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We study asymptotic behavior of solutions to an initial value problem posed for heat equation. For
which, we construct an approximate solution to the initial value problem in terms of derivatives of

Gaussian by incorporating the moments of initial function. Spatial shifts are introduced into the

leading order term as well as penultimate term of the approximation. This paper is continuation
to the work of Yanagisawa [14].
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1. INTRODUCTION
In this article, we study the large time asymptotic to the solutions of the Cauchy problem

Ot = Gpz, T ER, t>0, D)
¢(x70) = ¢O($)7 r €R, (2)

where

(1 + |z|)*3F ¢y € LI(R), ©)
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for any positive integek and a small real number This work is continuation to the work done by
Yanagisawa [14]. We denote tlieh order momenbf the functiongy, wherej is a non negative

Mj:/ij(bo(x)dx

It is well known [4] that Hopf transformation reduces the viscous Burgers equation to heat equa-

integer, by

tion. Hence, for studying the asymptotic behavior of solutions to the Burgers equation, one may first
investigate the asymptotic behavior of solutions to the heat equation.

Chern and Liu [1] studied large time asymptotics of solutions to heat equation by constructing a
self similar solution, which converges to the true solution with oxdér™ +2p) in LP norm when
t — oo. If ¢g(x)el*! is bounded orR, the decay rate of the solutian(z, t) of (1)-(2) is given in
Rubinstein and Rubinstein [11] by

I2
(z,t) = L % [Mo +¢ ! (le — M2>

2¢/mt 2 4
1
t35t % (42® My — Az Ms + My) + O(t~ 3)} , ast— oo,

whenz is bounded oR. Witelski and Bernoff [13] considered the heat equation with nonnegative
compactly supported integrable initial functions. They introduced three parameters into the approx-
imate solution, these correspond to the mass, center of mass and variance of the given initial data.
Miller and Bernoff [9] studied the heat equation with nonnegative piecewise initial data assuming that
third order moment of initial data exists. Using the approximation obtained in Witelski and Bernoff
[13], Miller and Bernoff [9] derived the rate of convergence to be of o@er*“ﬁ) in LP norm

whent — oo. Kloosterziel [8] considered the initial data, which is nonnegative and square integrable
with respect to weight functioe% onR. They then expanded the solution of the heat equation in
terms of its self-similar solutions. This expansion reveals the large time asymptotics quickly. Srini-
vasa Rao and Engu [12] studied the relations between the approximations given by Kloosterziel [8]
and Miller and Bernoff [9]. Assuming®*¢, € L'(R), ¢y is bounded and not changing its sign on

R, Kim and Ni [6] constructed an asymptotic solution

_teen?
-2

to (1)-(2), wherep; andc; are constants to be determined based on the moments sfiowing that

204l 1

[|o(,t) — dn(, )|l =0 2 "2¢), t — oo.

Kim [7] generalized the theory of the truncated moment problem to include complex measures and

then obtained the large time behavior of solutions to heat equation by constructing the approximations
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as linear combination of heat kernels. Using the generalization of truncated moment problem [7],
Engu, Sahoo and Manasa [3] studied ffievave solutions for heat equation. Duoandikoetxea and
Zuazua [2] constructed an approximate solution for heat equation in the following form;

2n—1

Vi [ -2
n(x,t) = -1y ——=0’, % | fort >0, xR 4

They showed that the approximate solutign, converges to the solutiop with an order
2n+1
0, (t* 2 +ﬁ) in LP—norm whent — oo.

Generalizing the works of Duoandikoetxea and Zuazua [2] and Miller and Bernoff [9], Yanagi-
sawa [14] introduced an asymptotic approximate solution

B

-1
(bk(x,t) = (—1)] T']a%Gt(x) + (—1) ﬂaléGt+(tk)+($ - ’}/k), for ¢ > 0, r €R (5)

.
Il
=)

to the Cauchy problem (1)-(2), where

Gi(z) = &exp(—ﬁ) .

They chose space shifi, and time shift(t) , = max(;,0) by making(k + 1) and(k + 2)*"

moments ofp(x, t) — ¢*(x, t) vanish whert — 0. Ast — oo, they derived the convergence order
k

to beO(t(ﬁ*%%)) when(t;)+ > 0 andO(t(ﬁ 2 2)) when (tx)+ = 0 with respect tal.”-norm,
I<p<oo.

