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We present a brief survey of fluctuations and large deviations of particle systems with subexten-
sive growth of the variance. These are called hyperuniform (or superhomogeneous) systems. We
then discuss the relation between hyperuniformity and rigidity. In particular we give sufficient
conditions for rigidity of such systems ih= 1, 2.
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1. INTRODUCTION

To fluctuate is normal, and in most cases, the fluctuations themselves are normal

In this brief survey, we explore the subject of fluctuations in several models of hyperuniform
particle systems, that is, point processes with reduced number variance. We will also study large
deviations for such systems, and finally, the notions of rigidity phenomena in such systems which has
arisen in recent work.

A quantity of key interest in the study of stochastic particle systems is the fluctuation of the
particle number in a domain. More precisely, suppose we have a particle system on a Euclidean
spaceR?, and suppose we have a sequence of domajng R? in a self similar manner, that is
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A ={An-z:x € A} whered < )\, T co. Denoting byN (A,,) the (random) number of particles in

A, we are interested in the varian€er (N (A,)). In most models of particle systems, including the
Poisson process, Gibbsian models (with tempered interaction potentials), Bosonic and other models
exhibiting FKG type properties, the fluctuations are extensive, i.e. asymptotically they grow like the
volume: Var(N (Ay)) = |An|(1 + o(1)), where|A,,| denotes the Euclidean volume &f,. In some

cases of physical interest, e.g. at critical points, they grow faster|thdn When the fluctuations

grow like the volume, we call such growth “extensive”.

However, there are many natural models where extensive growth of fluctuations is not true; in-
deed for thermodynamic limits of Coulomb systems, eigenvalues of random matrices, zeros of random
polynomials and many other Fermionic models, the fluctuations are sub-exte¥isiféV (A,)) =
o(|Ar]), and in factVar(N(Ay,)) = [0A,](1 4+ o(1)) in many examples. Her@A,| denotes the
Euclidean area of the boundaty\,, of the domainA,,. Point processes with sub-extensive fluctu-
ations of the particle number are referred tahggperuniformor superhomogeneousiyperuniform
processes have been known and studied for several decades (see [40, 43, 44, 54, 55]). Recently they
have attracted renewed interest in the material science community [33, 57] where hyperuniformity
has been claimed in many remarkable contexts like shear flows in dilute suspensions and critical
absorbing states in non-equilibrium systems.

Another feature of the particle counts, in a fairly general setting, is that under natural centering
and scaling, the fluctuations are asymptotically Gaussian. This is known for a wide range of particle
systems [15, 40, 53]. Recently, sufficient criteria for the existence of CLT and local CLT, involving
the locations of zeros of the generating polynomial for particle count, has been obtained by various
authors [29, 41].

Large deviations (in the space of empirical measures) for particle systems have also been exten-
sively studied [3, 16]. Other than the case of Gibbsian measures, large deviation results are known
for several hyperuniform models, including eigenvalues of Gaussian random matrices and zeros of
Gaussian random polynomials. A key instance of this is the study of hole (or overcrowding) proba-
bilities, that is, the event that there are no particles (resp., more than typical number of particles) in a
large domain. Both moderate and very large deviations are understood (for Gaussian matrices as well
as polynomials). These laws are of the same form for both processes [38, 47].

A relatively recent development has been the study of so-callgdity phenomena Roughly
speaking, this entails that certain statistics of the patrticles in a local neighbouPhaxeddetermined
almost surely by the particle configuration outsideln other words, these statistics of the particles
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in D are measurable functions of the particle configuration outside. The most fundamental form of
rigidity phenomena is rigidity of the particle number in the don®&in Following initial results in

[30] and [25], a wide variety of such rigidity phenomena (and related behaviour) has been studied in
a large class of point processes, [10, 11, 48]. A very recent result in this direction provides sufficient
conditions for rigidity of particle numbers in terms of hyperuniformity and decay of correlations in
one and two dimentions [28].

2. BASIC NOTIONS

A common general setting in which to study point processes is a locally compact Hausdorff space
X, equipped with a regular Borel measure We consider the sef(.X) of locally finite point sets

on X, equipped with the topology of weak convergence on compact sets. It is well known that the
spaceS(X) is a Polish space with this topology. A point process, formally speaking, is a probability
measure o (X ). Equivalently, it can be seen as a random variable taking values in theSp&ge
Informally, a point process is a random point seffin By identifying a locally finite point set with

its induced counting measure, this can also be thought of as a random counting meaksurEarn

a more detailed study of point processes, we refer the reader to [15]. In this survey, we will mostly
specialize to the cas€ = R andy the Lebesgue measure.

