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We study asymptotic behavior of solutions to an initial value problem posed for heat equation. For

which, we construct an approximate solution to the initial value problem in terms of derivatives of

Gaussian by incorporating the moments of initial function. Spatial shifts are introduced into the

leading order term as well as penultimate term of the approximation. This paper is continuation

to the work of Yanagisawa [14].
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1. INTRODUCTION

In this article, we study the large time asymptotic to the solutions of the Cauchy problem

φt = φxx, x ∈ R, t > 0, (1)

φ(x, 0) = φ0(x), x ∈ R, (2)

where

(1 + |x|)k+3+εφ0 ∈ L1(R), (3)
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for any positive integerk and a small real numberε. This work is continuation to the work done by

Yanagisawa [14]. We denote thej-th order momentof the functionφ0, wherej is a non negative

integer, by

Mj =
∫

R
xjφ0(x)dx.

It is well known [4] that Hopf transformation reduces the viscous Burgers equation to heat equa-

tion. Hence, for studying the asymptotic behavior of solutions to the Burgers equation, one may first

investigate the asymptotic behavior of solutions to the heat equation.

Chern and Liu [1] studied large time asymptotics of solutions to heat equation by constructing a

self similar solution, which converges to the true solution with orderO(t−1+ 1
2p ) in Lp norm when

t → ∞. If φ0(x)e|x| is bounded onR, the decay rate of the solutionu(x, t) of (1)-(2) is given in

Rubinstein and Rubinstein [11] by

φ(x, t) ³ 1
2
√

πt
e−

x2

4t

[
M0 + t−1

(
xM1

2
− M2

4

)

+
1
32

t−2
(
4x2M2 − 4xM3 + M4

)
+ O(t−3)

]
, as t →∞,

whenx is bounded onR. Witelski and Bernoff [13] considered the heat equation with nonnegative

compactly supported integrable initial functions. They introduced three parameters into the approx-

imate solution, these correspond to the mass, center of mass and variance of the given initial data.

Miller and Bernoff [9] studied the heat equation with nonnegative piecewise initial data assuming that

third order moment of initial data exists. Using the approximation obtained in Witelski and Bernoff

[13], Miller and Bernoff [9] derived the rate of convergence to be of orderO(t−2+ 1
2p ) in Lp norm

whent →∞. Kloosterziel [8] considered the initial data, which is nonnegative and square integrable

with respect to weight functione
x2

2 onR. They then expanded the solution of the heat equation in

terms of its self-similar solutions. This expansion reveals the large time asymptotics quickly. Srini-

vasa Rao and Engu [12] studied the relations between the approximations given by Kloosterziel [8]

and Miller and Bernoff [9]. Assumingx2nφ0 ∈ L1(R), φ0 is bounded and not changing its sign on

R, Kim and Ni [6] constructed an asymptotic solution

φn(x, t) =
n∑

i=1

ρi√
4πt

e−
−(x−ci)

2

4t

to (1)-(2), whereρi andci are constants to be determined based on the moments ofφ0, showing that

||φ(., t)− φn(., t)||p = O(t−
2n+1

2
+ 1

2p ), t →∞.

Kim [7] generalized the theory of the truncated moment problem to include complex measures and

then obtained the large time behavior of solutions to heat equation by constructing the approximations
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as linear combination of heat kernels. Using the generalization of truncated moment problem [7],

Engu, Sahoo and Manasa [3] studied theN -wave solutions for heat equation. Duoandikoetxea and

Zuazua [2] constructed an approximate solution for heat equation in the following form;

ψ2n(x, t) =
2n−1∑

j=0

(−1)j γi√
4πt

∂j
x

(
e−

x2

4t

)
for t > 0, x ∈ R. (4)

They showed that the approximate solutionψ2n converges to the solutionφ with an order

O
(
t
− 2n+1

2
+ 1

2p

)
in Lp−norm whent →∞.