Our main result is stated herewith:

Theorem1.1 — Let ¢(x,t) be a solution to heat equation (1) subject to (2) satisfyihgt-
lz|)F T3¢y € L' (R), wherek is any positive integer andis any small positive real number. Then,
for1 < p < oo, we have

k

[6(8) — ¢* ()]l = Ot~ =

Sl

), t— o0, (6)

whereg* is given by
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k—2
H( 1y ],Jaaat< z) + (=" (,iwf %G (:c— M]Z’“_l)
if M—1 # 0, My_1 My = 5LME, s M2 My = M,
:<—1>J‘Aﬁagat<x> D (,i” EL 041G — i)
PF(x,t) = +(—k1!)k (M, — kMj,_1bo]0% G, (w _ Qz?ii*fiﬁffiﬁfiéf?) ()
2'f My # 0,
k—2

:0

<.

if Mg—1 =0, My # 0, Mg oM = 2(’?;21) [Mp41)?,

wherebg (# k%k_l) is any real valued solution of the quartic equation

(K2(k 4+ 1)(k + 2)M?_|1bs — [4k(k + 1) (k 4+ 2) M1 M, b3
+[12k(k + 2) Mj—1 My 1102 — [24k M1 My i 2]bo

E+2) 0, 1= 0. ®)

The existence of real valued solution of the quartic equation (8) is discussed in Remark 4.

This paper is organised as follows. In Section 2, we construct an approximate solution to the
Cauchy problem (1)-(2) and then extend these results to viscous Burgers equation. Section 3 presents
the comparisions of the proposed asymptotic approximate solution with Yanagisawa [14]'s asymptotic
approximate solution (5) as well as with Kim and Ni [6]'s asymptotic approximate solution.

2. AN ASYMPTOTIC APPROXIMATION

In this section, we propose an asymptotic approximate solution, ¢) to the solution of the initial
value problem (1)-(2) by

B

-2
M .
P (a,t) = (—1>37ﬁa§0t<x> +agdi 1 Gy(x — bo) + a19FGy(z — by), 9)

<.
Il
o

where the arbitrary constants, a1, by andb; are to be chosen appropriately. Hé¥gz) represents
one-dimensional heat kernel

]
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As an outcome of this, we will obtain higher order convergenceg afs mentioned in the Theorem
1.1.

We now prove few Lemmas which are needed to prove Theorem 1.1.

Lemma2.1 — Let¢ be the solution to the problem (1)-(2) antibe an asymptotic approximation
given in (9), wherek is any positive integer. Then we have the following:

lim [ "oz, t) = 6" (@, t)]de = My = (=1)" (k= 1)lao, (10)
t— R
lim 2oz, t) — ¢F(x, t)]de = My — (=1)* " klaghy — (—1)*Klay, (12)
t—0 R
!
lim [ 2 [p(x,t) — ¢¥(x,t)]de = My — (=1)F! (k+ 1)'a0bg
t—0t+ JR 2
—(=1)*(k + 1)!a b1, (12)
!
i [ 2200, 0) - e, D = Mygs — (—1) EE 2R
t—0t JR 3!
k+2)!
N (13
PrROOF: Using integration by parts, we have
lim [ 270LGy(x)dx = (—1)5'4;;, for any non-negative integetsndj, (14)

t—0+ JR

whered;; represents Kronecker's delta. We first prove (10). Making use of (14), it is easy to see that

lim [ 2" Gz — bo)dx = lim [ (y+ bo)k_lal;_th(y)dy
t—0t+ JR t—0t JR
= (-DF LYk -1) (15)
and
. k—1 gk _ k—1 gk
tl_l)I(I)l_‘_ A "0 G(x — br)de = tl_l,%i R(y + 1) 0, Gi(y)dy
= 0. (16)

It then follows from (14)-(16) that

lim | 2" [g(x,t) — ¢ (x,)]dz
t—0t JR

= Mj_1 —ap lim [ 2" 10 1Gy(x — bo)dx — ay lim [ zF71ORGy(z — b1)dx
t—0t+ JR t—0t JR

