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We consider Monge-Kantorovich optimal transport problem®6nd > 1, with a convex cost
function given by the cumulant generating function of a probability measure. Examples include
the Wassersteiftransport whose cost function is the square of the Euclidean distance and corre-
sponds to the cumulant generating function of the multivariate standard normal distribution. The
optimal coupling is usually described via an extended notion of convex/concave functions and
their gradient maps. These extended notions are nonintuitive and do not satisfy useful inequali-
ties such as Jensen’s inequality. Under mild regularity conditions, we show that all such extended
gradient maps can be recovered as the usual supergradients of a nonnegative concave function
on the space of probability distributions. This embedding provides a universal geometry for all
such optimal transports and an unexpected connection with information geometry of exponential
families of distributions.

Key words : Optimal transport; exponentially concave functions; information geometry; expo-
nential families.

1. INTRODUCTION

Fix d € N, whereN is the set of natural numbers. Fix a Borel probability meaggren R%. This
will be called the base measure. For anyintegrable functiory, we will denote theg:, expectation
of f by uo (f(x)) or uo(f). Let Ag denote the cumulant generating functiorygf That is, for any
0 € R?, we have

Ao(0) = log po <e<9’x>) .

We will throughout assume that its domain is the entire spacedom(Ag) = R,
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It is well-known thatA is a convex function, which is strict whenever the suppouiois not a
singleton. Moreover)(0) = 0. Ford, ¢ € R%, we define aost functioron R? x R? given by

c(0,v) := Ao(0 — ) = log po (ewﬂbm) .

SupposeP and( are two probability measures @®f. LetII(P, Q) be the set of couplings of
(P,Q), i.e., the set of joint probability distributions @&f x R¢ whose first marginal i$> and the
second ig). Consider the Monge-Kantorovich optimal transport problem of transpaRitay) with
coste. That is, we find the minimizer in the optimization problem

ReIg[l(iIIDl, o R[Ao(0 = )], (0,9) ~ R. 1)

The optimal couplingR, if exists, is said to solve the Monge problemifis a deterministic
function of#, R almost surely. Let us consider two known examples.

Examplel : Letuo ~ N(0, ) be the standard Gaussian distributionRsh In this casepq(6 —
¥) = ||6 — v||* /2 and the optimal coupling betweegn and @ is the well-known Wassersteihor
Wo coupling.

Example2 : Lete;, i € [d], be the standard basisiRf. Additionally, lete, denote the zero vector
in R?. Let 1o denote the probability measure that puts miggg + 1) at eache;. That is, if§ refers
to the unit Dirac delta mass, then

ThusAg(f) = log |1+ Zle e"f} — log(d + 1). The corresponding optimal transport problem
has appeared recently in [5-7] in connection with portfolio theory and information geometry.

The modern theory of optimal transport is a vast area with important applications in analysis,
geometry, and probability. We refer the reader to the book [1] for an introduction.

We now describe the solution to the optimization problem (1) as done in [4]. The optimal coupling
can be described by an extension of the usual notion of concavity that we describe below. See, for
example, [1, Definition 1.8 and eqn. 1.3, Chapter 1].

Definition1 — A functiont : R? — R U {—oc0o} is said to be\q concave if

Y(z) = inf [Aog(z —y) — p(y)]

yeRd
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for somep : RY — R U {—o0}. TheAq superdifferential of a functiogy : R? — R U {—cc} at a
pointd € R? is given by the set of point®, y) € R? x R such that

(V) < PY(B) + Ag(v —y) — Ag(0 —y), forallv e RY

The set of Aq superdifferential pairg6,y) of ¢ will be denoted byd“ow. In particular,
y € 0™ (9) will mean (0, y) € 9Moqp.

Define theA-transform (or, conjugate)” : R? — R U {—oo} by

¥(y) = inf [Ag(z —y) — ¥(z)]. )

zERY

Then,° is dual Ay concave, and)(9) + ¢°(y) = Ag(0 — y) if and only if (6,y) € 040y, See
[1, Section 3.1] for more details.

The following theorem is taken from [1, Theorem 1.13, Chapter 1] where it is referred to as the
Fundamental theorem of optimal transport

Theorem1 — For a joint distribution R € TI(P, Q) to be optimal for the minimization problem
(1) it is sufficient that there exists/& concave function) such thatmax(w, 0) is P integrable and
the support ofR is a subset 0§*9+). The above is also necessanAif is bounded below.