Generalizing the works of Duoandikoetxea and Zuazua [2] and Miller and Bernoff [9], Yanagi-

sawa [14] introduced an asymptotic approximate solution

φk(x, t) =
k−1∑

j=0

(−1)j Mj

j!
∂j

xGt(x) + (−1)k Mk

k!
∂k

xGt+(tk)+(x− γk), for t > 0, x ∈ R (5)

to the Cauchy problem (1)-(2), where

Gt(x) =
1√
4πt

exp

(
−x2

4t

)
.

They chose space shiftγk and time shift(tk)+ = max(tk, 0) by making(k + 1)th and(k + 2)th

moments ofφ(x, t)− φk(x, t) vanish whent → 0+. As t →∞, they derived the convergence order

to beO(t(
1
2p
−2− k

2
)) when(tk)+ > 0 andO(t(

1
2p
− 3

2
− k

2
)) when(tk)+ = 0 with respect toLp-norm,

1 6 p 6 ∞.

Our main result is stated herewith:

Theorem1.1 — Let φ(x, t) be a solution to heat equation (1) subject to (2) satisfying(1 +

|x|)k+3+εφ0 ∈ L1(R), wherek is any positive integer andε is any small positive real number. Then,

for 1 6 p 6 ∞ , we have

||φ(., t)− φk(., t)||p = O(t−
4+k
2

+ 1
2p ), t →∞, (6)

whereφk is given by
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φk(x, t) =





k−2∑

j=0

(−1)j Mj

j!
∂j

xGt(x) + (−1)(k−1) Mk−1

(k − 1)!
∂k−1

x Gt

(
x− Mk

kMk−1

)

if Mk−1 6= 0,Mk−1Mk+1 = k+1
2k M2

k , 6k2

(k+2)(k+1)M
2
k−1Mk+2 = M3

k ,
k−2∑

j=0

(−1)j Mj

j!
∂j

xGt(x) + (−1)(k−1) Mk−1

(k − 1)!
∂k−1

x Gt(x− b0)

+ (−1)k

k! [Mk − kMk−1b0]∂k
xGt

(
x− 2Mk+1−k(k+1)Mk−1b20

2(k+1)(Mk−kMk−1b0)

)

if Mk−1 6= 0,
k−2∑

j=0

(−1)j Mj

j!
∂j

xGt(x) + (−1)k Mk

k!
∂k

xGt

(
x− Mk+1

(k + 1)Mk

)

if Mk−1 = 0,Mk 6= 0,Mk+2Mk = k+2
2(k+1) [Mk+1]2,

(7)

whereb0(6= Mk
kMk−1

) is any real valued solution of the quartic equation

[k2(k + 1)(k + 2)M2
k−1]b

4
0 − [4k(k + 1)(k + 2)Mk−1Mk]b3

0

+[12k(k + 2)Mk−1Mk+1]b2
0 − [24kMk−1Mk+2]b0

+12[2MkMk+2 − (k + 2)
(k + 1)

M2
k+1] = 0. (8)

The existence of real valued solution of the quartic equation (8) is discussed in Remark 4.

This paper is organised as follows. In Section 2, we construct an approximate solution to the

Cauchy problem (1)-(2) and then extend these results to viscous Burgers equation. Section 3 presents

the comparisions of the proposed asymptotic approximate solution with Yanagisawa [14]’s asymptotic

approximate solution (5) as well as with Kim and Ni [6]’s asymptotic approximate solution.

2. AN ASYMPTOTIC APPROXIMATION

In this section, we propose an asymptotic approximate solutionφk(x, t) to the solution of the initial

value problem (1)-(2) by

φk(x, t) =
k−2∑

j=0

(−1)j Mj

j!
∂j

xGt(x) + a0∂
k−1
x Gt(x− b0) + a1∂

k
xGt(x− b1), (9)

where the arbitrary constantsa0, a1, b0 andb1 are to be chosen appropriately. HereGt(z) represents

one-dimensional heat kernel

Gt(z) =
1√
4πt

exp

(
−z2

4t

)
.
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As an outcome of this, we will obtain higher order convergence ofφk as mentioned in the Theorem

1.1.

