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Let G be a finitep-group. The automorphism of a groupG is said to be an absolute central
automorphism, if for al € G, z 712> € L(G), whereL(G) is the absolute center 6}.

In this paper, we obtain a necessary and sufficient condition that each absolute central automor-
phism of G fixes the center element-wise.
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1. INTRODUCTION AND RESULTS

Throughout,p denotes a prime number. Lét be a finite group. We denote iy, Z(G), ¢(G),

and Aut(G), respectively, the commutator subgroup, the center, the Frattini subgroup, and the au-
tomorphism group of>. For a groupH and abelian groug<, Hom(H, K) denotes the group of

all homomorphisms fron# to K. If o € Aut(G) andg € G then,[g,a] = g7 1¢® = g ta(g) is

the autocommutator af and«. Clearly forz € G, by takinga: = ¢, (an inner automorphism) we
havelg, p.] = g~ 'g¥* = g~ 'x~'gx, which is the ordinary commutator for the elemerdandz of

G. The subgrougk (G) = [G, Aut(G)] = ([g,a]lg € G, a € Aut(G)) is called the autocommuta-

tor subgroup ofz. (see [3, 4]) We may define the autocommutator of higher weight inductively as
follows:

[g, a1, .oy = [[g,al, ...,an_l],an] ,forall ag, ag, ..., ap, € Aut(G), g € G andn > 1.

AssumeK(G) = G andK;(G) = K(G). Then forn > 1 we may define:
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K, (G) = [Kn-1(G), Aut(G)] = ([g, 1, a2, ..., o] |g € G, o1, az, ..., o, € Aut(G)). One can
easily see that,,(G) < K,,(G), n > 1 andK,,(G) is characteristic subgroup 6f. Hence we obtain
the following descending series 6f:

G DK (G)=K(G) 2 Ky(G)2...2 Kn(G) D ...

The absolute center @f is defined as follows:

L(G) ={x € G| [zr,a] = 1, forall @« € Aut(G)}, which is contained irZ (G), the center
of G. Now assumel;(G) = L(G). Thenn'"-absolute center ofs is defined in the following
way L,(G)/Ly-1(G) = L(G/Ln-1(G)) for n > 2. Now we recall (from [4]) a grougg is an
autonilpotent group if.,,(G) = G for somen > 1. Since (from [3])L,(G) < Z,(G) so every
autonilpotent group is nilpotent. One observe (from [4]) thdtj{G) = G then,K,,(G) =< 1 >.

An automorphismu called absolute central [fj,«] € L(G) for all g € G [3]. We define the
subgroupVar(G) = {a € Aut(G)|[g,a] € L(G) for all g € G} which is normal subgroup of
Aut(G). For a group we define [3]:

Caur@)(Var(GQ)) = {a € Aut(G);aB = pa forall 3 € Var(G)} the centralizer ol ar(G)
in Aut(G). We denote byy,,.)(Z(G)) the group of all absolute central automorphism&dixing
Z(G) element-wise an®' (G) = [G, Cayy)(Var(G))]. One can easily see tha(G) is subgroup
of K(G) which is contained iK' (G). If G be a group thenf(G) is characteristic subgroup 6f
and containing’. (G' = [G, Inn(G)]) [3].

Lemmal.l — LetG be an autonilpotent group. Then for any nontrivial normal subgyupf
G,L(G)NN # 1.

PROOF: By induction we obtain
Li(G) ={x € Gllx,aq,...,a;] =1 forall ai,...,q; € Aut(G)}.

SinceG is an autonilpotent group then, for some natural numbdr,,(G) = G. So there exist
at least a positive integéy such thatV N L;(G) #< 1 >. Now we haveglN N L;(G), Aut(G)] C
NNLi1(G)=<1>andNNL;(G) C NNL(G). HenceN N L(G) = N N L;(G) #< 1 >.
Specially by takenV = L(G) we obtainL(G) # 1. O

The following lemma gives the important property BfG); while K(G) does not carry over
such a property.

Lemmal.2 [3] — LetG be a group. TheWar(G) acts trivially on the subgroup(G) of G.
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A non-abelian groug- is called purely non-abelian if it has no non-trivial abelian direct factor.
For a finitep-groupG we define2, (G) = (x € G | 2P = 1).

We recall that an automorphismis called central automorphism|if, o] = g~'¢% € Z(G) and
defineAut.(G) = {a € Aut(G)|[g, o] € Z(G)} which is a normal subgroup ofut(G) [1]. Adney
and Yen in [1] prove that if7 is a purely non-abelian finite group then, there exist a bijection between
Aut.(Q) andHom(G/G’, Z(G)). Also, Jamali and mousavi in [2] prove that(fis a finite group
such thatZ (G) < G’ then,Aut.(G) = Hom(G/G', Z(G)).

