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Let by(n) denote the number dfregular partitions of.. In 2012, using the theory of modular
forms, Furcy and Penniston presented several infinite families of congruences rddéaiudome
values of¢. In particular, they showed that fer,n > 0, bas (32“+3n + 2. 3%+2 _ 1) =0

(mod 3). Most recently, congruences modulo power$ fdr ¢5(n) was proved by Wang, where

¢y (n) counts the number of bipartitior(3.1, A2) of n such that each part of; is divisible by

N. In this paper, we prove some interesting Ramanujan-type congruences modulo poiers of
for bas(n), Bas(n), ca5(n) and modulo powers df for c4g(n). For example, we prove that for

jz1,
) 11-5% 41 )
C25 (52jn + 512+3> =0 (mod 5711,
o 11-7% 425 ;
C49 (72]71 + 12+> =0 (mod 77T
and

bos (326**3 (521, 4 9. 32042 5%—1 _ 1) =0 (mod 3-5%71).

Key words : Congruences; bipartitiong;regular partitions.

1. INTRODUCTION

Let p(n) denote the number of unrestricted partitions of the positive integdn [7], Ramanujan
presented the following generating functions 05 + 4) andp(7n + 5).

e 5. .5\b
vl =5 T @



450 D. RANGANATHA

and
i 7. ,7\3 7. T\
Zp(7n—|—5)q"=7(q 4 )oo +4Qq(q 14" ) 5o

@GOk @GO (1.2)

n=0

where

o0

(@;9)oo = [J(1—ag"), gl <1.

k=0

It follow from (1.1) and (1.2) that
p(bn+4) =0 (mod 5) and p(7Tn+5)=0 (mod 7).
Ramanujan [7] further conjectured that for any integer 1,
p(5jn + 55(j)) =0 (mod 5), (1.3)
p(?jn n 57(j)) =0 (mod 7), (1.4)

where0 < 6,(j) < ¢ satisfies the congrueneed,(j) = 1 (mod #). Ramanujan gave a brief sketch

of a proof of (1.3) in an unpublished manuscript [8]. Ramanujan’s conjecture (1.4) was incorrect and
a corrected version (1.4) was proved by Watson [10] on utilizing modular equation of seventh order.
In fact he proved that ij > 1 andn > 0,

p(72j_1n +07(25 — 1)) =0 (mod 7) (1.5)
and
p(72jn + (57(2j)> =0 (mod 7. (1.6)

By utilizing the classical identities of Euler and Jacobi, Hirschhorn and Hunt [5] and Garvan [4]
gave a simple proof of (1.3) and (1.5)-(1.6), respectively.

Very Recently, Ranganatha [9] proved an analogue of (1.3) for the sequgfce
A5(5an+5a—2> =0 (mod 5%), a1,

where

- (4% ¢°) 19
As(n)q" = ——2=.
2 Aslna" =T
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An /-regular partition is a partition where none of its part is divisiblé byhe generating function
for by(n), which counts the number dfregular partitions of: is given by

- n __ (qé;qf)oo
nz_;)bg(n)q = 7((1; D .7

Using the theory of modular forms, Furcy and Penniston [3] discovered several infinite families
of congruences modul®d for b,(n) where¢ € {4,7,13,19,25,34,37,43,49}. For example, they
proved that for all > 0 andn > 0,

bos (32°‘+3n 423242 _ 1) =0 (mod 3). (1.8)

A bipartition of n is an ordered pair of partitions\;, A2) such that the sum of all the parts of
A1 and )\, equalsn. A bipartition (A1, A2) of n is said to be/-regular bipartition of: if none of the
parts of \; and )\, are divisible by/. The generating function faB(n), the number of-regular
bipartitions ofn is given by

(¢% 4%

(9% (1.9)

> Bi(n)q" =
n=0

Recently, by following the strategy of Hirschhorn and Hunt [5], Wang [11, 12] established several
infinite families of congruences modulo powerssdbr b5(n) and Bs(n). In recent days, a number
of mathematicians studied the congruence propertie$,for) and B,(n). For example, see the
references listed in [11, 12].

Let cx(n) denote the number of bipartitioid;, A2) of » such that each part o is divisible by
N. Then the generating function fog (n) is given by

= 1
en(n)g™ = ) 1.10
ny{) win)e (¢ @)oo (a3 0" ) o (1.10)
Congruences foey(n) modulo powers of8 was proved by Chan [1] and modulo powers5of
was proved by Chan and Toh [2] and Xiong [13]. Soon after, Liu and Zhang [6] discovered several
infinite families of congruences modulofor ¢5(n). Most recently, Wang [12] established several
Ramanujan-type congruences modulo powersfof c5(n).