Just as a real-valued random variable is characterized by its cumulative distribution function,
similarly the distribution of a point process is described by its various intensity measures. To be
precise, the-point intensity measurg, is given by the identity, forV(D) the (random) number of
points in any Borel subsdd C X,

(V] - [ [ oo

In most caseg,. is absolutely continuous with respecttd”, and the corresponding Radon Nikodym
derivativep, is called ther-point intensity (or correlation) function of the point process. Informally
speakingp,(z1, ..., x,) denotes the probability density of having points of the process at locations
x1,..., . Inparticular,p; (x) denotes the local particle density per unit meaguaer, andps(z, y)
denotes the pair correlation function of the point process.

For any point process on a Euclidean spR€ethere is a natural way in which a group of trans-
lations can act on it. Namely, a translation by a veetor R? acts on a point configuratiolf as
follows: T,,(Y) := {z + v : « € T}. Since a point process @ can be thought of as a probability
measure o (R?), therefore this canonically induces an action of the group of translations on a point
process. Translation invariance of a point process, therefore, simply means that the law of the point
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process is invariant under such action. An informal way to understand translation invariance is to
say that the statistics of the points in a local neighbourhood does not depend on its location. For a
translation invariant point process, all its intensity functions are invariant under the diagonal action
of the translation group, and in particular, the one-point intensity fungtios a constant, giving the
expected number of particles per unit volume.

In this study, we will consider point processes on a Euclidean dpateat are invariant under the
action of the group of translations B or by Z¢. Unless otherwise stated, our operating assumption
will also demand ergodicity of the point process measure under such action. For periodic models, that
is, those models which are invariant in distribution under translationZ‘byNe shall consider the
point configuration with a random shift in the unit cubeRst. This will make the model invariant
under the action of translations &, and will lead to a uniform treatment of the various models
under consideration. Key models that we are going to consider will include the Ginibre ensemble, the
Gaussian zero processes, Coulomb systems, determinantal processes and perturbed lattice models. In
subsequent sections, we will describe the technical aspects of these models in greater detail.

3. FLUCTUATIONS IN POINT PROCESSES

3.1 Fluctuations and hyperuniform processes

A key object of interest in studying point processes is the particle number. More precisely, for a
domainA c R?, we consider the numbeé¥ (A) of points inA. Under our assumptions of translation
invariance, it can be easily seen that in expectation, we have

E[N(A)] = plAl, (1)

where|A| denotes the Euclidean volume &f andp (= p1) is the (one-point) intensity of the transla-
tion invariant point process di¢.

We can therefore focus our attention on the fluctuations in the particle number. It is known that
for “most” systems, the size of the fluctuations/éfA), as measured by their varianger(N(A)),
will grow like the volume|A|. A typical example is that of a homogeneous Poisson proceB¢ on

Before moving on to the case of sub-volume growth of variance, which will be a key focus in this
paper, let us point out that there are examples, particularly in the case of point processes defined on
lattices, where we can hawér(N (A)) grow faster thanA|, i.e. Var(N(A))/|A| — oo as|A| T oc.

Such a phenomenon is observed at “critical points” in such systems, corresponding to “critical” values
in the temperature or pressure [18].
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An important example of such a system is obtained from the Ising spin system with ferromagnetic
interactions at zero magnetic field. To map it to a point process, we simply identify the sites having
up-spins (or+ charges) with having a particle at that site. Under this identification, the variance of
N(A) is 1/4-th of the variance of the magnetization (which, in turn, is the sum of the signs in the
domainA). From classical results on Ising spin systems, it follows #at(N(A)) grows like the
volume|A| when the inverse temperatuse< ., where(, is the critical temperature, known to be
finite ind > 1. However, at the critical value ¢f = [, it is known thatVar(NN(A)) grows faster
than|A| (in fact, it grows like a power layA|” wherey > 1). For 3 > (3., the system is not ergodic,
with the variance being extensive in each of the two extremal states. For a detailed reference, we
direct the reader to [18, 22].

As noted already, our concern here is with hyperuniform systems, where the variance is sub-
extensive, that is,
Var(N(A))

0. 2
ATR? |A| - o

3.2 Ginibre’s theorem

Let us begin, however, with an old elegant result by Ginibre [23], providing sufficient conditions for
an extensive lower bound dfar(N(A)), that is, for not being hyperuniform.

Theorem3.1— (Ginibre). LetX be a random variable taking on integer values in the range
0<m < N < oo, WithP(X =m) = p(m). If forsomeA > —1 and allm € [0, N — 2], we have

p(m+2) p(m+1)
(m+2)m2(m+l)W—A, (3)
then we can conclude that
Var(X) > m

Remark3.1 : For a translation invariant or periodic point process ite- N (A) satisfying (3),
this givesVar(N(A)) > %, wherep is the one-point intensity.

PROOF: Here we give a brief sketch of Ginibre’s Theorem. To this end, note that

p(m+1)
p(m)

> p(m)[(m +1)

m>0

| =E[X],
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and
(1+ A)*(E[X])?