Similarly we have the following theorems about absolute central automorphisms [3] :
Theoreml1.3— [3]. LetG be a group such thak(G) is contained inE(G). Then:
Var(G) = Hom(G/E(G), L(G)).

Theoreml1.4— [3]. LetG be a purely non-abelian finite group. Then:
Var(G) = Hom(G, L(G)).

The following result gives a description of the centralizer of the centét iof Var(G).

Corollary 1.5 — LetG be a purely non-abelian finite group. Then:

Var(G) = Hom(G/E(G), L(G)).

PrROOF: By Lemma 1.2 and Theorem 1.4. O

Theorem1.6— [3]. LetG be a group. Then
CVM(G)(Z(G)) =~ Hom(G/E(G)Z(G), L(G)).

Attar in [5] find necessary and sufficient condition that
Auto(G) = Cau @) (Z(Q)).
Similarly in this paper we obtain the necessary and sufficient condition that welhavér) =

CVa’/‘(G) (Z(G>)

Let G be a non-abelian finite-group . Then by assumption:
G/E(G) = Cpar x -+ x Cpay,
whereC,,, is a cyclic group of ordep®, anda; > ap > --- > a3 > 1. Let

G/E(G)Z(G) = Cpy x - x Cpy and L(G) = Cper x --- x Cpom
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whereby > by > --- > b > 1ande; > ---¢,, > 1. SinceG/E(G)Z(G) is a quotient of7/ E(G),
we havel < kandb; < q; forall1 <i <.

2. MAIN RESULT

Theorem?2.1 — Let G be a non-abelian finite-group which is autonilpotent. TheViar(G) =
Cvar(e)(Z(G)) ifand only if Z(G) < E(G) or Z(G) < ®(G), k = landc; < b, wheret is the
largest integer betweehand k such thata; > b;.

PROOF : Suppose thaVar(G) = Cyu @ (Z(G)) and Z(G) £ E(G). We claim that
Z(G) < 9(G).

Assume thatZ (G) is not contained ifb(G). Choose an elemeptin Z(G) such thaty ¢ M for
some maximal subgroup/ of G. ThereforeG = M (g).

Letl # z € O (L(G))N M (by Lemma 1.1). Then the mapdefine onG by a(mg*) = mgkz*
for everym € M andk € {0,1,...,p — 1}, is an absolute central automorphism. By the given
hypothesisy = a(g) = gz, whencez = 1, which is a contradiction. Hencg(G) < ®(G). Since
Z(G) < ®(G), it follows thatl = rank(G/E(G)Z(G)) = rank(G/E(G)) = k andG is purely
non-abelian. Thus (by Corollary 1.5) we ha\iéar(G)| = |Hom(G/E(G), L(G))|. On the other
hand (by Theorem 1.6) we have

Var(G)| = [Cvar)(2(G))| = [Hom(G/E(G)Z(G), L(G))

Y

sinceVar(G) = Cyarq)(Z(G)), therefore
|Hom (G/E(G)Z(G), L(G))| = |[Hom(G/E(G), L(G))|.

Hence

H pmin{ai,cj'}: H pmin{bi,cj}.

1<i<k 1<i<l
1<5<m 1<5<m

Sincea; > b;, forall1 < i < k, we havemin{a;,c;} > min{b;,¢;} forall1 < ¢ < k,
1 < j < m. Hencemin{a;, ¢;} = min{b;,¢;} forall1 <i < k,1 < j < m. SinceZ(G) £ E(G),
there exists somé < ¢ < k such thaty; > b;. Lett be the largest integer betwegmandk such that
a; > by. We claim that; < b;. Suppose that; > b;. Thusb; = min{c;, b} = min{ey, a;}, which
is impossible.

Conversely, ifZ(G) < E(G) then, every absolute central automorphism fi%¢&') (by Lemma
1.2) and sd/ar(G) = Cyar(c)(Z(G)). Now assume that (G) < ®(G), k =l ande; < b, since
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Z(G) < ®(G), G is purely non-abelian and so

[Var(@)| = [Hom(G/E(G). L(@))| = ] ™l
1<i<l
1<j<m

Sinceb; > ¢;, we have
b1 >2by> - 2b1>2by>c1>2c0> >y > 1,

thereforec; < b; < g;foralll < j < mandl <i <t, whencemin{a;,c;} = ¢; = min{b;, ¢;}
forall1 < j <mandl <i <t. Sincea; = b;, for all i > ¢, we havemin{a;, ¢;} = min{b;, c;} for
alll <j<mandt+1 <<t Thusmin{a;,c;} = min{b;,¢;}, foralll <i <k, 1<j<m.
ThereforeVar(G) = Cyqrc)(Z(G))( by Theorem 1.6). O
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