We now prove few Lemmas which are needed to prove Theorem 1.1.

Lemma2.1 — Letφ be the solution to the problem (1)-(2) andφk be an asymptotic approximation

given in (9), wherek is any positive integer. Then we have the following:

lim
t→0+

∫

R
xk−1[φ(x, t)− φk(x, t)]dx = Mk−1 − (−1)k−1(k − 1)!a0, (10)

lim
t→0+

∫

R
xk[φ(x, t)− φk(x, t)]dx = Mk − (−1)k−1k!a0b0 − (−1)kk!a1, (11)

lim
t→0+

∫

R
xk+1[φ(x, t)− φk(x, t)]dx = Mk+1 − (−1)k−1 (k + 1)!

2
a0b

2
0

−(−1)k(k + 1)!a1b1, (12)

lim
t→0+

∫

R
xk+2[φ(x, t)− φk(x, t)]dx = Mk+2 − (−1)k−1 (k + 2)!

3!
a0b

3
0

−(−1)k (k + 2)!
2

a1b
2
1. (13)

PROOF : Using integration by parts, we have

lim
t→0+

∫

R
xj∂l

xGt(x)dx = (−1)lj!δlj , for any non-negative integersl andj, (14)

whereδlj represents Kronecker’s delta. We first prove (10). Making use of (14), it is easy to see that

lim
t→0+

∫

R
xk−1∂k−1

x Gt(x− b0)dx = lim
t→0+

∫

R
(y + b0)k−1∂k−1

y Gt(y)dy

= (−1)k−1(k − 1)! (15)

and

lim
t→0+

∫

R
xk−1∂k

xGt(x− b1)dx = lim
t→0+

∫

R
(y + b1)k−1∂k

yGt(y)dy

= 0. (16)

It then follows from (14)-(16) that

lim
t→0+

∫

R
xk−1[φ(x, t)− φk(x, t)]dx

= Mk−1 − a0 lim
t→0+

∫

R
xk−1∂k−1

x Gt(x− b0)dx− a1 lim
t→0+

∫

R
xk−1∂k

xGt(x− b1)dx

= Mk−1 − (−1)k−1(k − 1)!a0,
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which proves (10). We now proceed to prove (11). In view of (14), we have

lim
t→0+

∫

R
xk∂k−1

x Gt(x− b0)dx = lim
t→0+

∫

R
(y + b0)k∂k−1

y Gt(y)dy

= (−1)k−1(k − 1)!
(

k

1

)
b0

= (−1)k−1k!b0 (17)

and

lim
t→0+

∫

R
xk∂k

xGt(x− b1)dx = lim
t→0+

∫

R
(y + b1)k∂k

yGt(y)dy

= (−1)kk!. (18)

Now (11) can be derived from (14), (17) and (18) as follows:

lim
t→0+

∫

R
xk[φ(x, t)− φk(x, t)]dx

= Mk − a0 lim
t→0+

∫

R
xk∂k−1

x Gt(x− b0)dx− a1 lim
t→0+

∫

R
xk∂k

xGt(x− b1)dx

= Mk − (−1)k−1k!a0b0 − (−1)kk!a1.

Next, using (14), we see that

lim
t→0+

∫

R
xk+1∂k−1

x Gt(x− b0)dx = lim
t→0+

∫

R
(y + b0)k+1∂k−1

y Gt(y)dy

= (−1)k−1(k − 1)!
(

k + 1
2

)
b2
0

= (−1)k−1 (k + 1)!
2

b2
0 (19)

and

lim
t→0+

∫

R
xk+1∂k

xGt(x− b1)dx = lim
t→0+

∫

R
(y + b1)k+1∂k

yGt(y)dy

= (−1)kk!
(

k + 1
1

)
b1

= (−1)k(k + 1)!b1. (20)