_ (Zp(m)[(m LpmED Am]> 2

p(m)
p(m+1) ] 2
< m)|(m+1)————=+ Am/| .
<3 ptm) [(m + )2
Expanding the squares and using (3) (coupled with the fact4hat—1) gives us the conclusion
Var(X) > %, as desired. O

Ginibre shows (somewhat cryptically) that (3) is satisfiedby= N (A) for equilibrium systems
with tempered potentials (and some hard-core like conditions), thus proving that such systems are
not hyperuniform. This has implications for the nature of phase transitions in such systems, e.g. the
pressure of a fluid is a continuous function of the density. More precisely, suppsdbe average
density andP is thepressurebtained from the grand canonical ensemble in the thermodynamic limit
(for details, see [22, 50]). Then it is known that
lim Var(N(A)) — dp

Bhisch Shh S’ 2 A . 4
|A[Too |A| Pap @

If there were to be a discontinuity in the pressure as a function of density (which would correspond
to a zeroth order phase transition), then the right hand side in (4) would have to be 0. This would
imply that Var(N(A))/|A| would have to tend t0 as|A| — oo : a possibility that is ruled out by
Ginibre’s theorem. For more details, we refer the reader to [18, 22, 50].

Ginibre’s theorem, in the context of particle systems, explicitly considers Gibbs measures of sys-
tems having two body interaction. Ginibre’s theorem has been generalized to certain graph counting
polynomials that embody many-body interactions; see [41].

4. VARIANCE AND THE PAIR CORRELATION FUNCTION

We begin by reminding the reader of some important statistics related to a point process. For a point
process (with intensities absolutely continuous with respect to the Lebesgue mea®fg o
define the one and two point intensity (or correlation) functions as

EWMHzﬂm@Mx 5)

| (V)] pa(z,y)dzdy (6)
)=

and
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for all Borel setsA C R<,

We also define the truncated pair correlation func]d{)fﬁ(a;, y) as

(2)(

P (@,y) = p2(2,y) — pr(x)p1(y), (7)

and the truncated “full” pair correlation functidr(x, y) as

G(z,y) = p1(x)d(z,y) + p2(z,y) — p1(z)p1(y), (8)

whered(x, y) is the Dirac delta function. An equivalent way to understéhid in terms of expecta-

Var[N //nyda:dy

For translation invariant systenis(x,y) = G(z — y). Observe that for an ergodic translation

tions:

invariant processpz(z — y) — p? as|r —y| — oo, and consequentlmgr)(x —y) — 0and
G(x,y) — 0in that limit.

For a translation invariant system, we have

Var(N(A))

:/ L G(z — y)dzdy 9)
A / Gz — [ G@)an(z)dz,
Rd Rd
whereay (z) = [za xa((z +v))[1 — x(y)]dy andy, is the indicator function of the domaik.

Consider the situation whetd| T R? in a self-similar way, e.g. by dilationsg := {R-2: 2 €
A}. In such a situationg s will grow like the surface are@A| (with |OA| = 2 for d = 1). Under
mild conditions on\ (e.g. smooth boundariesfA| ~ |A|(@—1)/d ag|A| T R

Dividing Var(N(A)) by |A|, we get

b Var(NV(4))

= [ G(z)d
ATRd |A| Rd (z)dz

Definition1 — Hyperuniform systemsare those for which

. Var(N(A))
lim ————— 7 dz = 0. 10
STl T e G0 4
This means thaf’ p§§> (z)dx = —p. That in turn implies, in particular, that systems for which

pg) (z) > 0, e.g., those satisfying the FKG inequalities (see [22, 50]), cannot be hyperuniform.
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Averaginga, /|OA| over rotations we obtain

1m CVA("“) =
|Aj—oo |OA]

ad|’r|7 (11)

whereqy is a constant [44].

For hyperuniform systems we thus have that the spherically avetagedas the property

/OO r G (r)ydr = 0 (12)
0

and
Var(N(A))

S > >
BN ad/o r*G(r)dr > 0. (13)

In obtaining (13), we have combined (9), (10) and (M3jr(N(A)) will grow like |0A| when the
right hand side of (13), corresponding to the first moment¥ péxists. This implies in particular that
G(r) must decay faster tharyr?+!. It follows that ind = 1, bounded varianc®ar(N(A)) < C

implies that
&) K
o ()] < T2
This will be used later in Section 13. When the right hand side of (13) is infiviitg,V (A)) will
grow faster thandA| but slower thanA|. This will be the case for the Dyson log gas discussed later.