In this paper, we prove Ramanujan-type congruence&§dn), Bas(n), ca5(n) modulo powers
of 5 and forey9(n) modulo powers of. The main results of this paper can be stated as follows:
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Theoreml.1— For j > 1 andn > 0, we have

Cas (52j1n + 752]1_21“3> =0 (mod 5’) (1.12)
and
cos <52jn + H5i;+13> =0 (mod 5. (1.12)
Theoreml.2— For 5 > 1 anda,n > 0, we have
bos (5jn +5 — 1) =0 (mod 5), (1.13)
Bos (5% 45— 2) =0 (mod 5) (1.14)
and
bos (32a+3 5%=1. g 9. 2042 521 1) =0 (mod3-5%1), (1.15)
Theoreml1.3— For j > 1 andn > 0, we have
49 <72j_1n + 572J121+25> =0 (mod 7) (1.16)
and
C49 <72jn + 117?2”5) =0 (mod 7). (1.17)

2. PRELIMINARIES

In this section, we collect number of lemmas which are essential in the proofs of main results of this
paper. Ley(q) = > o2 gng" inthe annulu® < |¢| < k, wherek > 1 or +o0. In [5], Hirschhorn

n—

and Hunt introduced the “huffing” operatéf modulo5, that is,

o0
Hg= > gsng™

n=—oo
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and proved that

= im(y‘, kyu*, (2.1)

whereG := G(q) = q4(q;q()q 7EI(12)5 )5, U = u(q) W and the matrix}/ = {m(37 >}j7 k>1

is defined as follows:
The first five rows of\/ are

5 0
10 125 0
375 3125 0
550 12500 78125 0

500 25000 390625 1953125 0

and forj > 6, m(j,1) = 0 and fork > 2,
m(j, k) =256m(j — 1,k —1)+25m(j —2,k— 1)+ 156m(j — 3,k — 1)+ 5m(j — 4,k — 1)
+m(j—5,k—1).
By induction, we can show that(j, k) vanishes for allj greater tharsk and less thaw, that is,

m(j,k)=0 for j>5k+1 or j<k-—1. (2.2)
Lemma2.1 — ([5, Lemma (2.9)]). Foj > 1, we have

H(G%) Zm 67,7 + k)ud~ (2.3)
k=1

In view of (2.1) and (2.2), we have the following lemma.

Lemma2.2 — Forj > 1, we have

oo
H(GYH2) =Y "m(65 + 2,5 + k)", (2.4)
k=1

Let 75(n) (respectivelyr;(n)) denote the power &f (respectivelyr) in the unique prime factori-
sation ofn > 2. For convention, we let;(0) = 77(0) = 4+o00. The following lemma was proved by
Hirschhorn and Hunt [5].
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Lemma2.3 — ([5, Lemma (4.1)]). Foj, k£ > 1, we have

5k—j—1]

s (m(3, k) 2 [ :

The “huffing” operatorH, modulo? is defined as follows.

(o)
Hog= Y gmq™
n=—oo

In [4], Garvan discovered the following lemma.

Lemma2.4 — ([4, Lemma (3.1)]). Fof = 1, we have
Ho(¢77) = m'(j, k)T,
k=1

where
(4 9)oo P (TS
7*(q*;¢%) oo’ q"(¢*;¢*)4

and them/(j, k) are as defined in [4, pp.318-319].

&=

Lemma2.5 — We have

m'(j,k) =0 for j>4k or k>2j+1.

As this can be easily proved by induction, we omit the proof.
Lemma2.6 — ([4, Lemma (3.4)]). Fof > 1, we have
Ho(¢Y) =) m/(4j,j+ k)T,
k=1
The following lemma follows from (2.6) and (2.8).
Lemma2.7 — Forj > 1, we have
Ho(6972) =) " m/(4j + 2,5 + k)T 77",
k=1
Lemma2.8 — (4, [Lemma (5.1)]). For any, & > 1, we have

o (m' (. k) > [7’“‘2]‘1] .

4

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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3. CONGRUENCESMODULO POWERS OF5 FOR ¢25(n)

In this section, we prove the Theorem 1.1.