= Mj_1 — (-1 (k — 1)lao,
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which proves (10). We now proceed to prove (11). In view of (14), we have

tl—iglJr kaaﬁfth(w—bo)dq: - tl_i)r[% R(y—&—bo)k@g*th(y)dy
— (_1)k—1(k—1)!<’f)bo
= (=1)" k!, (17)
and
tl_iggr kaalet(Jc—bl)dm = tl_i)r(% R(y+b1)k8];Gt(y)dy
= (=1)"k!. (18)

Now (11) can be derived from (14), (17) and (18) as follows:

lim [ z* [p(z,t) — o (x, t)]dx
t—0t+ JR

= My, —ap lim [ 2*0F1Gy(x — bo)dz — a1 lim [ 2F0FGi(x — by)dz
t—0+ JR t—0t JR

= M, — (—1)k71k!a0b0 — (—1)kk!a1.

Next, using (14), we see that

Jim [ TGy —bo)dr = Tim (e bo) L OE1Gy (y) dy
_ k+1
= - (U )%
1 (E+1)!
= (& 5 % (19)
and
Jim [ e OG @ —b)de = lm [ (y+ ) O Giy)dy
1
_ (—1)’%!(% >b1
= (—1)F(k+1),. (20)
Therefore, from (14), (19)-(20), we get
lim [ g (1) — ¢ (. )]da
t—0t R
= Myy1 — ap tlir51+ A xk+18§_1Gt(a: —bo)dx — ay tErél+ . xkﬂﬁfGt(aﬁ —by)dx
!
= My — (—l)k_lmaobg — (—1)k(k7 + 1)!&1()1,

2
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which verifies the equality (12). Finally to prove (13), we use (14) to find that

lim [ 220 1Gy(x — bo)dx = lim (y—l—bo)k+28§_th(y)dy
t—0t JR t—0t JR
2
= -t )
k+2
= (! 3 2 (21)
and
lim [ 2"T20%Gi(x — b1)dz = lim (y+b1)k+28k +(y)dy
t—0t JR t—07t

= et (22)

Using (14), (21)-(22), it can be seen that

lim [ 2 p(x, 1) — ¢ (,1)]dw

t—0t JR

= Mo —ap lim [ 2"20%71Gy(x — bo)dx — ay lim | zFT208Gy(x — by)dx

t—0* JR t—0* JR
1 (E+2)! k+2)!

= Mk+2 - (—1)k 1( 31 ) aobg - (—l)k( 9 ) alb%.

This completes the proof. O

Remarkl : It is easy to see that the moments of initial function, upto the okder2, were
incorporated in the asymptotic approximate solution (9) as if

lim [ 2%[¢(x,t) — ¢F(z,t)]de =0, j=0,1,2... k-2,
t—0t+ JR

providedk > 2.

By virtue of above Lemma 2.1, we list out some key observations:

1. The choice of
1 Mk—l

ag = (—=1)"" e 1)

(23)

coefficient in penultimate term of the asymptotic approximate solution (9), makés the)!"
order moment ob to agrees with that af* ast — 0.
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2. If we choose
(=)
a) = k' [Mk — kMk—lbO]a (24)

in (9) andag as in (23), therk order initial moment ofp agrees with that of* for any

arbitrary constant.

3. Choosing
poo 2Min — R(k+ 1) M, 1b3
T2k + 1)(My, — kMy_1bo)

(25)

in (9) andao, a; as in (23)-(24), we notice thak + 1) order initial moment of agrees with
that of * for any arbitrary value ofy.

4. Finally, if we assume that + 2)** order initial moment of) agrees with that ap*, then from
(13) we have

(k +2)!

[
X b — (-1

a1b? = 0. (26)

Substituting the expressions (23)-(25)gf a; andb; in the equation (26), we get an equation
in by;

[k2(k 4+ 1)(k + 2)M?_|]bg — [4k(k + 1) (k + 2) M_1 M, ]b3
+[12k(k + 2) My—1 My1]b§ — [24kMy_1 My 2] bo
(k+2). o

Hence, by assigning any solution of the above equatidn,tve notice tha(k + 2)** order
initial moment of¢ also agrees with that af*.