The question whethévar(N (A)) can grow slower thafoA| has attracted considerable interest.
It was finally settled by Beck in 1987 (see [5]) where he showed\that/V (A)) cannot grow slower
than |0A| if the distribution is rotationally invariant (oA is a ball). It is still an open question as
to how slowly this variance can grow, and whether it attains its minimum value for a regular lattice
(made translation invariant by averaging over shifts). Interestingly, it has been shown [6, 12] that for
a simple cubic lattice, there is a transition in some (large enough) dimedisioR00) where putting
particles randomly inside each cube gives a smaller variance in a ball than just having particles on
ze,

In the translation invariant case, it is relevant to consider the Fourier transfoftvrof Usually
denoted as$5(k), it is non-negative, and is referred to as the “structure function” in the physics lit-
erature (e.g. see [32]). This is an important physical quantity in the study of fluids, where it turns
out to be a quantity that can be actually measured experimentally in many situations. It follows from
(10) that a system is hyperuniform when the structure function vanishes at the ¢tigin— 0 as
|k| — 0. A relevant question is how it converges to 0 (as a power law, for example ?) Such rates
are related to the decay pff) (r) asr — oo, and thus also, via (13), to the growth Gir(N(A))
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in hyperuniform systems. In many physical cases, one expects power law dgégy~ |k|* (as
k — 0) and a corresponding decay/ﬂ{f) (r) ~r=7 (asr — oo) with v > d + « (wherea > 0) in
order for (10) to hold. For more details, we refer the reader to [42, 55].

5. POISSON ANDOTHER EXTENSIVE SYSTEMS

The Poisson point process is the most basic example of a point process; in many ways it is the
analogue of the uniform distribution in the world of point processes. A Poisson point process can be
defined on any locally compact spakewith a background measure and is uniquely characterized

by the fact that the points in two disjoint subsetsXohre independent of each other, and the one point
intensity measurg; = pdu. For the homogeneous Poisson point procesR‘ofwherehomogeneous
implies that the background measurés the Lebesgue measure), it is easy to see that the variance of
the particle number igxtensive In fact, for the homogeneous Poisson process of intepsityd a
domainA c R?, we have the equalityar(N(A)) = p|A|, where|A| denotes the volume of.

More generally, we call a particle system “extensive” if the following condition is satisfied:
if A, is a sequence of domains that are increasing to exttsh a self-similar manner, then
Var(N(Ay)) > |An|(1+ o(1)). Suchextensivefluctuations of particle number is also true for many
other systems, including Gibbsian systems with tempered potentials and any non-Gibbsian particle
system satisfying the Ginibre Theorem or obeying the FKG inequality (see [17]). For the Poisson
point process and many systems with extensive variances as well as for some hyperuniform systems,
we also have a CLT for the normalized particle num@€fA,,) — E[N(A,,)]) /+/Var(N(A,,)) (see
[14, 22]).

6. COULOMB SYSTEMS

6.1 The one component plasma

Coulomb systems are the primary physical examples of hyperuniform processes. To simplify matters,
we shall consider first the simplest kind of Coulomb system: the classical one component plasma
(OCP). This model, also known as “Jellium”, was introduced by Wigner in 1934 [56]. It consists of
particles with a positive chargemoving in a uniform background of negative charge with density
—pe. The background produces an external potential proportiona#tq wherer; is the distance of
thei-th particle from the center of rotational symmetry. This model, as we shall see later, is also of
interest in other contexts, such as the distribution of eigenvalues of random matrices.

Settinge = 1, the potential energy of such a systemNdfparticles in a spherical domain &
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(or the whole ofR?) is given by

N N
U(.%'l,--- ,.I'N)szd(mi—xj)-i-gz‘dfi‘Q, (14)
1<j =1

where, setting' = |z; — x|, we have

—r ifd=1
vg(r) = § —logr ifd=2

r2-d if d> 3.

One can also consider this system in a periodic box or on the surface of a sphere (byvgétting
Zf;:—oo,;éo # exp[—2mmax /L)), see [43].

The canonical equilibrium probability distribution of this system is given by

N o< exp[—pU]. (15)

WhenN — oo, the measuregy are expected (and proven in some cases) to have adjmwihich
describes a random point proces®ihwith average particle densigy The extremal measures of the
limiting process are (expected to be) translation invariant or periodic [9, 35].

This system is exactly solvable ih = 1: the extremal: is periodic with periodp~—?, for all
B > 0, (see [1, 39]). The probability distribution 0V (A) — p|A|), A an interval, has exponential
decay with an exponent that has a nonzero limjt\ds— oo [44]. The variance is therefore bounded,
and is trivially proportional tdoA| = 2. This is an example of the general fact that extremal measures
for general 1D systems with bounded variance (or at least tightnégs/0f — p|A|) are periodic [2].

Ind > 2, the system is translation invariant at “sma#l”’ For “large” 3, the system is expected to
form a periodic “Wigner crystal”. Numerical simulations predict the formation of the Wigner crystal
to be arounds = 140, ind = 2. In d = 2 this system is exactly solvable dt= 2, where it has
the same distribution as the eigenvalues of an i.i.d. complex Gaussian matrix, namely the Ginibre
ensemble, scaled to have average densityfhe Ginibre ensemble was introduced by Ginibre as
a non-Hermitian analogue of Wigner’s Hermitian random matrix models for complex Hamiltonians
[24]. In particular, one has an exact expression for the correlation functions, which have excellent
clustering properties, with the truncated pair correlation functions decaying like a Gaussian [37] :

2
p2(r) — p2 = —er TP e = |z — x3]. (16)
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Higher order truncated correlations also decay kk&é”’, where D is the distance between
groups of particles. Integrating Eq. (16), one sees jﬁé@(r)dr = 0, so this system is hyper-
uniform. This is expected to be true for all valuestbénd alld due to Debye screening of charges
[43].

