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In this paper, we establish the preserving log-convexity of linear transformation associated with

p, q-analogue of Pascal triangle, i.e., if the sequence of nonnegative numbers{xn}n is log-

convex, thenyn =
∑n

k=0

[
n
k

]
pq

xk so is it forq 6= p ≥ 1.
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1. INTRODUCTION

We give some necessary termonologie and notation. A sequence of nonnegative numbers{xk}k is

log-concave(or log-convex) if xi−1xi+1 ≤ x2
i (or xi−1xi+1 ≥ x2

i ) for all i > 0, which is equivalent

to (relevant results can see [4] and [17])

xi−1xj+1 ≤ xixj (or xi−1xj+1 ≥ xixj) for j ≥ i ≥ 1. (1)

Given two real polynomialsf(x) andg(x), we writef(x)-g(x) ≥x 0 if f(x)-g(x) has nonneg-

ative coefficients as a polynomial inx. Let {fn(x)}n be a sequence of polynomials inx, we say

{fn(x)}n is x-log-convex (orx-log-concave if

fn−1(x)fn+1(x)− fn(x)2 ≥x 0 (or fn−1(x)fn+1(x)− fn(x)2 ≤x 0 ), (2)

for all n ≥ 1. Clearly, if the sequence{fn(x)}n is x-log-convex, then for each fixed positive number

x, the sequence{fn(x)}n is log-convex. The converse is not true in general. If the opposite inequality

in (2) holds, then the sequence{fn(x)}n is x-log-concave. The concept of thex-log-concavity was
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first suggested by Stanley [17] and this has been of much interest on this subject. We refer the reader

to Sagan [14] for further information about thex-log-concavity.

Perhaps the simplest example ofx-log-convex polynomials is then! andx-factorial [n]x! where

[n]x = 1 + x + · · · + xn−1. There are lot of examples ofx-log-convex polynomials. Liu and Wang

[11] etablished thex-log-convexity of the following polynomials:

1. Bell polynomials or generating function of the Stirling numbers of the second kind:Bn(x) =
∑n

k=0 S(n, k)xk;

2. Eulerian polynomials:An(x) =
∑n

k=0 A(n, k)xk;

3. Thex-Schr̈oder number:rn(x) =
∑n

k=0

(
n+k
n−k

)
Ckx

n−k whereCk is the Catalan number;

4. Thex-central Delannoy number:Dn(x) =
∑n

k=0

(
n+k
n−k

)
bkx

n−k wherebk =
(
2k
k

)
central bino-

mial coefficient.

Chenet al. [5] proved that the Narayana polynomials of typeA Nn(x) =
∑n

k=0
1
n

(
n
k

)(
n

k+1

)
xk

are x-log-convex. Chenet al. [6] showed that the Narayana polynomials of typeB Nn(x) =
∑n

k=0

(
n
k

)2
xk arex-log-convex.

Let {xk}k be a sequence of nonnegative numbers. Let us consider the following linear transfor-

mation of sequence

yn =
n∑

k=0

a(n, k)xk, (n ≥ 0), (3)

where{a(n, k)}0≤k≤n is a triangular array of nonnegative numbers.

We say that the linear transformation (3) preserves the log-convexity if the log-convexity of{xn}
implies that of{yn}.

So far there exist a lot of linear transformations preserving log-convexity. For example, it is well

known that the following linear transformations,

zn =
n∑

k=0

(
n

k

)
xk, (4)

bn =
n∑

k=0

[
n

k

]

q

xk, (5)

preserves the log-convexity, see respectively [8] and [13].
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In [2], the authors established that the ordinary multinomial transformation

tn =
n∑

k=0

(
n

k

)

s

xk, (6)

preserve the log-convexity, where the ordinary multinomial number
(
n
k

)
s

is defined as thekth coefficient

in the development

(1 + x + x2 + · · ·+ xs)n =
∑

k∈Z

(
n

k

)

s

xk, (7)

with
(
n
k

)
s

= 0 for k > sn or k < 0.

The p, q-analogue of the usual binomial coefficient is called thep, q-binomial coefficient and

defined forp 6= q by [
n

k

]

p,q

=
k∏

i=1

pn−i+1 − qn−i+1

pi − qi
, 0 ≤ k ≤ n. (8)

Using the notation[k]p,q = pk−qk

p−q and [n]p,q! = [n]p,q[n − 1]p,q · · · [1]p,q we can rewrite (8) as

follows [
n

k

]

p,q

=
[n]p,q!

