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In this paper, we establish the preserving log-convexity of linear transformation associated with
p, g-analogue of Pascal triangle, i.e., if the sequence of nonnegative nudibgfs is log-
convex theny,, = > [7] Lq T SOIsitforg #p > 1.
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1. INTRODUCTION

We give some necessary termonologie and notation. A sequence of nonnegative numbgets
log-concaveor log-conveXif x; 12,41 < xf (orx;—1xiv1 > x?) for all i > 0, which is equivalent
to (relevant results can see [4] and [17])

i 1241 < 2wy (Or o141 > xizy) forj >4 > 1. 1)

Given two real polynomialg(z) andg(z), we write f(x)-g(z) >, 0if f(z)-g(x) has nonneg-
ative coefficients as a polynomial in Let {f,(z)}, be a sequence of polynomials in we say
{fn(x)}, is z-log-convex (orz-log-concave if

fn—l(x>fn+1(x) - fn(w)Q >z 0 (OI‘ fn—l(x)fn—l—l(w) - fn(x)z <z 0 ), (2)

for all n > 1. Clearly, if the sequencgf,, (z)}, is z-log-convex, then for each fixed positive number
x, the sequencgf, (x)}, is log-convex. The converse is not true in general. If the opposite inequality
in (2) holds, then the sequené,(z)},, is z-log-concave. The concept of thelog-concavity was
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first suggested by Stanley [17] and this has been of much interest on this subject. We refer the reader
to Sagan [14] for further information about thdog-concavity.

Perhaps the simplest exampleasfog-convex polynomials is the! andz-factorial [n] ! where
[n], =1+ +---+ 2" L. There are lot of examples aflog-convex polynomials. Liu and Wang
[11] etablished the:-log-convexity of the following polynomials:

1. Bell polynomials or generating function of the Stirling numbers of the second &ndr) =
ZZ:O S(”? k)xk;

2. Eulerian polynomials4,,(z) = > r_, A(n, k)*;

3. Thex-Schibder numberr, (z) = Y7, (1% Ca"~* whereCy, is the Catalan number;

n

4. Thea-central Delannoy numbe,, (z) = 37 (") bz % whereby, = (%) central bino-

mial coefficient.

Chenet al. [5] proved that the Narayana polynomials of tydeN,, (z) = Y1 +(3) (,11) ="
are z-log-convex. Cheret al. [6] showed that the Narayana polynomials of tyBeN, (z) =

S, (122 arez-log-convex.

Let {x}}, be a sequence of nonnegative numbers. Let us consider the following linear transfor-
mation of sequence

n

Yn = Za(na k)xlm (n > 0)7 (3)

k=0
where{a(n, k)},<.<, is atriangular array of nonnegative numbers

We say that the linear transformation (3) preserves the log-convexity if the log-conveXity, pf
implies that of{y,, }.

So far there exist a lot of linear transformations preserving log-convexity. For example, it is well
known that the following linear transformations,

=Y (Z) i, @)

by = znj m o 5)

k=0

preserves the log-convexity, see respectively [8] and [13].
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In [2], the authors established that the ordinary multinomial transformation

E )

k=0

preserve the log-convexity, where the ordinary multinomial nur‘(lp)esris defined as the" coefficient
in the development

(1+:c+:132—|—'~+a?3)”:Z<Z>Sa:k, (7)

keZ

with (Z)S =0fork > snork <O0.