We define the matrid/; = {a(j,k)};, r>1 as follows:
a(l,1)=5 and a(l,k)=0 for k>2
and

, > a(j,i)m(6i,i + k), if j is odd,
o+ < | EErat i+ b

Yoy alg, i)ym(6i+ 2,0+ k), if 7 is even.

Theorem3.1— For j > 1, we have

o > (o @]
, 7-5%-1413 1
Cos 52]71771 I qn+1 - - a(2j -1, k) . u75k . G6k
nzz;) ( 12 (0% ¢°)3 ;

and
00 ; 00
) 11 - 52] +13 (q25. q25)4
27 n—2 __ ) o) . L., —0k—=1  6k4-2
ngzo 25 (5 n+ — 13 ) qi = o kg_l a(2j,k) - u G°"Te.

PROOF: Setting/N = 25 in (1.10), we see that

o0 1
cos(n)g" = ——5 uTl -G,
HZ:O (g% ¢%)2,

In view of operatorH, we have

n=0

= -1, -1 50,25, 25\4
ZCzﬁ<5n+4>q5”+5=H<(“ ¢ ); y o H(G) = )

455

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

Replacingg® by ¢ in (3.5), we see that (3.3) holds fgr= 1. Suppose that (3.3) holds for some
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Applying operatorH on both sides of (3.3) and then using (2.3), we obtain

11-5% +13 1
27 5n—+5 . 5k 6k
E Co5 (5 In + 12 )q =H ((q5;q5)2 E a(2j — 1, k) - U -G )

(B P2
(0% 4°)% =

jR— il ‘
= Y a(2j = Lk " m(6k,i + k)u®t
(0% ¢°)% = s

P ZZ (2 — 1, k)ym(6k,i + k) -
=1 k=1

1 o q5(q25;q25)6 ¢
= 2 20| s |- (3.6)
(q5,q5)§o; ( )< (@ @)%

Replacing;® by ¢ in (3.6) and then utilizing the definitions afandG, we can rewrite the resulting
identity as

11 - 52] + 13 e 25; 25 go 0 o i ;
ZCQ5<5 in + G )q QZWZG(QJ,Z)'U siml . qbit2, (3.7)
TE00 =1

Applying the operatofd on both sides of (3.7) and then using (2.4), we deduce that

oo i
, 752+ 113 (* )% , ,
27+1 5n __ ) oo —5i—1  ~6i+2
E 025<5 n+—12 q = q q E (27,1) G

n=0 =1
(¢%; ¢®)2 > . .
_ q ’q 0 Za(2j7 Z) . ufEnfl . H(G61+2)
(@)% =
( = 4
_ ,q oo Z a(24,4) —5i—1 Zm(& 12 k4 Z-)u5z+2—k
=1
o0 oo

_sza@j,) (61 +2,k +i)u' "
*© k=1i=1

k-1

5(,25. ,25\6

4549 ) T4 549 )
e W] (o= B

(%)% = (>:¢°)%

Changingg® to ¢ in the above equation and then employing the definitions ahd G in the
resulting identity, we see that (3.3) holds fo#- 1. This completes the proof of (3.3). The proof of
(3.4) follows from (3.3) and (3.7). O
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Lemma3.2 — Forj > 1 andk > 1, we have

m5(a(2j —1,k)) > 5+

(3.8)

S5k —5
2

and

m5(a(2), k) = j+1+

5 (3.9)

5k—5]

PROOF: Sincers(a(1,1)) = 1 andns(a(l, k)) = oo for & > 2, we have (3.8) holds foi = 1.
Suppose that (3.8) holds for somieFrom (2.5) and (3.2), we have

5(a(27, k) :W5(Z a(2f —1,i)m(6i,i + k))

i=1

= min{ms(a(2j = 1,4)) + m5(m(6i.i + k))}

i d i [P PR =i
=B 2 2
5k — 2 5k —5
>j+ 2]Zj+1+ 2]. (3.10)

Again in the view of (2.5) and (3.2), we have

ms(a(2 + 1,k)) :7r5<z a(2j,d)m(6i + 2,7 + k:))

i=1

= min{ms(a(2j,6)) + w5 (m(6i + 2,0 + )}

> mi 14 5% — 9 5k —i—3
=20 2 2
. — . 5k —5
2jtlt | ——|2i+1+ | ——|
which implies that (3.8) holds foi + 1. Proof of (3.9) follows from (3.8) and (3.10). O
Lemma3.3 — Forj > 1, we have
a(2j —1,1) =271 .57 . 11971 (mod 5/72) (3.11)

and

a(2§,1) =13-2971 .57t 11971 (mod 573). (3.12)
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PROOF: By (3.2), we have

a(2j +1,1) =a(2j,1)m(8,2) + > _ a(2,i)m(6i + 2,i + 1), (3.13)
=2
a(2,1) =a(2j — 1, 1)m(6,2) + Y _a(2j — 1,i)m(6i,i + 1). (3.14)
=2