[n− k]p,q![k]p,q!
, (9)

where
[
n
0

]
p,q

= 1 and
[
0
k

]
p,q

= δk. It is well known that the coefficient
[
n
k

]
p,q

satisfy the following

recurrence relation: [
n + 1

k

]

p,q

= pk

[
n

k

]

p,q

+ qn−k+1

[
n

k − 1

]

p,q

. (10)

These coefficients, as for usual binomial coefficients, are built as for the Pascal’s triangle, known

asp, q-Pascal triangle. In Table 1, the first few values of thep, q-binomial coefficients are provided.

n/k 0 1 2 3

0 1

1 1 1

2 1 p + q 1

3 1 p2 + pq + q2 p2 + pq + q2 1

4 1 p3 + p2q + pq2 + q3
(
p2 + pq + q2

) (
p2 + q2

) · · ·

Table 1: Thep, q-Pascal triangle.

Thep, q-binomial coefficients reduces to theq-binomial coefficients (elements ofq-Pascal trian-

gle) whenp = 1. For the theory ofp, q-binomial coefficients see [7].
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The objective of this paper is to show that the log-convexity is preserved under thep, q-binomial

transformation using a theorem of Liu and Wang [11, Theorem 4.8], who established the connection

between linear transformations preserving the log-convexity and thex-log-convexity. As an applica-

tion, we give the log-convexity of thep-Galois numbers.

2. MAIN RESULT

Our main result is as follows.

Theorem1 — Let q > p ≥ 1 be two real numbers. Then the linear transformation

yn =
n∑

k=0

[
n

k

]

pq

xk, n = 0, 1, ... (11)

preserves log-convexity.

Liu and Wang [11] obtained a sufficient condition on a triangular array which ensures the corre-

sponding transformation is log-convexity preserving.

Given a triangular array{a(n, k)}0≤k≤n of nonnegative real numbers, consider the linear trans-

formation

yn =
n∑

k=0

a(n, k)xk, n = 0, 1, 2, . . . (12)

For convenience, leta(n, k) = 0 unless0 ≤ k ≤ n. For0 ≤ t ≤ 2n, define

ak(n, t) = a(n + 1, k)a(n− 1, t− k) + a(n + 1, t− k)a(n− 1, k)− 2a(n, k)a(n, t− k),

if 0 ≤ k <
⌊

t
2

⌋
, and

ak(n, t) = a(n− 1, k)a(n + 1, k)− a(n, k)2,

if t is even andk = t/2. Also, define

An(x) =
n∑

k=0

a(n, k)xk, n = 0, 1, 2, . . .

It is clear that if the linear transformation (12) preserves the log-convexity, then for each positive

numberx, the sequence{An(x)} is log-convex.

The sufficient condition of Liu and Wang is stated as follows.

Theorem2 — [11, Theorem 4.8]. Assume that the polynomials

An(x) =
n∑

k=0

a(n, k)xk
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form ax-log-convex sequence. For any givenn andt, if there exists an integerr = r(n, t) such that

ak(n, t) ≥ 0 for k ≤ r andak(n, t) ≤ 0 for k > r, then the linear transformation with respect to the

triangular array{a(n, k)}0≤k≤n is log-convexity preserving.

Let An(x) =
∑n

k=0

[
n
k

]
pq

xk. Firstly, we show that the polynomialAn(x) is x-log-convex, so we

give the following lemma.

Lemma1 — Let j, l ≥ 0 andn ≥ 1 be integers and letq > p ≥ 1 be two real numbers. Then we

have the following inequality:

ql
n∑

k=0

[
n

k

]

pq

xk
n+1∑

h=0

[
n + 1

h

]

pq

(
pjx

ql

)h

≥x

n∑

k=0

[
n

k

]

pq

(
pjx

ql

)k n+1∑

h=0

[
n + 1

h

]

pq

xh. (13)

PROOF : We proceed by induction overn. Takingn = 1, the left of the inequality (13) is

ql + (pj+1 + pjq + ql)x +
p2j + pj+1ql + pjql+1

ql
x2 +

p2j

ql
x3, (14)

and the right of the inequality (13) is

1 +
pj + pql + ql+1

ql
x +

pj+1 + pjq + ql

ql
x2 +

pj

ql
x3. (15)

It is obvious that (14)≥x(15).