6.2 Multi-component Coulomb systems

In multi-component Coulomb systems, we have natural extensions of the various correlation func-
tions. More specifically, suppose there are two species of particles, denotedru/s. Instead of

one and two particle intensitigg andp., we have two types of one-particle densitigsandps, and

three types of two-particle densities, denoted,, pg 3, pa 3. If €. is the charge corresponding to the
particles of typex, then we can consider the one-particle charge intengity,) = 27 eyp(x) and

the charged truncated two-particle density

&5 (z,y) = eserlpyalz, v) — py(2)oa()).
YA

As an analogue oV (A), we consider the net charge (i.e., the sum total of the charges of the different
kinds of particles))(A) in a domainA.

We then have
BQ() = [ (o)
and

Var[Q(A)] = /A /A (01 (2)5(x — ) + g8 (z, )] ddy.

For neutral translation invariant Coulomb systems, we have

and
1y Var(Q(a))

= [ ¢ =0. 17
tim, = = [ (@ <o an

The fluctuations in multi-component Coulomb systems are those of the net cpargee [43]
and the references therein). This is in analogy to the fluctuatiodg(df) in the OCP. The argu-
ments in Section 4 regarding hyperuniformity would go through in this more general setting. The
consequences thereof, including rigidity also follow from similar arguments.

We note that one may consider variances of any combination of particle numbers of different
species in any multi-component system. The definitiong @ndg, would be as above, with the,
being arbitrary real weights instead of physical charges.
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The basic physical reason for this reduction in charge fluctuations in Coulomb systems is the long
range nature of the Coulomb force. This caus@sldingof bare charges by “Debye screening”. This
means that if there is a fixed charge at the origin, the other charges will arrange themselves in such a
way that the electric field produced by the charge is canceled. Mathematically, it was shown by many
authors in the 70’s and 80’s that shielding is a necessary condition for having at least some kind of
of clustering of correlation functions [43]. This screening leads to a whole series of “sum-rules”, of
which (17) is the first one. For details we direct the reader to the reviews [9, 43].

We note that in many physical situations, such as those involving fluids at low and moderate
termperatures, we usually consider macroscopic systems as made up of neutral atoms or molecules
interacting via effective short range potentials. In such cases, the flcutuations in the net.gh®&rge
in a regionA will be due entirely to the surface df cutting these entities in a “random” wayar[Q A |
may then be expected to be proportional to the surface|argaf A [43, 44].

6.3 Asymptotic Normality

For charge-neutral and translation invariant Coulomb systemd$+ir2 the charge fluctuations satisfy
a central limit theorem : deviation from the average divided by the square root of the variance gives
Q(A)
Var(Q(A))

a standard Gaussian random variable [44]. In facVaf[Q(A)] ~ |OA], a joint central limit type

— &,

behaviour is true in the following sense [40]. ¥, d > 2 be divided into cube§; of volume L¢
whose centers are located at the sit@. Set

Tj = Q(F;)//Var(Q(T;))

The joint distribution of thg Y ; } approaches ab — oo a Gaussian measure with covariance

1 1
Cj,k = [5j,kz Y Z(Sj—k,e] = 2% [_A]jjgv (%)

wheree is the unit lattice vector and is the discrete Laplacian. This means that the charge fluctua-
tions inIT'; are compensated by the opposite charges in neighboring cubes. This is exactly what one
would expect when the charges are bound together in neutral molecules.

7. DETERMINANTAL PROCESSES

Determinantal processes are ones for which thepoint correlation pp(zi,...,xx)
= det[K (x;,21)]j1=1,..% K is Hermitian and all its eigenvalues are in[0, 1]. There are more
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general determinantal processes but we shall not consider them here. Determinantal point processes
whose kernels are projection operators are hyperuniform (c.f. Soshnikov, [52]).

Key examples of determinantal processes include distribution of eigenvalues of the Ginibre en-
semble, which, as already stated, is the same as the 2D OCP at inverse tempkrat@relt also
includes 1D bulk eigenvalue limit of the Gaussian or the Circular Unitary ensembles, a.k.a. the sine
kernel process or the Dyson log gas. This also turns out to be a Coulomb system with 2D logarithmic
interactions, confined to a line, at inverse temperature 2. In this case(7(r) decays liker—2 so
its first moment is infinite and the variance of the particle number in an interval of leagtrows
like log |A|. The Dyson log gas is hyperuniform for &ll[19]. The ground state of an ideal Fermi
gas in any dimension is also known to be a determinantal process with a projection kernel, and thus
hyperuniform.