In view of (2.5), (3.8) and (3.9), we find that

<;a (27,1)m(6i + 2,7 + 1)) Zrznz%l {775(a(2j,i)) + m5(m(67 + 2,4 + 1))}
5i2_5] + [2;1} >j+3 (3.15)

(;a j — 1,4)m(6i,i + 1)) > min {7T5(a(2j —1,4)) + m5(m(6i,i + 1))}

>m1n{j+1+

and

5 —5 4—i
> j > . .
_rln>1£1{]+ 5 ]+ 5 ]}_]+3 (3.16)
From (3.13) to (3.16), we deduce
a(2j +1,1) =a(24,1)m(8,2) (mod 5/73), (3.17)
a(2j,1) =a(2j — 1,1)m(6,2) (mod 573). (3.18)

From these two congruences, we have

a(2j +1,1) =a(2j — 1,1)m(6,2)m(8,2) = 13860a(2j — 1,1)
=2-5-11-a(2j —1,1) (mod 573)

and sincex(1, 1) = 5, by induction, we obtain (3.11). From (3.11) and (3.18), arrive at (3.12)0

Theorem 1.1 now follows from Theorem 3.1, (3.11) and (3.12).
4. CONGRUENCESMODULO POWERS OF5 FORbas(n) AND Bas(n)

To prove our Theorem 1.2, we need the following results whose proofs are analogues to that of
Theorem 3.1 and thus proofs are omitted.
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Theorem4.1— For j > 1, we have

S bos (5% 50— 1)q"+1 = a(i, k) - GO, (4.1)
n=0 k=1
where
a(l,1) =5, a(l,k)=0 for k>2 and a(j + 1,k) = Za m(6i,7+ k). (4.2)
=1
Theorem4.2— For j > 1, we have
> Bas <5jn+5j . ) el Zd k) - uok . ok (4.3)

n=0
where

d(1,1) = 10, d(1,2) = 125, d(1,k) = 0 for k > 3andd(j + 1,k) = Zd;, m(6i,i + k).

(4.4)
Lemmat.3 — Forj > 1 andn > 0, we have
bas <5jn + 57 — 1) =5/ -137"1 . bys(n) (mod 5/11) (4.5)
and
Bos (5jn 50— 2) —2.5/ .13 bys(n)  (mod 5. (4.6)
PROOF: Using (2.5) and by induction ofy we can show that
. . 5k —5
m5(a(j, k) > + 2] 4.7)
and
ws(d(g ) 25+ | 2 5] Cfor Gkl (4

From (2.5) and (4.7), it follows that

5 ( > alj, iym(6i,i + 1)) > 1;112151{7T5(a(j, k)) + m5(m(6i,i + 1))}

<o)

>j + 3. (4.9)
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In view of (4.2) and (4.9), we have

a(j+1,1) = 315a(j,1) (mod 573). (4.10)

Because:(1,1) = 5, from (4.10) and by induction ojy we find that

a(j,1) =5 1371 (mod 571).
Applying the above congruence in (4.1), we obtain

> , , o (%) o

> by (5Jn +5 — 1)q" =5 .13y 0. g0 =57 13771 (7)600 (mod 57T1). (4.11)
95 9)

n=0

Since(q; ¢)2, = (¢°;¢°)o (mod 5), we have

— j j j j—1 (q25'q25)00 j j—1 - +1
D bos (5311 +5 — 1)q” =5 .13, W =5 13713 bys(n)g"  (mod 571,
n=0 ) 1/00 n=0

(4.12)

which implies (4.5). Proof of (4.6) follows in a similar way, except that in the place of (4.2) and
(4.7), (4.4) and (4.8) are used, respectively and the nunatdgrs) satisfies the congruendgj, 1) =

2-57.13971 (mod 57+1). )

Now, congruences (1.13) and (1.14) follow from (4.5) and (4.6), respectively. Chandng
25 — 1 andn to 329+3 . n + 322+2 _ 1in (1.13), we deduce that

b25 (52j—1 . <320¢+3 n 4 3204+2 o 1) 4 52j—1 _ 1) =0 (mod 52]'—1)’

which is same as

) 52—1 _ 9 .
bas (32a+3 : (5%—1 n+ f) +2.3%+2 _ 1) =0 (mod 5%}, (4.13)