Now, we suppose that the inequality (13) holds forn− 1. Then using the recurrence relation, we

get

ql
n∑

k=0

[
n

k

]

pq

xk
n+1∑

h=0

[
n + 1

h

]

pq

(
pjx

ql

)h

−
n∑

k=0

[
n

k

]

pq

(
pjx

ql

)k n+1∑

h=0

[
n + 1

h

]

pq

xh

= ql
n−1∑

k=0

[
n− 1

k

]

pq

(px)k
n∑

h=0

[
n

h

]

pq

(
pj+1x

ql

)h

+ qn+l+1
n−1∑

k=0

[
n− 1

k

]

pq

(px)k

n∑

h=0

[
n

h

]

pq

(
pjx

ql+1

)h+1

+ qn+l
n−1∑

k=0

[
n− 1

k

]

pq

(
x

q
)k+1

n∑

h=0

[
n

h

]

pq

(
pj+1x

ql

)h

+q2n+l+1
n−1∑

k=0

[
n− 1

k

]

pq

(
x

q
)k+1

n∑

h=0

[
n

h

]

pq

(
pjx

ql+1

)h+1

−
n−1∑

k=0

[
n− 1

k

]

pq

(
pj+1x

ql

)k n∑

h=0

[
n

h

]

pq

(px)h − qn+1
n−1∑

k=0

[
n− 1

k

]

pq

(
pj+1x

ql

)k

n∑

h=0

[
n

h

]

pq

(
x

q
)h+1 − qn

n−1∑

k=0

[
n− 1

k

]

pq

(
pjx

ql+1

)k+1 n∑

h=0

[
n

h

]

pq

(px)h

−q2n+1
n−1∑

k=0

[
n− 1

k

]

pq

(
pjx

ql+1

)k+1 n∑

h=0

[
n

h

]

pq

(
x

q
)h+1.
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It follows that

ql
n∑

k=0

[
n

k

]

pq

xk
n+1∑

h=0

[
n + 1

h

]

pq

(
pjx

ql

)h

−
n∑

k=0

[
n

k

]

pq

(
pjx

ql

)k n+1∑

h=0

[
n + 1

h

]

pq

xh

=

{
ql

n−1∑

k=0

[
n− 1

k

]

pq

(px)k
n∑

h=0

[
n

h

]

pq

(
pj+1x

ql

)h

−
n−1∑

k=0

[
n− 1

k

]

pq

(
pj+1x

ql

)k n∑

h=0

[
n

h

]

pq

(px)h

}

+xqn

{
ql−1

n−1∑

k=0

[
n− 1

k

]

pq

(
x

q
)k

n∑

h=0

[
n

h

]

pq

(
pj+1x

ql

)h

−
n−1∑

k=0

[
n− 1

k

]

pq

(
pj+1x

ql

)k n∑

h=0

[
n

h

]

pq

(
x

q
)h

}

+xqn−l−1pj

{
ql+1

n−1∑

k=0

[
n− 1

k

]

pq

(px)k
n∑

h=0

[
n

h

]

pq

(
pjx

ql+1

)h

−
n−1∑

k=0

[
n− 1

k

]

pq

(
pjx

ql+1

)k n∑

h=0

[
n

h

]

pq

(px)h

}

+x2q2n−l−1pj

{
ql

n−1∑

k=0

[
n− 1

k

]

pq

(
x

q
)k

n∑

h=0

[
n

h

]

pq

(
pjx

ql+1

)h

−
n−1∑

k=0

[
n− 1

k

]

pq

(
pjx

ql+1

)k n∑

h=0

[
n

h

]

pq

(
x

q
)h

}
,

by the induction assumption every term of the above sum is a polynomial onx with nonnegative

coefficients. Thus we obtain

ql
n∑

k=0

[
n

k

]

pq

xk
n+1∑

h=0

[
n + 1

h

]

pq

(
pjx

ql

)h

≥x

n∑

k=0

[
n

k

]

pq

(
pjx

ql

)k n+1∑

h=0

[
n + 1

h

]

pq

xh,

as desired.