The p, g-analogue of the usual binomial coefficient is called the-binomial coefficient and
defined forp # ¢ by

ko n—itl  m—i+l

[Z] =11" i qi , 0<k<n. (8)

g =1 p=q
Using the notatiorik], , = 1‘% and[n], ! = [n]pg[n — 1pq-- - [1]p,q We can rewrite (8) as

follows ], !
n Nip,q-

- : 9)

[]J P, [n = Elpq![klp.q!

where [g]m =1 and [Z]M = ;. Itis well known that the coefficient;] . Satisfy the following

n+1 n e n
[ P i A @
P P.g Py

) )

recurrence relation:

These coefficients, as for usual binomial coefficients, are built as for the Pascal’s triangle, known
asp, g-Pascal triangle. In Table 1, the first few values of phe-binomial coefficients are provided.

n/k | 0| 1 2 3
0 1

1 1] 1

2 1| p+gq 1

3 1| pPP+pg+¢° P’ +pq+ ¢ 1
4 1| PP +p%q+pd+¢ | (PP+pa+d*) (p*+ %)

Table 1: Thep, g-Pascal triangle.

Thep, g-binomial coefficients reduces to thebinomial coefficients (elements gfPascal trian-
gle) whenp = 1. For the theory op, g-binomial coefficients see [7].
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The objective of this paper is to show that the log-convexity is preserved undgrgtonomial
transformation using a theorem of Liu and Wang [11, Theorem 4.8], who established the connection
between linear transformations preserving the log-convexity ang-tbg-convexity. As an applica-
tion, we give the log-convexity of the-Galois numbers.

2. MAIN RESULT

Our main result is as follows.

Theoreml — Letq > p > 1 be two real numbersThen the linear transformation

" n
ynzz [k]pqu, n=0,1,.. (1D

k=0

preserves log-convexity.

Liu and Wang [11] obtained a sufficient condition on a triangular array which ensures the corre-
sponding transformation is log-convexity preserving.

Given a triangular arraya(n, k) },<,<,, Of nonnegative real numbers, consider the linear trans-
formation

n

Yn = Za(n, k)xg, n=0,1,2,... (12)
k=0

For convenience, let(n, k) = 0 unless) < k < n. For0 < ¢ < 2n, define
ar(n,t) =a(n+ 1, k)a(n — 1,t — k) +a(n+ 1,t — k)a(n — 1,k) — 2a(n, k)a(n,t — k),

if0<k<|%] and
ar(n,t) = a(n — 1,k)a(n + 1,k) — a(n, k)2,

if tis even andc = ¢/2. Also, define

Ap(z) = a(n,k)z®, n=0,1,2,...
k=0

It is clear that if the linear transformation (12) preserves the log-convexity, then for each positive
numberz, the sequencéA,, (x)} is log-convex.

The sufficient condition of Liu and Wang is stated as follows.

Theorem2 — [11, Theorem 4.8]. Assume that the polynomials
Ap(x) = Za(n, k)"

k=0
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form az-log-convex sequence. For any givemandt, if there exists an integer = r(n, t) such that
ag(n,t) > 0for k < randag(n,t) <0 for k > r, then the linear transformation with respect to the
triangular array {a(n, k) } <<, is log-convexity preserving.

Let An(z) =37, 1] pql"k' Firstly, we show that the polynomial,, (x) is z-log-convex, so we
give the following lemma.

Lemmal — Letj,I > 0 andn > 1 be integers and let > p > 1 be two real numbers. Then we
have the following inequality:

n n+1 ; h n ; kn+1
! o n+1 Px n P n+1 h
B G b, G S e
k=0 Pq k=0 -4 pq h=0 Pq
PrROOF: We proceed by induction over. Takingn = 1, the left of the inequality (13) is
P+ g, Y

¢+ +pg+ e+ J @+ " (14)
and the right of the inequality (13) is
j I 41 j+1 j ! j
1+p]+pqql+q x—i—pj +q€]q+qx2+]q)jx3. (15)

It is obvious that (14} ..(15).