If we replacen by 5%~1 . n + % in (1.8), we obtain

2043 2j—1 521 —
b25 3 . (5 J -n+ 3

72) 4232042 1) —0 (mod 3). (4.14)

Finally, congruence (1.15) follows from (4.13) and (4.14). This completes the proof of Theorem
1.2.
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5. CONGRUENCESMODULO POWERS OF7 FOR c49(n)

In this section, we prove Theorem 1.3. We first define the mattix= {g(j, k) };, x>1 as follows:

9(1,1)=7, ¢(1,2) =49 and g(1,k)=0 for k>3 (5.1)
and
=190 di,i+k if 5 is odd,
S = [ S et i b, )
Yo gl im! (4i + 2,0+ k), if 7 is even.

In view of (2.8), we note that the summation in (5.2) is indeed finite.
Theorem5.1— For j € N, we have

5-7%-1 4925\ 1 . N
2049<72] oy 2 )q Hszg(?J—Lk)'Tk'f " (5.3)

12 5 =]

and

11-7% 425
2049 <72Jn 12 )qn% RO q49 ) Zg (2, k) g, (5.4)
105 k=1

PROOF: We proceed by induction on SettingNV = 49 in (1.10), we have

[e.0]

n)qn+2 = (q4911) e (5.5)

n=0

Extracting the terms involving”™ on both sides of (5.5), we obtain

o0 1 47 (% ¢49) M4 (g4; g19)8
ZC49(7n+5)q7”+7: 19. 4912 <7 g T 49 s | (5.6)
= (@ ¢*)% (@":4")5 (¢754")5%

Cancellingg” on both sides of (5.6) and then replacifigby ¢, we see that (5.3) holds fgr= 1
Suppose that (5.3) holds for someApplying the operatof, on both sides of (5.3) and then using
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(2.9), we obtain

oo . o
, 11-7% 425 1 ‘ )
2 e (72]" " 12) = > 925 =1, k) - Ho(T" - £*)
n=0 )

0 k=1
1 > , -
ZWZQQJ—M)-H&T’“& )
q ’q onzl
I & .. > , .
:WZQ(%—Lk‘)'Tk-Zm’(élk,z—i—k)T k
CALS ZZg (2j — 1, k)ym’ (4k, i + k)T~
i=1 k=1
1 o q7(q49,q49) ’
=7 2,0\ | 5.7
(q",q")3 ;g( ’ )< (¢"d")% &7

Replacingq” by ¢ in the above equation and then employing the definitiong ahd 7" in the
resulting identity, we find that

o .
1179425 ,
2 0 — E { 4i42

71230049 (7 Tn + 12> = OIS 9(2j,4) - T - €~ 1i+2), (5.8)

Again applying the operatadiiy on both sides of (5.8) and using (2.10), we deduce that

oo .
5-7% 425 '
Z C49 <72J+1 12) q7n+7 49 49 2 Zg 2]7 HO TZ 5 (4’L+2))

n=0

:W Z 9(24,7) - T* - Ho(€~ 42y

49 79)2 292], Zm 4Z+2k+Z)Tzk
k=1
q%; 492 ZZQ 27,1) 4k:+2]+k)T—k
°° k=1 i=1
k
L 0" (¢*; ¢*)2
NG ; (a"q")4

Changingg” to ¢ in the above equation and then applying (2.7), we obtain

oo . 0o
. 5. 72]+1 + 25 1 ' B
E C49 72+, 4 — qn+1 — W E :g(2j + 1,/<7) .k Ny (4k+2)
n=0 q ’q o0 k=1
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This implies that (5.3) holds fof + 1. This completes the proof of (5.3). The proof of (5.4)
follows from (5.3) and (5.8). a

Lemmab.2 — For allj, k € N, we have

m7(9(2) — 1,k)) > 7+ (5.10)

Tk—T7
4

and

m7(9(24,k) > j+1+

%;7l (5.11)

PROOF: Sincen;(g(1,1)) = 1, m7(g9(1,2)) = 2, andm;(g(1,k)) = +oo for k > 3, we have
(5.10) holds forj = 1. Suppose that (5.10) holds for somerrom (2.11) and (5.2), we have

m7(9(27, k) —7T7(Zg 25 — 1,4)m’(4i z+k)>

> min{mr(9(2j — 1,9)) + mr(m/ (44,5 + k))}

}

7=
4

Tk—i—1
4

m—7]