5. The conditionsM;,_; = 0 and

lim [ 2/[p(z,t) — ¢*(z,t)]de =0, 0<j<k+2,
t—0t JR

reduce the proposed approximation (9) to (54).
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Motivated by the work of Yanagisawa [14], we now introduce a funcfign,) b

F(¢o)(x) =

A A
- Z (/ / </wk+1_j Ho($k+2—j)d$k+2—j> dTpi1—j - > dx
ol ( /bo ([ i) ) [ ([ o). e

whereH,(x) is the Heaviside’s unit step function

0if z<a,
H(z) =
1if z>a.

The following Lemma talks about the integrability of the functibty,) onR.

Lemma2.2 — Assume that(x,t) is a solution to heat equation (1) subject to (2) satisfying

(1+ |z|)f T3¢y € L (R). Further, let

lim [ @[g(e,t) - ", t)ldr =0, 0<j<k+2 (28)
t— R

where¢” (z,t) is given in (9). ThenF(¢o) € L' (R).

PROOF: As (1 + |z|)**3+¢¢y € L'(R), using Lemma A. 1 [see pp.115, [14]], we have

(/ /$k+1 (/_9:;*2 b0 <$k+3)d:€k+3) dTpys - - ) day

&

O

I
|\

B2 gy e
- 2 Mj(x)m, 29
whereM (x) f y]¢0( )
k—2
By(z): = - (_1)3'%
Jj=0
x/o (/ / (/ k+1-j Ho(wk+2j)dxk+2j> dackﬂj...) dxy
k— 2 k42—
= - o
o j! M(’”?—J)- (30)
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wherez; = max{x,0}. Consider

([ ([ o)

3 b2 b3 .
{ag [%—%0332—&-7037—3—?], if x> by

0, if < b.

B3(a;) .
(31)

Bilz): = —a /b </2Hb1(x2)d:z2> dzy

{al|:x22b1$+b§}, if ©>0b;

0, if x < bl.

(32)

We first consider the case— oo for F'(¢g)(x). Summing up the equations (29)-(32), we get

F(gf)o)(m) = Bl(x) + Bg(x) + B3($) + B4($)
k+2

(=1) <7 k+2—j (—pFt ap\ 3
- N Mz — M. J S M = =
jgo(k+2—j)!j!{ g@) = My 4 g Mt )
(—1)F ar  apbp\ o (—1)k+1 agb%
Jyp—— M, by —
+( R R T R e DT L T
(*1)k+2 aob% alb%
+ <(k+2)!Mk+2+ 3 2 ) (33)

In view of the equality (28), equations (10)-(13) can be written as

(=)k! ap _

(k — 1)!3!M’“‘1 B

(—l)k al CLobo

g Mmooy T =0

-1 k+1 a b2
MMk+1 +aiby — % =0,
(—1)k+2 apby  arb}

(e ezt =5 = =5 =0

Thus, we are left with
Y -
F(¢o)(z) = ZO m{Mj(fﬂ) =M™

J:

For0 < z < s < oo, we have

22T < T o< j <k + 2. (34)
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This leads to
mk“*jsj\d)()(s)\ < sk”\d)o(s)] fo<j<k+2

Integrating the above inequality with respecktivoom z to oo and then dividing byk +2 — 5)!5!,

we arrive at
pk+2-y oo 1 00 hio
(k+2—ﬂ)'9'/x S]‘%(S)‘dsg(kﬂ—j)!j!/x 52| (s)|ds. (35)
Thus,
k+2 - ~ k2 hio i .

(—1)! . . x J ,
z(:)(k‘*'z—])'f /m 57 ¢o(s)ds 2 t2il E)W/Z s7|¢o(s)|ds
Jj= j=

k+2 ] -
k+2
< L), ok
]:

= o(jz|7'7%) as z — oo,
in view of (1 + |z|)¥*3+<¢y € L(R). Hence,
F(o)(z) = o(|2|7'7%) as z — oo (36)
Therefore, there exists a sufficiently large real number 0) such that
2! F(¢o)(x)| < 1, Va > L.