Now, we suppose that the inequality (13) holdssior 1. Then using the recurrence relation, we
get
n S n+1 P P [n P P 1 h
DA Lq(ql> 00 2
ke 2| o N ) I ol
Pq h=0 &4 Pa k= Pq
| HICEIERED S L
pq q

h=0

oS el
S0 Bl e 5L )

S0 g0 ) e

h=0

_q2n+1z [”_ 1} <P]$>k+li [n} (E)h—&-l'
k=0 ko Jpg ¢! hlpg 4

h=0

M

M
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It follows that

n n+1 ; h n ; kn+1
Sl G -0 ) B
! Z k:| pqx Z |: h pq ql k k pq ql Z h pql‘

h=0

n—1 ; k n
n—l} (p]a:) m xh}
-2 o) 2 lnl O
k=0 [ ko lpg \4 o LD
by the induction assumption every term of the above sum is a polynomialwith nonnegative
coefficients. Thus we obtain

n n+1 ; h n ; kn+1

ZZ n k,z n+1 Px Z n px Z n+1 h
k=0 k P4 p=0 h pg \ 4 k=0 k pg \ 4 h=0 h Pq
as desired.

PROOF OFTHEOREM 1 : From the recurrence relation (10), we have

n

tueat) =[] ot et D] G

k=0 pg 4
and
gy P | i P | x
o) =S [" ] et T[] G
k=0 pq k=0 pg 4
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then

(
A&l B -E ] e B e}

k=0 h=0 pq 0 h=0
n—1 n n—1
2 IED S| HIRCEES ol U KA KBTS

From Lemma 1, we obtain that, . () A,_1(z) — {A.(z)}* >, 0 holds for each. Thus the
polynomial A,,(x) is x-log-convex.

By the definition, we have

- [ngl]pq[?j]ﬂpq—i_ [?__;]pq[n:1}pq_2[z]pq[tfk}pq
[n—1],,! [n+ 1],
- [kl [t = K], n —1],,! [n—i—l—t—i—k] I[n+1— k| ,Ak(p,Q),

pg’ pq pg’

whenk < ¢/2, and

worn =[5, 150, T,

[ — 1], [,
— A ,
[k]pq!Q [n + 1 _ k]quQ k,‘(p’ Q)
when t even ané = ¢/2, where
Aup.q) = I+ Uy {In =t 4kl [+ 1=t 4 Ky + [ = kg [0+ 1 K, |

—2[n],, In+1-kl, [n+1—t+k],

Clearly,ar(n,t) has the same sign as that4f(p, ¢) for eachk. The derivative ofA(p, ¢) with
respect tok is given as follows:

22n+1)(2k — 1) whenp = g =1,
A;c(p7 Q) _ (qlili])?’ (qn—t+k _ qn—kz) {(qn-i-l _ 1) [2(] (qn—t+k + qn—k)
—q—1]+2q(¢" - 1)}, whenp = 1 andq > 1.

By simple computation, we check thaf (p,¢) < 0. Thus Ax(p, ¢) changes sign at most once
(from nonnegative to nonpositive), and so dagé, t). Hence, by Theorem 2 the linear transforma-
tiony, => 1, [Z] gLk Preserves the log-convexity. This completes our proof.
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By settingp = ¢ = 1 in Theorem 1, we obtain that the linear transformation
-~ n
Zn = Z (]C) Lk,
k=0
preserve the log-convexity.
And if p = 1in Theorem 1, we can deduce that the linear transformation
" n
=[]
k=0

preserve the log-convexity.

Finaly, we give they>-Galois number [15] as an application of Theorem 1 which is defined by

n

Gpq(n) = Z [ﬂ , n=0,1,.. (16)
Pq

k=0

with initial valuesG,, 4(0) = 1, G 4(1) = 2, and satisfies the recurrence

Gpqg(n+1) = ZZpk Bj + (¢F — pk)Gqu(n -1), n>1 a7
k=0 pq

Whenp = 1, the G, ,(n) reduce to the Galois numbe€s,(n) defined by the second order
recurrence [9].
Gq(n+1) = 2Gq(n) + (¢" - 1)G¢(n—1), n=1. (18)
Thus, we obtain the next result.

Corollary 1 — Letg > p > 1 be two real numbers. Then the sequence-Gfalois numbers

n
Gpag(n) = M . n=0,1,.. (19)
k=0 pq
is log-convex.
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