>m1n{j—|—

121

(il
| 27

>
J+ 1

(5.12)

Again in the view of (2.11) and (5.2), we have
m7(9(2) +1,5)) =W7(Zg(2j,z‘>m’<4z‘ +2,i+k))
>m H{7r7( (237 7’)) +7T7(m/(42+2,2+k‘))}
Ti—7 n Tk —1i—5
4 4
Tk —6 _ Tk —7
1 >7+1+

4] , (5.13)
which implies that (5.10) holds fgr+ 1. This completes the proof of (5.10). Proof of (5.11) follows
from (5.10) and (5.12).

>m1n{j+1+

>j+ 14

Lemmab.3 — Forj > 1, we have

g(2j —1,1)=2"1 .77 (mod 7T1) (5.14)
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and

9(25,1) =271 . 5. 79t (mod 77 1?). (5.15)
PrROOF: By (5.2), we have
. . / .. . . . / ..
7r7<;9(23 —Li)ym/ (4,1 + 1)) = min {777(9(27 = 1,4)) + m7(m'(4i,i + 1))}

7i;7]+ 6””2]42 (5.16)

i>2 4

> min {j +
and

7 (Zg@j, iym' (4i+ 2,7 + 1)) > min {71'7(g(2j, i) + mr(m!(4i + 2,4 + 1))}

1>2
=2
i-T| (2
4 4

9(27,1) = g(2j —1,1)m'(4,2) (mod 77 72), (5.18)
g(27 +1,1) = g(24,1)m'(6,2) (mod 7T2). (5.19)

Zm>i§1{j+1+ }2j+2. (5.17)
12

Using (5.16) and (5.17) in (5.2), we see that

Therefore,

9(2j +1,1) =m/(4,2)m’(6,2)g(2j — 1,1) = 15498¢(2j — 1,1)
=149(2j — 1,1) (mod 7 *?2). (5.20)

From (5.20) and by induction of, we deduce (5.14). In view of (5.14) and (5.18), we have
(5.15). O

Theorem 1.3 follows from (5.1), (5.14) and (5.15).
ACKNOWLEDGEMENT

The author would like to thank Prof. Chadrashekar Adiga for his advice and guidance. The author
also thankful to UGC, New Delhi for awarding UGC-BSR Fellowship, under which this work has
been done.



10.

11.

12.

13

RAMANUJAN-TYPE CONGRUENCES MODULO POWERS GFFAND 7 465

REFERENCES
. H. -C. Chan, Ramanujan’s cubic continued fraction and an analog of his “most beautiful idelntity”,
J. Number Theory6 (2010), 673-680.

. H. H. Chan and P. C. Toh, New analogues of Ramanujan’s partition idenitiedymber Theoryl130
(2010), 1898-1913.

D. Furcy and D. Penniston, Congruences fgegular partitions modul8, Ramanujan J.27 (2012)
101-108.

F. G. Garvan, A simple proof of Watson’s partition congruences for powefsbfAustral. Math. Soc.
(Series A)36(1984), 316-334.

M. D. Hirschhorn and D. C. Hunt, A simple proof of the Ramanujan conjecture for pow&rgdoReine
Angew. Math.326(1981), 1-17.

J. Liuand A. Y. Z. Zhang, Arithmetic properties of a restricted bipartition functitiectron. J. Comb.
22(2015), P3-P8.

S. Ramanujan, Some propetiegéf), the number of partitions of, Proc. Cambridge Philos. Sqd.9
(1919), 207-210.

S. RamanujariThe lost notebook and other unpublished pap&rosa, New Delhi, (1988).

D. Ranganatha, On a Ramanujan-type congruence for bipartition§wihes J. Integer Sequencekd
(2016), Article 16.8.1.

G. N. Watson, Ramanujans Vermutuilger Zerllungsanzahlen]. Reine Angew. Mathl179(1938),
97-128.

015-9767-8.

L. Wang, Congruences modulo powerssdior two restricted bipartitiondgRamanujan J.(2016), DOI
10.1007/s11139-016-9821-1.

. X. H. Xiong, The number of cubic partitions modulo power$pSEci. Sin. Math.41(2011), 1-15.

L. Wang, Congruences férregular partitions moudlo powers &fRamanujan J.(2016), DOI 10.1007/s11139-