PROOF OFTHEOREM 1 : From the recurrence relation (10), we have

An+1(x) =
n∑

k=0

[
n

k

]

pq

(px)k + qn+1
n∑

k=0

[
n

k

]

pq

(
x

q
)k+1,

and

An(x) =
n−1∑

k=0

[
n− 1

k

]

pq

(px)k + qn
n−1∑

k=0

[
n− 1

k

]

pq

(
x

q
)k+1,
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then

An+1(x) An−1(x) − {An(x)}2

=

{
n−1∑

k=0

[
n− 1

k

]

pq

(x)k
n∑

h=0

[
n

h

]

pq

(px)h −
n−1∑

k=0

[
n− 1

k

]

pq

(px)k
n∑

h=0

[
n

h

]

pq

(x)h

}

+qn

{
n−1∑

k=0

[
n− 1

k

]

pq

(x)k
n∑

h=0

[
n

h

]

pq

(
x

q
)h+1 −

n−1∑

k=0

[
n− 1

k

]

pq

(
x

q
)k+1

n∑

h=0

[
n

h

]

pq

(x)h

}
.

From Lemma 1, we obtain thatAn+1(x) An−1(x) − {An(x)}2 ≥x 0 holds for eachn. Thus the

polynomialAn(x) is x-log-convex.

By the definition, we have

ak(n, t) =
[
n− 1

k

]

pq

[
n + 1
t− k

]

pq

+
[
n− 1
t− k

]

pq

[
n + 1

k

]

pq

− 2
[
n

k

]

pq

[
n

t− k

]

pq

=
[n− 1]pq! [n + 1]pq!

[k]pq! [t− k]pq! [n− 1]pq! [n + 1− t + k]pq! [n + 1− k]pq!
Ak(p, q),

whenk < t/2, and

ak(n, t) =
[
n− 1

k

]

pq

[
n + 1

k

]

pq

−
[
n

k

]2

pq

=
[n− 1]pq! [n]pq!

[k]pq!2 [n + 1− k]pq!2
Ak(p, q),

when t even andk = t/2, where

Ak(p, q) = [n + 1]pq

{
[n− t + k]pq [n + 1− t + k]pq + [n− k]pq [n + 1− k]pq

}

−2 [n]pq [n + 1− k]pq [n + 1− t + k]pq .

Clearly,ak(n, t) has the same sign as that ofAk(p, q) for eachk. The derivative ofAk(p, q) with

respect tok is given as follows:

A′k(p, q) =





2(2n + 1)(2k − t) whenp = q = 1,
ln q

(q−1)3

(
qn−t+k − qn−k

) {(qn+1 − 1
)
[2q

(
qn−t+k + qn−k

)

− q − 1] + 2q (qn − 1)}, whenp = 1 andq > 1.

By simple computation, we check thatA′k(p, q) ≤ 0. ThusAk(p, q) changes sign at most once

(from nonnegative to nonpositive), and so doesak(n, t). Hence, by Theorem 2 the linear transforma-

tion yn =
∑n

k=0

[
n
k

]
pq

xk preserves the log-convexity. This completes our proof.



556 MOUSSA AHMIA AND HACÈNE BELBACHIR

By settingp = q = 1 in Theorem 1, we obtain that the linear transformation

zn =
n∑

k=0

(
n

k

)
xk,

preserve the log-convexity.

And if p = 1 in Theorem 1, we can deduce that the linear transformation

zn =
n∑

k=0

[
n

k

]
xk,

preserve the log-convexity.

Finaly, we give thep-Galois number [15] as an application of Theorem 1 which is defined by

Gp,q(n) =
n∑

k=0

[
n

k

]

pq

, n = 0, 1, ... (16)

with initial valuesGp,q(0) = 1, Gp,q(1) = 2, and satisfies the recurrence

Gp,q(n + 1) = 2
n∑

k=0

pk

[
n

k

]

pq

+ (qk − pk)Gp,q(n− 1), n ≥ 1. (17)

When p = 1, the Gp,q(n) reduce to the Galois numbersGq(n) defined by the second order

recurrence [9].

Gq(n + 1) = 2Gq(n) + (qk − 1)Gq(n− 1), n ≥ 1. (18)

Thus, we obtain the next result.

Corollary 1 — Let q > p ≥ 1 be two real numbers. Then the sequence ofp-Galois numbers

Gp,q(n) =
n∑

k=0

[
n

k

]

pq

, n = 0, 1, ... (19)

is log-convex.
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