In other words|F(¢o)(z)| < z717¢ Vz > L. Thus, we get

/LOO |F(¢po)(x)|dx < /LOO z " = e}ﬁ < 0. (37)

We now consider the case— —oo for F/(¢o)(x). If x < 0, we have

s ([ o)

j=0 o0

k+2 |£L‘|k+2_j z } )

< -

b jz(:)(kJrQ—j)!j! /_OO|3! [po(s)|ds
- 1 x

S T o N k+2 d
jgo(k+2—j)!j! /_00’3’ |po(s)|ds

= o(|z|7'¢) as r — —oo. (38)
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On the other hand, whenis smaller than minimum dfy, b; and 0, it is to be noted from (30)-(32)
that
By (z) = Bs(x) = Ba(z) =0

and hence
F oy M ()27 39
(¢o)(z) = JZ:(]H_Q_]),], j(@)w (39)
Hence, in view of (38), we get
F(¢o)(z) = o(|z|17¢) as z — —oo. (40)

Repeating as in the — oo case, one obtains that

M
/ IF(60) () |dz < o0 (41)

for some large numbén/| with M < 0.
Eventually, (37) and (41) will conclude that(¢o) € L*(R).

Having F(¢o) as L!-function under the hypotheses of Lemma 2.2, we indicate its convolution
with heat kernelG,(z) by

Gy * F(do)(x /i%x— 60) (v)dy. (42)

The following lemma tells that the difference tegn— ¢* can be represented as tfie+ 3)*"
order spatial derivative of the convoluti@, * F'(¢p).

Lemma2.3 — Assume that(z,t) is a solution to heat equation (1) subject to (2) with+
lz|)*3+<¢y € L'(R), wherek is any positive integer andis a small positive real number. Further,
let

lim [ @[p(a,t) - ¢ (z.t)ldz =0, 0<j<k+2 (43)
t— R
where¢” is an asymptotic approximation given in (9). Then,

3Gy« F(o)(2)) = d(a,t) — ¢F(x,t) for t>0, z €R. (44)

PrRooOF: Consider

8k+3(Gt * Bl( =

_ okt U B Y b
Gtx Y)0, bo(rkr3)drpss | drgis dxy | dy

S (45)
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Similarly, we have

MGy« By(x)) = ITHGy * 0F 2 By(x))

N~

- _Z(—1)j%ag“ OOGt(x—y)dy
= =N (=1 LG (). (46)

For B3(z), we compute that

i /R Gl — ) Bs(y)dy

= —aoa’;/RGt(:c —)0; Ubj (/: (/Z Hbo(xg)darg) dm2> dml] dy

= —audt | Gila =) Hiy )y
= —ag0k /_; Gi(y — bo)dy
= —agd"1Gy(z — bo). (47)
Similarly for B, (), we obtain
ok [ Gula = ) Baly)dy = ~a105Cula — br). (48)
Therefore, summing up the equations (45)-(48) leads to equation (44) as

F(¢0)($) = B (:U) + BQ(.CU) + Bg(x) + B4($).D

ProOOF OFTHEOREM 1.1: Using the Rodrigues formula for Hermite polynomials, it is seen that

3Gy (z) = ﬂﬂmd&)e—gz (49)
‘ NGO ’

where¢ = x//4t and Hy 5 is a Hermite polynomial of ordek + 3.
Consider, forl < p < oo,
096,00l = e (Vi [ Ia(e € pac) "
NGRS oo

1 k44

= Ot z) ast— oo (50)
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Using Young's inequality, we find that
10572(Gy x F(¢0))llp < |1F(d0)|[1 105Gl (51)
Therefore, in view of Lemma 2.2, Lemma 2.3 and the decay rate (50), the order of convergence
in (6) follows from the Young’s inequality (51). O

Repeating the proof of Theorem 1.1 with + 2)*" partial derivative ofG; in place of(k + 3)™
partial derivative, we obtain the following:

Remark? : Leto(z, t) be a solution to heat equation (1) subject to (2) satisfyingz|)*+3+<¢q €
L'(R). Then, forl < p < oo, we have

|| / — (. Dy [p=O(t T ), 1 ox, (52)

whereg” is given in (7).

Remark3 : It is important to notice that assuming the equality (28), we seek for expressions of
ap, a1, by andbg in equations (10)-(13). This, in turn, produces the conditional statement (7) from the
proposed approximate solution (9). In other words, the moments, upto the(érde), of ¢(x,t)
agree with those ab*(x, t) given in (7) ag — 0.