One can prove for all determinantal processes a local CLT, using the fact that the zeros of the
generating function of a determinantal point process (whether projection or not) all lie on the negative
real axis on the complex plane, [14, 20].

8. PERTURBED LATTICE MODELS

We consider I.1.D. perturbations of a lattice, i.e. each lattice poigtZ? is shifted toz + = € R?

with a probability distributior(x)dz. These are like displacements of atoms in an ideal crystal. The
resulting processes are (periodic) hyperuniform. This can be seen by noting that the (periodic) one
particle density is given by

pie) = 3 hle ), [ ha)da =1,

z€zd
and
Gla.9) = p(@)3( —9) = 3 hlo = iy~ 2). 50 [ Glay)dy =0
2€z¢
These systems hawér(Ny) ~ ¢|0A| when the first moment of exists and thus bounded variance
in 1D [21].

9. G PROCESSES

Various examples of perturbed lattice models in 1D with bounded variance have been studied in the
statistics literature. A related model, the G process, was studied in [31] as a statistical mechanical
point process. To construct this process, we define a real-valued Markov pkgg¢essor ¢ > 0,
satisfyingY,(t) > —1; here) is a probability measure of3-1, o).
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Y,\(t) is defined by two conditions:
(1) Y\ (0) is distributed according ta, and

(2) Y\ (t) increases at rate 1 asncreases, except at points of a Poisson process of density
R, at which it jumps down by one unit — unless this jump would violate the condifjorr —1, in
which case no jump occurs.

This process has a unique stationary single-time distributien)q. The corresponding transla-
tion invariant process (obtained e.g. by imposing the initial conditipat timer and then taking the
Cesaro limit ag- — —o0) is denoted by (¢). The points of the G process are those points at which
Y jumps. In other words, the G process is the distribution of the jump points &f thecess. The
points of the G process may be viewed as the output of a so-called D/M/1 queue. It is shown in [31]
that for this process withk > 1, p = 1, Var(N,) < const., for A = [s,¢]. It is also shown that this
system has exponential decay of the (truncated) pair correlation function.

10. GAUSSIAN ZEROS

Another important class of hyperuniform point processes that we will considB? @re the zeros
of the so-called planar Gaussian analytic function. These are Mrijmits of the zeros of random
polynomials. Thestandardplanar Gaussian zero process is the laxgkmit of the zeros of thaley!
polynomials given by

N Zk
pn(2) = kzofk\/y

This is a special case of theGaussian zeros, which are largelimits of the zeros ot-Weyl
polynomials

PS\?)(Z') = kauj)aﬂ

Like the Ginibre eigenvalues and the Coulomb systems, the standard Weyl polynomials also orig-
inate in physics, and have been studied extensively by Bogomolny, Bohigas, Lebeouf and others in
the context of spectral analysis of Hamiltonians of chaotic quantum systems [7, 8j:-Gla@issian
zeros are known to be hyperuniform fer> 0.

In extensive work by Nazarov, Tsirelson, Sodin and others [45, 46, 47, 51], it has been shown that
the standard planar Gaussian zero process, like the Ginibre ensemble, exhibits translation invariance
and Gaussian decay of the truncated pair correlation function. The fluctuations of the particle number
are sub-extensive : in fact, we havar(N(A)) ~ |0A] asA T R? in a self similar manner. Such



FLUCTUATIONS, LARGE DEVIATIONS AND RIGIDITY 623

similarities in behaviour with the Ginibre ensemble calls for a comparative study of the Gaussian
zeros and the Ginibre ensemble, and we will see that in spite of the striking similarities between
the two, there are spectacular differences as stochastic processes, particularly in therligtiityf
phenomena

11. LARGE DEVIATIONS

As might be expected from the reduction of fluctuations, the probability of large deviations from the
mean will be smaller for hyperuniform systems than those for systems with Poisson-type fluctuations.
This problem was studied for Coulomb systems in [38], using electrostatic type arguments. They
found that this is indeed the case in all dimensions and all0.

For the 2D OCP with density, the probability of having:(R) particles in a disc of radiug,
corresponding to a charg®| = |n(R) — mpR?|, behaves as

FWOb{hKfﬂ——pﬂR2|>baRa}fVeXp[_caRMaq’

with
20—-1 , $<a<1
dpla)=X 3a—2 , 1<a<?2
2c , a > 2.

The situation ind = 3 is similar to that ind = 2 although the details differ.

This probability is much smaller than the large deviations for systems with short range interactions
where, e.g. forr = 2 one would get“F” instead ofe <R, The symbol means that taking the
logarithm of both sides and dividing by*(®) we get a finite limit wher? — ooc.

These “macroscopic” results can be checked and confirm@d-at2 where we have explicit
solutions for the correlation functions. We can get then additional information such as the charge
density outside a disc of radiug conditioned on there being no particles inside. In particular the
density atr = R* is given byp(R*) ~ Smp*R.