Therefore, from (14), (19)-(20), we get

lim
t→0+

∫

R
xk+1[φ(x, t)− φk(x, t)]dx

= Mk+1 − a0 lim
t→0+

∫

R
xk+1∂k−1

x Gt(x− b0)dx− a1 lim
t→0+

∫

R
xk+1∂k

xGt(x− b1)dx

= Mk+1 − (−1)k−1 (k + 1)!
2

a0b
2
0 − (−1)k(k + 1)!a1b1,
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which verifies the equality (12). Finally to prove (13), we use (14) to find that

lim
t→0+

∫

R
xk+2∂k−1

x Gt(x− b0)dx = lim
t→0+

∫

R
(y + b0)k+2∂k−1

y Gt(y)dy

= (−1)k−1(k − 1)!
(

k + 2
3

)
b3
0

= (−1)k−1 (k + 2)!
3!

b3
0 (21)

and

lim
t→0+

∫

R
xk+2∂k

xGt(x− b1)dx = lim
t→0+

∫

R
(y + b1)k+2∂k

yGt(y)dy

= (−1)kk!
(

k + 2
2

)
b2
1

= (−1)k (k + 2)!
2

b2
1. (22)

Using (14), (21)-(22), it can be seen that

lim
t→0+

∫

R
xk+2[φ(x, t)− φk(x, t)]dx

= Mk+2 − a0 lim
t→0+

∫

R
xk+2∂k−1

x Gt(x− b0)dx− a1 lim
t→0+

∫

R
xk+2∂k

xGt(x− b1)dx

= Mk+2 − (−1)k−1 (k + 2)!
3!

a0b
3
0 − (−1)k (k + 2)!

2
a1b

2
1.

This completes the proof. 2

Remark1 : It is easy to see that the moments of initial function, upto the orderk − 2, were

incorporated in the asymptotic approximate solution (9) as if

lim
t→0+

∫

R
xj [φ(x, t)− φk(x, t)]dx = 0, j = 0, 1, 2 . . . , k − 2,

providedk > 2.

By virtue of above Lemma 2.1, we list out some key observations:

1. The choice of

a0 := (−1)k−1 Mk−1

(k − 1)!
, (23)

coefficient in penultimate term of the asymptotic approximate solution (9), makes the(k−1)th

order moment ofφ to agrees with that ofφk ast → 0+.
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2. If we choose

a1 :=
(−1)k

k!
[Mk − kMk−1b0], (24)

in (9) anda0 as in (23), thenkth order initial moment ofφ agrees with that ofφk for any

arbitrary constantb0.

3. Choosing

b1 :=
2Mk+1 − k(k + 1)Mk−1b

2
0

2(k + 1)(Mk − kMk−1b0)
. (25)

in (9) anda0, a1 as in (23)-(24), we notice that(k + 1)th order initial moment ofφ agrees with

that ofφk for any arbitrary value ofb0.

4. Finally, if we assume that(k + 2)th order initial moment ofφ agrees with that ofφk, then from

(13) we have

Mk+2 − (−1)k−1 (k + 2)!
3!

a0b
3
0 − (−1)k (k + 2)!

2
a1b

2
1 = 0. (26)

Substituting the expressions (23)-(25) ofa0, a1 andb1 in the equation (26), we get an equation

in b0;

[k2(k + 1)(k + 2)M2
k−1]b

4
0 − [4k(k + 1)(k + 2)Mk−1Mk]b3

0

+[12k(k + 2)Mk−1Mk+1]b2
0 − [24kMk−1Mk+2]b0

+12[2MkMk+2 − (k + 2)
(k + 1)

M2
k+1] = 0.

Hence, by assigning any solution of the above equation tob0, we notice that(k + 2)th order

initial moment ofφ also agrees with that ofφk.

5. The conditionsMk−1 = 0 and

lim
t→0+

∫

R
xj [φ(x, t)− φk(x, t)]dx = 0, 0 6 j < k + 2,

reduce the proposed approximation (9) to (54).
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Motivated by the work of Yanagisawa [14], we now introduce a functionF (φ0) by

F (φ0)(x) =∫ x

−∞

(∫ x1

−∞
· · ·

∫ xk+1

−∞

(∫ xk+2

−∞
φ0(xk+3)dxk+3

)
dxk+2 · · ·

)
dx1

−
k−2∑

j=0

(−1)j Mj

j!