In our contextAg is bounded below by zero if the meanaf is zero.

Although these extended notions of concavity and superdifferentiability gives us a theoretical
picture of the optimal coupling, they can be nonintuitive and do not satisfy useful inequalities satisfied
by the superdifferentials of ordinary concave functions. However, in this article we show that they
can all be embedded as superdifferentials of an actual concave function on the space of probability
distributions that are absolutely continuous with respegito

To understand the idea, one first needs to noteRHatself corresponds to a space of probability
distributions; as parameters of the natural exponential family of probability distributions with base
measureug. For examplef — N(6,1) embedsR? as the mean of a normal distribution. This
corresponds to Example 1. Hence, if we consider the convex set of all probability distributions that
are absolutely continuous with respectNq0, I), we have an embedding & into that set. What
we show is that there exists a concave function on this convex set of probability measures whose
superdifferentials (taken in the usual way) are also probability measures that are members of the
same exponential family. The parameters of these superdifferentials recover the optimal coupling for
problem (1).
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This idea is closely related to our work [6] where we describe this result only for Example 2. It
leads to a new information geometry based on the conceptdiwergence that extends the classical
information geometry of Kullback-Leibler divergence (that corresponds to Example 2). See [2] for an
introduction to information geometry. | expect a similar consequence for this general construction.

2. PRELIMINARIES

2.1 Natural exponential families

We now define the exponential family of models with base measgir&ee [2] for more details and
historical references. Lét/; := M; (Rd) be the space of Borel probability measuresiin

Definition2 — For every € R?, defineuy by the exponential change of measure

dpg
O (z) = — Ao(0)).
W () = exp (0.) = hol0)
Thenpy € M; (RY) and the collectior 119, 6 € R?} is called the natural exponential family of
models with base measusg.

For example, when the base measure is the multidimensional standard normal, forthay
probability measure.y is the multidimensional Gaussian law with meaand identity covariance.
Now, consider the exponential family generated.dgyin Example 2. For any € R?, notice thatuy
is still supported on the discrete set;, i =0,1,...,d}. The mass it puts on; is proportional to
exp ({0, e;)). Thus,

efi 1

o (e) = ——— fori=1,2,....dand pp(eq) = —
' 1+ Z;‘i:l efi 1+ Z?:l efi

As 6 varies inR? the natural exponential family corresponds to the open unit simplex of dimension
d (i.e., with(d + 1) coordinates).

Lemma2 — For anyd, v € R, we havelog g (7)) = Ag(y + ) — Ag(6).
PROOF: By a change of measurig g (e07%)) = log pig (eX+7%)) — Ag(6). )
2.1 Topological preliminaries

To perform convex analysis on the infinite dimensional space of probability measures we require a
proper locally convex topological vector space (LCTVS). Jkéi(Rd) be the space of all finite signed
measures oR? which have finite exponential moments of all orders. #ar M (R?), we will follow

the usual notation of denoting oy, v, and|v|, the positive part, the negative part, and the absolute
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value (or, variation) of the signed measweFor: € [d] := {1,2,...,d} andj € NU {0}, define
the set of functions from/, (R%):

pg-i)(l/) = |y| (eﬂx"') , veEV.

Consider the vector spageof elementss in M (R¢) such thatpy)(y) < oo for everyi € [d]
andj € N. We now define a locally convex topology dh

J
induces a locally convex Hausdorff metrizable topologyomn this topology, we havBm,, .., v, =

Lemma3 — The family(p@, iel[d,j> 0) is a collection of seminorms that is total. Hence, it

v if and only if
lirglo |V (ew’x)) = |y| (e<9,x)> , V6OeRY (3)

n—
Hence, when each, is a probability measure, convergence in this topology is equivalent to the

convergence of all exponential moments.

PrRoOF: It is obvious that every;E.i) is a seminorm. In fact, it is a norm, and thus, the family
is total. Therefore, there is a corresponding locally convex Hausdorff topology which is the small-
est topology under which eaqiﬁi) is continuous. The topology is metrizable since the family of
seminorms is countable.