It turns out that the large deviation function for the 2D OCP is of the same form, in its dependence
on « as that of the point process generated by the zeroes of the standard planar Gaussian Analytic

Function (henceforth GAF); = >"72 %zk with the&;, i.i.d standard complex Gaussians [47].

Ford = 1 with v, (r) (linear) Coulombic interactions, we have already noted the the variance of
particle numbers remains bounded in the size of the interval. The probability

Pr{|N(L) - pL| > K} ~ exp[cK],
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in any interval of lengthl.. Large deviations for this system are expected to behave as [19]
Pr{|N(L) — pL| > KL} ~ exp[—cL?].
Ford = 1, with vo(r) = — log r interactions
Pr{|N(L) — pL| > bL} ~ exp[—cL?.
For perturbed lattice systems
Pr{|N(L) — pL| > bL} ~ h(L)°~.
On the other hand, fa& processes, this probability goes likep[—cL] (see [31]).
12. SPATIAL CONDITIONING AND DLR EQUATIONS

So far we have discussed fluctuations and large deviations of particles, or charges, in a\region
without saying anything about the configuration of particles/charges outside. in A¢ = RY\ A.

We ask now: what can we say about the distribution of points insidiven the configuration i€,

i.e, we want the conditional probabilify (dX s | X sc) of a configuration ini.Xy given X .

For equilibrium Gibbs measurgsof particle systems of¢ the answer to this is given by the
Dobrushin-Lanford-Ruelle (DLR) equations [50].
exp[—BU (Xa|Xac)]

pan e lXae) = TR Raiax, (19)

whereU (X |X <) is the potential energy of a configuration Angiven the configuration i\¢ =
RZ\ A.

When the interactio® decays sufficiently rapidly with distance apds ergodic, the behaviour
of Var[N(A)], for largeA, is similar to the unconditional case, and the Ginibre lower bound on the
variance holds. This is however not the case for systems with long range Coulomb interactions, where
U(Xa|X <) is not well defined. In that case, as we have seen before, the condition for the Ginibre
Theorem does not hold, and there is no strictly positive lower bouridaofN(A)|X (]

13. NUMBER RIGIDITY

The property that the measubg N (A)|X <) is concentrated at a single value dfA) has been
called “[number] rigidity” in [30]. They showed that the Ginibre ensemble and the standard planar
Gaussian zero process have this property. In [25] number rigidity was also shown for the GUE



FLUCTUATIONS, LARGE DEVIATIONS AND RIGIDITY 625

(and the CUE) point processes. Both the Ginibre and the GUE ensemble correspond to, as already
mentioned, Coulomb systems (with logarithmic interactions) at particular temperatures.

[30] also showed that whiléV, is fixed by X s<, the distribution of points insid& is not rigid; in
fact it is absolutely continuous with respect to the Lebesgue measure. A similar behaviour is true for
thed = 1 Coulomb system considered in [1]. There it was proveddfer 1 Coulomb systems, that
the charge in an intervéd, b] = A, which corresponds for the OCP to the number of particles is
uniquely specified by the configuration,. for all typical configurations with respect to the infinite
volume measurg. (The set of a typical configurations has measure one).

After the work of [30] and [25] various authors have established rigidity for a number of point
processes, e.g. Beta, Gamma and Airy processes [10]. In all these cases, the process for which rigidity
was proven is hyperuniform.

In [28] it has been shown that in 1 and 2 dimensions, rigidity of particle number follows from
hyperuniformity and decay of the truncated pair correlation function (decay-tiker faster in 1D
and faster tham—* in 2D). This result covers all known examples of number rigidity in 1 and 2
dimensional particle systems. Apart from the previous examples, it also includes the 1D Dyson log
gas at inverse temerature < 2 and Coulomb systems for smadlin dimensiond > 2. It also
includes, by the remark following (13), all processes in 1D that exhibit a bounded variance of particle
number, and perturbed lattice systems in 1 and 2 dimensions.

In any determinantal process, all statistical information is, in principle, encoded in thgpaiy,
where K is the kernel andg: is the background measure. In view of this, it is a pertinent question
as to whether we can read off any aspect of the rigidity behaviour of the process by testing some
simple properties of the paf#<, 1). In this direction, it has been shown in [27] that, in any general
determinantal process (not necessarily on a Euclidean space), there is numberaidjditys is the
kernel of an integral operator that acts as a projectioh&m). This is consistent with the conjecture
that hyperuniformity is a necessary condition for rigidity.

