix Q(
−→
C4) are 0, 1 + i, 1 − i, 2. Hence the

signless Laplacian energy of
−→
C4 is 4.

Let G be a digraph with n vertices, a arcs, c2 directed closed walks of length 2. Let

q1, q2, . . . , qn be the eigenvalues of the signless Laplacian matrix Q(G). Then we have

n∑

i=1

qi =
n∑

i=1

d+
i = a. (1)

From Vieta’s rule, we can see that the sum of the determinants of all 2 × 2 principal

submatrices of Q(G) are equal to
∑
i<j

qiqj . That is

∑

i<j

qiqj =
∑

i<j

det

(
d+

i aij

aji d+
j

)

=
∑

i<j

(d+
i d+

j − aijaji)

=
∑

i<j

d+
i d+

j −
∑

i<j

aijaji.

Therefore ∑

i6=j

qiqj = 2
∑

i<j

qiqj = 2
∑

i<j

d+
i d+

j − c2. (2)

Combining (1) and (2), we get

n∑

i=1

qi
2 = (

n∑

i=1

qi)2 − 2
∑

i<j

qiqj

= (
n∑

i=1

d+
i )2 − 2

∑

i<j

d+
i d+

j + c2

=
n∑

i=1

d+
i

2 + c2.

That is
n∑

i=1

qi
2 =

n∑

i=1

d+
i

2 + c2. (3)

Define αi = qi − a

n
for i = 1, 2, . . . , n. Using (1) and (3), we see that

n∑

i=1

αi =
n∑

i=1

(qi − a

n
) =

n∑

i=1

qi −
n∑

i=1

a

n
= 0. (4)
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and
n∑

i=1

αi
2 =

n∑

i=1

(qi − a

n
)2 =

n∑

i=1

qi
2 − 2

a

n

n∑

i=1

qi +
n∑

i=1

(
a

n
)2

=
n∑

i=1

d+
i

2 + c2 − 2
a

n

n∑

i=1

d+
i +

n∑

i=1

(
a

n
)2

= c2 +
n∑

i=1

(d+
i −

a

n
)2.

Let M = c2 +
n∑

i=1
(d+

i −
a

n
)2. Then we have

n∑

i=1

αi
2 = M (5)

Since
a

n
is the average vertex outdegree, we obtain that M = c2 ≥ 0 if and ony if G is the

outdegree regular, and M > c2 ≥ 0 otherwise.

Theorem 2.4 — Let G be a digraph with n vertices, a arcs, c2 directed closed walks of

length 2, and d+
i be the outdegree of the ith vertex of G, i = 1, 2, . . . , n. If q1, q2, . . . , qn are

the eigenvalues of the signless Laplacian matrix Q(G) = D(G) + A(G) = (bij) of G, where

D(G) = diag(d+
1 , d+

2 , . . . , d+
n ) and A(G) = (aij) is the adjacency matrix of G. Then

ESL(G) ≤
√

M1n,

where M1 = a +
n∑

i=1
(d+

i −
a

n
)2. Moreover, this upper bound is sharp.

Proof : From (1), we have

n∑

i=1

Re(qi) =
n∑

i=1

d+
i = a. (6)

By Schur’s unitary triangularization theorem [11], there is a unitary matrix U such that

U∗Q(G)U = T = (tij), where T = (tij) is an upper triangular matrix with diagonal entries

tii = qi, i = 1, 2, . . . , n. Therefore

T ∗T = U∗Q∗(G)UU∗Q(G)U = U∗Q∗(G)Q(G)U.

Then we have tr(T ∗T ) = tr(Q∗(G)Q(G)). So

n∑

i=1

|qi|2 =
n∑

i=1

|tii|2 ≤
n∑

i,j=1

|tij |2 = tr(T ∗T ) = tr(Q∗(G)Q(G)) =
n∑

i,j=1

|bij |2.