Remark4 : It is known that [10, 5] there exist at least two real solutions to the quartic equation
(8) in all the cases except the following three cases:

1.a<0,c>“4—2,A>0,

2.a>0,A>0

2

3.A=0,c=%b=0,

3 3p* | p?
wherea—q—L b—r+p— % :s—2—§6+1—6q—%and
A = 144ab’c 128a % + 16a*c — 27b* + 256¢°

with
_ Ak(k 4 1)(k + 2) My_1 M,
Rk + 1) (k+2)M2
o 12k‘(]€ + Q)MkfleJrl
R+ D)(k+2)ME
24k My, My 12
k2(k + 1) (k +2)M?_ |’
12[2My My o(k + 1) — (k + 2) Mi, 4]
K2(k + 1)2(k + 2)M ‘

r=—

S =
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In case the coefficients of the equation (8) satisfy one of those three cases, we do not have higher
order approximate solutions in the proposed form (9) and the work is left for future research. How-
ever, if My_1 Mgy = ELM2 and %M@%H = M3} in those three cases, we have
higher order approximate solution given in the first statement of (7).

Remarks : Let M = 0, My # 0 and¢(z,t) be a solution to heat equation (1) subject to (2)
satisfying(1 + |z|)**?*<¢, € L'(R), wherek is any positive integer andis any small positive real

number. Then, fot < p < co, we have

16(.18) = 65 (. )]l = O™ = T3), t — oo, (53)
whereg,, is given by
2 M M, M,
Hant) = (1P o) + (-0 oG (oo )

0

<

2.1 Onviscous Burgers Equation
We now mention the large time asymptotics for solutions of the viscous Burgers equation;

Up + ULy = Uge, T ER, >0, (55)
u($70) = Uo(-f), z € R, (56)

with the initial dataug satisfying
(1+ |2+ ug € L'(R), (57)

for any positive integek and a small real number> 0.

Theorem2.2 — Letu(z,t) be a solution to the Burgers equation (55) subject to (56) with
satisfying(1 + |z|)¥T3+eug € L'(R). Let

M, = /er [—;uo(x) exp <—;/mu0(y)dy>] dz, r=0,1,2,.... (58)

then there existg). > 0 such that
Ju(rt) = ()]l = O 2 ), - oo, (59)

wherel < p < oo and

¢*(x, 1)

k —

zeR, t>0, (60)
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is well defined for: € R, ¢ > Ty.. Here ¢, is given by (7).

The proof of the Theorem 2.2 is omitted as it is easily proved using the Theorem 1.1, Remark 2
and standard arguments [14].

Remark6 : Let M1 = 0, My # 0. Further, letu(z,t) be a solution to the Burgers equation
(55) subject to (56) withy, satisfying(1 + |z|)*+?>+cuy € L' (R). Then there exist$}, > 0 such that

3+k

[Ju( ) = W ()]l = O™ 2 T20), ¢ — oo, (61)

wherel < p < oo and

o (z, 1)
1+ [* Py, t)dy’

is well defined forz € R, t > Tj. Heregy, is given by (54).

uk(a:,t) = —2 rEeR, t>0, (62)

3. COMPARISON WITH YANAGISAWA [14]’'s AND KIM AND NI [6]' SASYMPTOTIC
APPROXIMATE SOLUTIONS

We first list out the advantages and disadvantages of the proposed asymptotic approximate solution
(9) by comparing with Yanagisawa [14]'s asymptotic approximate solution (5).

1. In the work of Yanagisawa [14], i/, # 0 and My oM}, < %[Mkﬂ]?, then time shift
(tx)+ = 0 and hence Yanagisawa’s approximation (5) converges to the true sofutibthe
34k | 1

2 2p)

problem (1)-(2) with an order of convergenoét ast — oo. Whereas the asymptotic

approximate solution (7) converges to the true solutiaf the problem (1)-(2) with an order
k
of convergenc@(t_%+ﬁ) ast — oo.

Following example explains the same foe= 3.

Example3.1 : Consider a discontinuous initial data

(—2)77, —o<z< —%,
z 7, 1<z <o0.

for the problem (1)-(2).