[49] investigated the rigidity of the i.i.d. perturbation &F. Ford = 1,2, they showed that
there is rigidity of numbers as soon as the random perturbation has adkthitenoment. This is
consistent with the results of [28]. F&<, d > 2, [49] showed that for Gaussian perturbations there
is a phase transition in the rigidity behaviour in terms of the standard deviatafrthe Gaussian.
Wheno is below a criticalo., there is number rigidity, and when > o, there is no rigidity. This,
in particular, negates any possibility for a sufficiency criterion for number rigidity (on the lines of
[28]) in dimensions] > 2, since for the Gaussian perturbation the truncated pair correlation decays
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exponentially for all- (as shown by the formulae in Section 8).
14. HIGHER RIGIDITY

The plethora of highly interesting instances in nature of the phenomenoanober rigiditynatu-

rally raises the question as to whether there are other manifestations ofigiglity phenomena
particularly involving statistics other than a simple particle count. The first result in this direction
was obtained in [30], where it was shown that in the standard planar Gaussian zero process, for any
bounded open set, the point configuratiork , ¢ outsideA determines precisely the number and the

sum of the points insidd (equivalently, the mass and the centre of mass of the particl&3. it

was further established that, subject to the constraint on the number and the sum (imposed by the
configuration outside), the particles insidecould be in anygenericlocation insideA with positive
probability density (with respect to the Lebesgue measure on the relevant conserved sub-manifold).

Subsequently, this result has been widely generalized in [27] to the cas&afissian zeros. In
particular, it has been shown that for the zeros ofdh@aussian entire functions, for any bounded
open sef\, the outside configuratioN , ; almost surely determines the fiI(S}t%J + 1) (holomorphic)
moments of the points inside. Furthermore, subject to these constraints, the inside points could be
in any genericconfiguration insidé\ with positive probability density (with respect to the appropriate
Lebesgue measure).

15. PROOF TECHNIQUES

The basic idea of [25, 28, 30] to prove humber rigidity of a point pro&isto find a sequence of
functions¢l! () such thatgle (z) = 1 for 2 € A and

Var (Z ¢[€1(xi)> <e,

X;€EZ

for anye > 0. Then for smalk — 0 we have

Yo @) =D xalw) + Y xac(@i)ol (z)

= N(A) + > xae(w:) ¢l ()
~E[S" 0Fw)] = [ pla)ofla)aa.

wherex, (z) is the characteristic function of the skt This determinesv, given X se.
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This is accomplished in the most basic cases by choosing a sequgfice= ¢(x/R) with an
appropriatep(z). More sophisticated situations demand a Cesaro-type mean of a number of such
functions in order to achieve the low-variance criterion.

To give a concrete example, we consider the case of number rigidity for the zeroes of the standard
planar GAF (i.e., Gaussian Analytic Function). In this case, it is known thatisfaC? function and

pr() == ¢(-/L), then

Var (Z mXi)) == Cl|Apll3/L2. (19)
X €EZ
Thus, to prove number rigidity fak the unit disk following the approach mentioned above, we
choosed to be aC? function that is= 1 on A, andL to be large enough (depending ensuch that

Var (3, c= PL(xi)) < &, which can be accomplished due to (19)).

On the other hand, for the Ginibre ensemble, it is known thapfandy;, defined as in (19) we
have

L—oo
Var [ Y oru | —— C|IVell3. (20)

Xi €

Due to this, a choice ob similar to the GAF case cannot be made directly. To overcome this
difficulty, we consider a&? function¢ thatis= 1 on A, and look at the various scalirg- of ¢. For

oV . i (i\f:gé )
= N 2] .
j=1

This is an analogue of a Cesaro-type sum of the various scahpgsf ¢. It can be shown that

L = 2V, we then define

the random suméy_, = @i (“’i));il exhibit a fast decay of correlations at widely different scales
27, 2% This can be used to show théar(®Nl) — 0 asN — oo, and the rest of the proof can then
be completed as in the case of the GAF zeros.

16. OUTLOOK

In [28], the authors provide sufficient criteria for number rigidity in dimensions 1 and 2, in terms

of hyperuniformity and decay of correlations. It is an intriguing question to ask whether hyperuni-
formity, along with appropriate assumptions on the decay of correlations, are in fact necessary for
rigidity phenomena. Such a conjecture is in a sense supported by the following big-picture heuristic.
WhenVar[N(A)] grows like|A|, (to the leading order) it behaves like an additive functional on two
adjacent domains. This appears to indicate that surface effects become inconsequential in the limit
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|A| — oo, which does not seem to be consistent with number rigidity. It is a pertinent question to
explore whether such criteria can be found in dimensibhs3.

In [26], the author makes a connection between rigidity phenomena and mutual regularity and
singularity properties of Palm measures for very general point processes. E.g., for the zeros of the
standard planar GAF, it is shown that the Palm measures at two points C, denoted res@®,, P,
are mutually singular for Lebesgue a.e.-pairw). It is an interesting question to ask if this can be
extended to cover all pairs, w) with z # w, and if not, what is a description of the exceptional
pairs? On a broader scale, it is pertinent to ask similar questions for mutual singularity of Palm
measures in the generality considered in [26].
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