∫ x

0

(∫ x1

0
· · ·

∫ xk−j

0

(∫ xk+1−j

0
H0(xk+2−j)dxk+2−j

)
dxk+1−j · · ·

)
dx1

−a0

∫ x

b0

(∫ x1

b0

(∫ x2

−∞
Hb0(x3)dx3

)
dx2

)
dx1 − a1

∫ x

b1

(∫ x1

−∞
Hb1(x2)dx2

)
dx1, (27)

whereHa(x) is the Heaviside’s unit step function

Ha(x) =





0 if x 6 a,

1 if x > a.

The following Lemma talks about the integrability of the functionF (φ0) onR.

Lemma2.2 — Assume thatφ(x, t) is a solution to heat equation (1) subject to (2) satisfying

(1 + |x|)k+3+εφ0 ∈ L1(R). Further, let

lim
t→0+

∫

R
xj [φ(x, t)− φk(x, t)]dx = 0, 0 6 j 6 k + 2, (28)

whereφk(x, t) is given in (9). ThenF (φ0) ∈ L1(R).

PROOF : As (1 + |x|)k+3+εφ0 ∈ L1(R), using Lemma A. 1 [see pp.115, [14]], we have

B1(x) : =
∫ x

−∞

(∫ x1

−∞
· · ·

∫ xk+1

−∞

(∫ xk+2

−∞
φ0(xk+3)dxk+3

)
dxk+2 · · ·

)
dx1

=
k+2∑

j=0

(−1)j

j!
M j(x)

xk+2−j

(k + 2− j)!
, (29)

whereM j(x) =
∫ x
−∞ yjφ0(y)dy.

B2(x) : = −
k−2∑

j=0

(−1)j Mj

j!

×
∫ x

0

(∫ x1

0
· · ·

∫ xk−j

0

(∫ xk+1−j

0
H0(xk+2−j)dxk+2−j

)
dxk+1−j · · ·

)
dx1

= −
k−2∑

j=0

(−1)j

j!
Mj

xk+2−j
+

(k + 2− j)!
, (30)
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wherex+ = max{x, 0}. Consider

B3(x) : = −a0

∫ x

b0

(∫ x1

b0

(∫ x2

−∞
Hb0(x3)dx3

)
dx2

)
dx1

=




−a0

[
x3

3! − b0
2 x2 + b20

2 x− b30
3!

]
, if x > b0

0, if x 6 b0.
(31)

B4(x) : = −a1

∫ x

b1

(∫ x1

−∞
Hb1(x2)dx2

)
dx1

=




−a1

[
x2

2 − b1x + b21
2

]
, if x > b1

0, if x 6 b1.
(32)

We first consider the casex →∞ for F (φ0)(x). Summing up the equations (29)-(32), we get

F (φ0)(x) = B1(x) + B2(x) + B3(x) + B4(x)

=
k+2∑

j=0

(−1)j

(k + 2− j)!j!
{M j(x)−Mj}xk+2−j +

(
(−1)k−1

(k − 1)!3!
Mk−1 − a0

3!

)
x3

+
(

(−1)k

k!2
Mk − a1

2
+

a0b0

2

)
x2 +

(
(−1)k+1

(k + 1)!
Mk+1 + a1b1 − a0b

2
0

2

)
x

+
(

(−1)k+2

(k + 2)!
Mk+2 +

a0b
3
0

3!
− a1b

2
1

2

)
. (33)

In view of the equality (28), equations (10)-(13) can be written as

(−1)k−1

(k − 1)!3!
Mk−1 − a0

3!
= 0,

(−1)k

k!2!
Mk − a1

2
+

a0b0

2
= 0,

(−1)k+1

(k + 1)!
Mk+1 + a1b1 − a0b

2
0

2
= 0,

(−1)k+2

(k + 2)!
Mk+2 +

a0b
3
0

3!
− a1b

2
1

2
= 0.