Firstly, it is to be observed that, has moments up t&#” order only. They are

65 31 17 -7 5
My=—, Mi=—, My=—, M3=—, My=—andM; = —1.
0 6 ) 1 5 3 2 A ’ 3 3 ) 4 9 5
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Itis easy to see that/s M3 < 3M3.

Hence, we obtain

Sl

6(, ) — 3. 8)]], = Ot 3+

), t— o0,

whereg?(x,t) is an asymptotic approximation of Yanagisawa [14]. On the other hand, choos-
ing

17
a = o by =

1 5
—— { —140 + /=37775 + 903 + 1 10 | ~7555 — 93 + 161509 | —————
765 " 00 \/ [ ot —7555 + 18ﬂ] ’

with 3 = 175 x 3332355 and

1+L7b

8 8"
3 5L8—5
T2 [153b0+28}

ap =
1

in asymptotic approximate solution (9), one gets

S

6(. ) — *(.8)]], = Ot 2+

), t— o0.

. Suppose that/;, = 0. We then have to look for the largest integéx k) so thatM; # 0 and

so Yanagisawa [14]'s approximation (5) converges to the true solgtather with an order of
convergenc@® (™ * T2 ) when(ty); > 00or Ot~ 2 T27) when(t;). = 0. However, it is

possible to construct an approximation (9) which converges to true solpitigth an order of
convergenc@(i~ * %) ast — cc.

Following example illustrates it with = 3.

Example3.2 : Consider a discontinuous initial data defined by

¢o(x) = 10, ~1<z <1, (64)

for the problem (1)-(2).
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It can be easily seen thatoo < M; < oo for 0 < j < 5 andM; is not defined forj > 6. In
particular, we find that

1 1
M():g, My =0, M2:§, M3 =0, My =1andMs = 0. (65)

Further, notice thad/s M3 < 2MZ. Therefore, we get

5

S4.1
[6(.,1) = *(, D), = Ot 272), ¢ — oo,
where¢?(z,t) is an asymptotic approximation (5) of Yanagisawa [14]. On the other hand,
choosing
bo 2 303 — 1

2 b= =14+ ==, by =
450 +\/§al 6b07

in the asymptotic approximate solution (9), one gets

ap = —, a1 =

1
4

7

16() — (., £)llp = Ot 2%), t — oo.

N My = 0, M}, # 0 and Mo M;, > %[Mﬂl]?, then higher rate of convergence of

the approximation to the true solutigris obtained by considering the asymptotic approximate
solution of Yanagisawa [14] only, not the one in the form (9).

MMy =0, My, # 0andMj oMy, < 2(k+1) [M.1]?, then Yanagisawa approximate solution

(5) as well as the proposed approximate solution (54) would give the same rate of convergence,
namelyO ( BT ) ast — oo.

We now list out the advantages of the proposed asymptotic approximate solution (9) by comparing

with Kim and Ni [6]'s asymptotic approximate solution (5) in the following cases:

. 2n —1
1. Suppos€1 + |z|)2"H 1+, € LY(R) with Mo, 3 Mo,y = 4”74 2
6(2n —2)% ; "
WM%—:&M% = M3, 9, May,_35 # 0,wheren > 1and 0 < e < 1. Then we can

construct an asymptotic solutidnto (1)-(2) via Kim and Ni [6]’ work as if

[6( ) — ()|, = O(t™ 2 T2), t—o00, 1<p< o0, (66)

whereas the proposed asymptotic approximate solution (9) converges with a higher decay rate

7L+1)+ 2p )

in LP-norm, namelyO (¢~ ast — oo.
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2. Suppos€1 + |x|)?t1Tepy € LY(R) with Mo, 3 = 0,
Moy o # 0, Mop Mo, o = ﬁM%n,l, wheren > 1 and 0 < € < 1. Then we can
n—
construct an asymptotic soluti@nto (1)-(2) via Kim and Ni [6] work as if

_2ntl 1

lo(,8) = @(, 1)l =0 2 "2), 1<p<oo, (67)

whereas the proposed asymptotic approximate solution (9) converges with a highelL8ecay
rate, namerO(t*("“)*ﬁ) ast — oo.

Remark? : Itis to be noted that, ibg is sign changing initial profile, we use the generalization of
truncated moment problem [7] to constrdetz, ¢) satisfying (66)-(67).
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