416 WEIGE XI AND LIGONG WANG

Thus
n∑

i=1

|qi|2 ≤
n∑

i,j=1

|bij |2 =
n∑

i=1

d+
i

2 + a. (7)

Let αi = qi− a

n
for i = 1, 2, . . . , n. Applying the Cauchy-Schwarz inequality to the vector

(|α1|, |α2|, . . . , |αn|) and (1, 1, . . . , 1).

We have

ESL(G) =
n∑

i=1

|qi − a

n
| =

n∑

i=1

|αi| ≤
√√√√n

n∑

i

|αi|2. (8)

However, by (6) and (7), we have

n∑

i=1

|α1|2 =
n∑

i=1

|qi − a

n
|2 =

n∑

i=1

(qi − a

n
)(qi − a

n
)

=
n∑

i=1

|qi|2 − 2
a

n

n∑

i=1

Re(qi) +
n∑

i=1

(
a

n
)2

≤
n∑

i=1

d+
i

2 + a− 2
a

n

n∑

i=1

d+
i +

n∑

i=1

(
a

n
)2

= a +
n∑

i=1

(d+
i −

a

n
)2.

Since M1 = a +
n∑

i=1
(d+

i −
a

n
)2 ≥ 0. Then we have

n∑

i=1

|α1|2 ≤ M1. (9)

Therefore, from (8) and (9), we conclude that

ESL(G) ≤
√

M1n.

Evidently, from (7) and (8), we know that the equality holds if and only if T = (tij) is a

diagonal matrix and |α1| = |α2| = . . . = |αn|.

From Schur’s unitary triangularization theorem [11], we know that T = (tij) is a diagonal

matrix if and only if Q(G) is a normal matrix. That is

Q∗(G)Q(G) = Q(G)Q∗(G).
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This equality holds if and only if G is a signless Laplacian normal digraph and |q1 − a

n
| =

|q2 − a

n
| = . . . = |qn − a

n
|.

It is natural to ask: do such digraphs exist? The answer is yes. Let
−→
Cn denote the directed

cycle on n vertices. Note that d+
i = 1 for all vi in G. And

−→
Cn has n arcs, so

a

n
= 1 = d+

i ,

M1 = a +
n∑

i=1
(d+

i −
a

n
)2 = n,

√
M1n = n. The signless Laplacian matrix of

−→
Cn is

Q(
−→
Cn) =




1 1 0 0 · · · 0 0 0

0 1 1 0 · · · 0 0 0

0 0 1 1 · · · 0 0 0
...

...
...

...
. . .

...
...

...

0 0 0 0 · · · 1 1 0

0 0 0 0 · · · 0 1 1

1 0 0 0 · · · 0 0 1




.

We know that Q(
−→
Cn) is a normal matrix, hence

−→
Cn is a signless Laplacian normal digraph. The

eigenvalues of the signless Laplacian matrix Q(
−→
Cn) are 1+cos(2kπ

n )+i sin(2kπ
n ), k = 1, 2, . . . , n.

Hence|q1− a

n
| = |q2− a

n
| = . . . = |qn− a

n
|=1, the signless Laplacian energy of

−→
Cn is n =

√
M1n,

which implies that the upper bound is sharp. 2

Corollary 2.5 — If G has no isolated vertices, then

ESL(G) ≤
√

2M1.

Proof : Since G has no isolated vertices, we have n ≤
n∑

i=1
d+

i +
n∑

i=1
d−i = 2a. But

M1 = a +
n∑

i=1
(d+

i −
a

n
)2 ≥ a, so

ESL(G) ≤
√

M1n ≤
√

2M1a ≤
√

2M1.

This completes the proof. 2

Let G be a digraph with n vertices, a arcs, c2 directed closed walks of length 2. If E(G)

is the energy of a digraph G, then we have known [9] that

E(G) ≤ c2

n
+

√
(n− 1)

[
a−

(c2

n

)2
]
. (10)
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We prove an inequality similar to (10) for the signless Laplacian energy of a digraph.