We now show (3). To see thanly if part, consider somg € R? and letj := [||0||,]. Then
d
0 < 02 < gimaxilai| < Zeﬂmh'
i=1

Thus the function — |v| (e!%*)) is continuous in the locally convex topology constructed above
which gives us thenly if part.

For theif part, fixi € [d] andj > 0, and defin@™ = je; andd~ = —je;. Now,
ej\x|i < €<9+’x> +6<9*,z>’
whereby convergence of the right side gives convergence of the left. O

We shall call this topology¥'. Consider the dual spadé of all linear £ continuous functions
on V. Equip V* with the weak* topology€*. This gives us a pair of locally convex topological
vector spaces$V, V*) such that ifv € V andh € V* then the bilinear functionh,v) := v(h) is €
continuous oY and&* continuous orV*.

It follows from (3) that the function: — ¢{?), for any# € R?, can be thought of as an element
in V*. We will use this identification without further remark.
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3. EXPONENTIALLY CONCAVE FUNCTIONS AND Ay-CONCAVE FUNCTIONS

Let 2 be a convex subset df/;. We generalize the definition of exponentially concave functions
from [5, 6] where the reader can find more references and applications to various other fields.

Definition3 — A functiony : Q@ — R U {—oo} will be called exponentially concave ékp ()
is a nonnegative concave function on the convexXXseéh particular,yp is itself concave.

Consider the base measurgand letQ, denote the convex set of probability measureRéthat
are absolutely continuous with respeciip Let o denote an exponentially concave function{an
We will throughout assume thatis proper and is continuous in the interior of its effective domain,
which is non-empty. By [3, Proposition 5.2], at anys the interior of the effective domain, the set
of superdifferential®y(u) is non-empty. Consider one such point €2 and lety* € V* be an
element in the superdifferenti@lp ().

Note that, sincé), is a set of probability measures, the set of superdifferentials is closed under
addition by a constant. Thus if we replageby p* := p* +1— (u*, 1), then the latter is an element
in dp(p) and satisfie:{;?, ,u> = 1. To keep our notations simple, we will assume that, ) = 1.
We will throughout use this normalization.

Our next lemma shows that supergradients of exponential concave functions can be expressed in
terms of a probability measure. This generalizes [7, Proposition 5] where it is shown for the unit
simplex (Example 2).

Lemmad — There exists an element= 7 (u) € 2y that induceg:* in the following way:
d
(W* V) = <”> . forally < p. (4)
dp

We will denotey* by dn/du in view of the above lemma. Consistent with the terminology
developed in [7, 6] we will call the map : 2y — Qg to be a portfolio map generated by

PROOF OFLEMMA 4 : Let® = exp (). Then® is a nonnegative concave function 8 and
O(pu)p* € 0P(n). Consider € Q. Since® > 0 and concave, fob < ¢ < 1, we get

—®(p) < (p+t(v—p) = () < (R, t(v — p)) =t () (W*, v — p). ()
Since® (1) > 0, we divide both sides by it and take 1 to get

<M*’y> > <:U’*7:u>_1:07 (6)

due to our chosen normalization.
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Consider the space of continuous functions supporte@gn:= {z : |z|| < K}. Letg be
one such function such that> 0 andx(g) = 1. Then defingu, € Qo by the change of measure
dpg/dp = g. Consider the mag — I'(g) := (u*, ug). It can be extended to all continuoys
supported orBg by using linearity. Since all our functions are supported®p, uniform conver-
gence of functions imply convergence in hépology for the corresponding sequence of probability
measures. ThuE is a continuous map in the uniform topology that takes nonnegative functions to
nonnegative values by (6). By the Riesz representation theorem, there exists a nonnegative measure
g such thaf’(¢g) = mx(g). Consistency oveK gives us ar whose restriction tdy is mx. That
7 is a probability is due to our normalization. This shows (6):foe 1., for all bounded continuous
g. Generalization to non-continuoyswith bounded support follows by uniform continuous approx-
imation. If g has unbounded support, consider a collection of increasing Borel gnaps N, such
thatlim; .., g; = g. By monotone convergence theordiny; . 114, = 114 in the £ topology. This
proves (4) for al < . O

We now consider a special class of exponentially concave functiong: LB — [—oo, 00) be
a measurable function. Defigeon 2y by

e(n) = jn, [logp (¢=07) —h(@®)] . we . ™

Clearly, ¢ is exponentially concave. Our next result connects exponentially concave functions
with Ay concave functions. Recall the natural exponential family with base meaguidotice that
the natural exponential family with base measugés a subset o).