Thus, we are left with

F (φ0)(x) =
k+2∑

j=0

(−1)j

(k + 2− j)!j!
{M j(x)−Mj}xk+2−j .

For0 < x ≤ s < ∞, we have

xk+2−j ≤ sk+2−j if 0 ≤ j ≤ k + 2. (34)
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This leads to

xk+2−jsj |φ0(s)| ≤ sk+2|φ0(s)| if 0 ≤ j ≤ k + 2.

Integrating the above inequality with respect tos from x to∞ and then dividing by(k+2−j)!j!,

we arrive at

xk+2−j

(k + 2− j)!j!

∫ ∞

x
sj |φ0(s)|ds ≤ 1

(k + 2− j)!j!

∫ ∞

x
sk+2|φ0(s)|ds. (35)

Thus,
∣∣∣∣∣∣

k+2∑

j=0

(−1)j

(k + 2− j)!j!

(∫ ∞

x
sjφ0(s)ds

)
xk+2−j

∣∣∣∣∣∣
6

k+2∑

j=0

xk+2−j

(k + 2− j)!j!

∫ ∞

x
sj |φ0(s)|ds

6
k+2∑

j=0

1
(k + 2− j)!j!

∫ ∞

x
sk+2|φ0(s)|ds

= o(|x|−1−ε) as x →∞,

in view of (1 + |x|)k+3+εφ0 ∈ L1(R). Hence,

F (φ0)(x) = o(|x|−1−ε) as x →∞. (36)

Therefore, there exists a sufficiently large real numberL(> 0) such that

|x1+εF (φ0)(x)| < 1, ∀x > L.

In other words,|F (φ0)(x)| < x−1−ε ∀x > L. Thus, we get

∫ ∞

L
|F (φ0)(x)|dx <

∫ ∞

L
x−1−εdx =

1
εLε

< ∞. (37)

We now consider the casex → −∞ for F (φ0)(x). If x < 0, we have
∣∣∣∣∣∣

k+2∑

j=0

(−1)j

(k + 2− j)!j!

(∫ x

−∞
sjφ0(s)ds

)
xk+2−j

∣∣∣∣∣∣

6
k+2∑

j=0

|x|k+2−j

(k + 2− j)!j!

∫ x

−∞
|s|j |φ0(s)|ds

6
k+2∑

j=0

1
(k + 2− j)!j!

∫ x

−∞
|s|k+2|φ0(s)|ds

= o(|x|−1−ε) as x → −∞. (38)
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On the other hand, whenx is smaller than minimum ofb0, b1 and 0, it is to be noted from (30)-(32)

that

B2(x) = B3(x) = B4(x) = 0

and hence

F (φ0)(x) =
k+2∑

j=0

(−1)j

(k + 2− j)!j!
M j(x)xk+2−j . (39)

Hence, in view of (38), we get

F (φ0)(x) = o(|x|−1−ε) as x → −∞. (40)

Repeating as in thex →∞ case, one obtains that
∫ M

−∞
|F (φ0)(x)|dx < ∞ (41)

for some large number|M | with M < 0.

Eventually, (37) and (41) will conclude thatF (φ0) ∈ L1(R).

Having F (φ0) asL1-function under the hypotheses of Lemma 2.2, we indicate its convolution

with heat kernelGt(x) by

Gt ∗ F (φ0)(x) =
∫

R
Gt(x− y)F (φ0)(y)dy. (42)

The following lemma tells that the difference termφ − φk can be represented as the(k + 3)th

order spatial derivative of the convolutionGt ∗ F (φ0).