Theorem 2.6 — Let G be a digraph with n vertices, a arcs, c2 directed closed walks of

length 2. If q1, q2, . . . , qn are the eigenvalues of the signless Laplacian matrix Q(G), with

|α1| ≤ |α2| ≤ . . . ≤ |αn| = k, where αi = qi − a

n
for i = 1, 2, . . . , n. Then

ESL(G) ≤ k +
√

(n− 1)(M1 − k2),

where M1 = a +
n∑

i=1
(d+

i −
a

n
)2.

Proof : Let X = (|α1|, |α2|, . . . , |αn−1|) and Y = (1, 1, . . . , 1). By the Cauchy-Schwarz

inequality we have

(
n−1∑

i=1

|αi|)2 ≤ (n− 1)
n−1∑

i=1

|αi|2.

That is

(ESL(G)− |αn|)2 ≤ (n− 1)(
n∑

i=1

|αi|2 − |αn|2).

By (9), we have

(ESL(G)− k)2 ≤ (n− 1)(M1 − k2).

Therefore

ESL(G) ≤ k +
√

(n− 1)(M1 − k2),

This completes the proof. 2

Theorem 2.7 — Let G be a digraph with n vertices, a arcs, c2 directed closed walks of

length 2. Then

ESL(G) ≥
√

2M,

where M = c2 +
n∑

i=1
(d+

i −
a

n
)2. Moreover, this lower bound is sharp.

Proof : Since
n∑

i=1
αi = 0, we have

(
n∑

i=1

αi)2 =
n∑

i=1

αi
2 + 2

∑

i<j

αiαj = 0.

By (5), we have

2
∑

i<j

αiαj = −M.
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This implies

M = 2|
∑

i<j

αiαj | ≤ 2
∑

i<j

|αi||αj |. (11)

Using (5) again,

M = |
n∑

i=1

αi
2| ≤

n∑

i=1

|αi|2, (12)

therefore

(ESL(G))2 = (
n∑

i=1

|αi|)2 =
n∑

i=1

|αi|2 + 2
∑

i<j

|αi||αj |

≥ M + 2
∑

i<j

|αi||αj |.

Combining with (11), we have (ESL(G))2 ≥ 2M . Thus

ESL(G) ≥
√

2M.

It follows from (11) and (12) that the equality holds if and only if for each pair of αi1αj1 and

αi2αj2 , (i1 6= j1, i2 6= j2), there exists a nonnegative real number h such that αi1αj1 = hαi2αj2 ,

for each pair of αi1
2 and αi2

2, there exists a nonnegative real number l such that αi1
2 = lαi2

2.

Next we give an example to illustrate the existence of such digraphs. Let G1 be the

complete bipartite digraph
←→
K n,n on 2n vertices obtained from complete bipartite undirected

graph Kn,n by replacing each edge in Kn,n with a pair of symmetric arcs, as shown in Figure

1. Assume that {X1, X2} is the bipartition of G1 and |X1| = |X2| = n.

Figure 1 : The digraph G1 =
←→
K n,n.

Note that d+
i = n for all vi in G1, a = 2n2,

a

2n
= n = d+

i , the number of directed closed

walks of length 2 are a. So M = c2 +
2n∑
i=1

(d+
i −

a

2n
)2 = a = 2n2,

√
2M = 2n. The signless
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Laplacian matrix of G1 is

Q(G1) =

(
nIn Jn

Jn nIn

)
,

where Jn is the n×n matrix in which each entry is 1. The eigenvalues of the signless Laplacian

matrix Q(G1) are 0, 2n, n with multiplicity 1, 1, 2n − 2, respectively. Hence the signless

Laplacian energy of G1 is 2n =
√

2M , which implies that the lower bound is sharp. This

completes the proof. 2

Remark 2.8 : If we define the Laplacian energy of a digraph G as EL(G) =
n∑

i=1
|λi − a

n
|,

where the Laplacian matrix of G is L(G) = D(G) − A(G) and λ1, λ2, . . . , λn are all the

eigenvalues of L(G). Then we can find that the above upper and lower bounds are also valid

for the Laplacian energy of G.
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