Theorem5 — Considery from (7). Define the function : R¢ — R by
Y(a) = ¢(pa) + Ao(a), aeR (8)

Thensy(-) is Ay concave orR?. Conversely, suppose that\a concave function) is given. Lety°
denote itsAy conjugate. Define an exponentially concave functiofgrby

#(n) := inf, [logu (e’w’”) - wo(e)] . HEQ. 9)

Then, for alla € R¢, we have
P(pa) = (@) = Ao(a). (10)
PROOF: The first part follows by direct evaluation. For anyc R¢, we have
#(ta) = lnf, [log o (e‘w’x)) - h(9)}

= eiélFfd [Ao(a = 0) = h(0)] — Ao().

(11)
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Thusy(a) = ¢(ua) + Ao() satisfies the representation in Definition 1. The converse is a
consequence of (11) replacingoy °. O

We now show that thé, gradient ofy is related to the portfolio map af. Let (V,V*) be any
pair of LCTVS and its topological dual. For eaglin some collectior®, let f, : V' — R be a proper
concave function. Consider the proper concave fundiior/ — R given by F(v) := infgcg fo(v).
Let 9f(u) refer to the set of superdifferentials of a concave funcfiat a pointu.

Lemmab — Foruvg € dom(F), dfp(vo) C IF(vy), for anyf such thatF'(vg) = fp(vo).
PrROOF : The proof is trivial. Pick any; € 0fyg(vo) and any other: € V. Then, by the
superdifferentiability off, we get
F(u) < fo(u) < fo(vo) + (vg,u —vo) = F(vg) + (v5, u — vo) .
Varyingu € V proves the claim. O

Theorem7 — Consider the exponentially concave function (9). &oe R?, let§ be an element
in R? such that(a, §) € 9*01. Then, there exists an elemerit € V* such thai?, is a supergradient
of p at uu,, and for anyv € V, we have(i),, v) = v (ho(z)), where

ha(z) := exp (= (0, ) — Ao(ar = 0) + Ao(e)) .-

In particular, the probability measure,, := 7 (1o ) in Lemma 4 is given by, .

PROOF: We apply Lemma 6 to the choicey(u) = log i (e=%%)) — ¢2(6), 6 € R?. By (10)
and the assumption thét, #) € 940, we have

? (o) = ¥(0) = Ao(a) = Ao(a —0) — Ao(a) — ¥ (0)
—log pta (€70 ) = 4°(6) = fo (11a)

The first equality in the second line in the above display is due to Lemma 2. From (9) we get
o(u) = infy fo(p). However from the above display, we also g&f..) = fo(ua) for each(a, 0) €
oMoy,

By Lemma 6, it is sufficient to show the existence of the superdifferential with the claimed prop-
erties for fy. In fact, we find the @teaux derivative ofy at u,. To do this, fixv € Qy and consider
the family of probability measurgs(t) = (1 —t)uq +tv, for0 < t < 1. Clearly(0) = po. We are
interested in the limit:

Jo(u(t) — folpa) d

t—0+ t o % t=0+

log [u(t) (exp (= (0, x)))] .
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The last expression, via differentiation within the expectation, gives us

v (exp (= (0,7)))
pa (exp (— (0, 7))

That proves thaf, is Gateaux differentiable at,, with the above derivative.

—1=v(ho(z)) — 1.

Notice thatu, (ha(z)) = 1 by Lemma 2. Hence (hq(x)) — 1 = (v — pa) (ha(x)). Since
t — fo(u(t)) is concave, we also get the following expression of a supergradient:

fo(v) < folpa) + (v = pa) (ha(2)) -

By Lemma 6 this proves the claim regarding the existence of the supergradieritaf,. The
formula forr,, follows immediately from the Radon-Nikodym derivative

T (@) = hao),

and an application of Lemma 4. O

Thus the parameter of the portfolio map.atis o — 6, where(a, §) € 90y, Hence, as men-
tioned in the Introduction, if the support of the optimal transport includes the pojdt), we see it
embedded as the pair of elemefyts,, 11o—g) in the subdifferential of a true concave function on the
space of probability measures.
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