Lemma2.3 — Assume thatφ(x, t) is a solution to heat equation (1) subject to (2) with(1 +

|x|)k+3+εφ0 ∈ L1(R), wherek is any positive integer andε is a small positive real number. Further,

let

lim
t→0+

∫

R
xj [φ(x, t)− φk(x, t)]dx = 0, 0 6 j 6 k + 2, (43)

whereφk is an asymptotic approximation given in (9). Then,

∂k+3
x (Gt ∗ F (φ0)(x)) = φ(x, t)− φk(x, t) for t > 0, x ∈ R. (44)

PROOF : Consider

∂k+3
x (Gt ∗B1(x)) =∫

R
Gt(x− y)∂k+3

y

[∫ y

−∞

(∫ x1

−∞
· · ·

∫ xk+1

−∞

(∫ xk+2

−∞
φ0(xk+3)dxk+3

)
dxk+2 · · ·

)
dx1

]
dy

= φ(x, t). (45)
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Similarly, we have

∂k+3
x (Gt ∗B2(x)) = ∂j+1

x (Gt ∗ ∂k+2−j
x B2(x))

= −
k−2∑

j=0

(−1)j Mj

j!
∂j+1

x

∫ ∞

0
Gt(x− y)dy

= −
k−2∑

j=0

(−1)j Mj

j!
∂j

xGt(x). (46)

ForB3(x), we compute that

∂k+3
x

∫

R
Gt(x− y)B3(y)dy

= −a0∂
k
x

∫

R
Gt(x− y)∂3

y

[∫ y

b0

(∫ x1

b0

(∫ x2

−∞
Hb0(x3)dx3

)
dx2

)
dx1

]
dy

= −a0∂
k
x

∫

R
Gt(x− y)Hb0(y)dy

= −a0∂
k
x

∫ x

−∞
Gt(y − b0)dy

= −a0∂
k−1
x Gt(x− b0). (47)

Similarly for B4(x), we obtain

∂k+3
x

∫

R
Gt(x− y)B4(y)dy = −a1∂

k
xGt(x− b1). (48)

Therefore, summing up the equations (45)-(48) leads to equation (44) as

F (φ0)(x) = B1(x) + B2(x) + B3(x) + B4(x).2

PROOF OFTHEOREM 1.1 : Using the Rodrigues formula for Hermite polynomials, it is seen that

∂k+3
x Gt(x) =

(−1)k+3

√
π(4t)

k+4
2

Hk+3(ξ)e−ξ2
, (49)

whereξ = x/
√

4t andHk+3 is a Hermite polynomial of orderk + 3.

Consider, for1 6 p 6 ∞,

||∂k+3
x Gt(.)||p =

1
√

π(4t)
k+4
2

(√
4t

∫ ∞

−∞
|Hk+3(ξ)e−ξ2 |pdξ

)1/p

= O(t
1
2p
− k+4

2 ) as t →∞. (50)
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Using Young’s inequality, we find that

||∂k+3
x (Gt ∗ F (φ0))||p 6 ||F (φ0)||1 ||∂k+3

x Gt||p (51)

Therefore, in view of Lemma 2.2, Lemma 2.3 and the decay rate (50), the order of convergence

in (6) follows from the Young’s inequality (51). 2

Repeating the proof of Theorem 1.1 with(k + 2)th partial derivative ofGt in place of(k + 3)th

partial derivative, we obtain the following:

Remark2 : Letφ(x, t) be a solution to heat equation (1) subject to (2) satisfying(1+|x|)k+3+εφ0 ∈
L1(R). Then, for1 6 p 6 ∞, we have

‖
∫ ·

−∞
[φ(y, t)− φk(y, t)]dy ‖p= O(t−

3+k
2

+ 1
2p ), t →∞, (52)

whereφk is given in (7).

Remark3 : It is important to notice that assuming the equality (28), we seek for expressions of

a0, a1, b1 andb0 in equations (10)-(13). This, in turn, produces the conditional statement (7) from the

proposed approximate solution (9). In other words, the moments, upto the order(k + 2), of φ(x, t)

agree with those ofφk(x, t) given in (7) ast → 0+.

Remark4 : It is known that [10, 5] there exist at least two real solutions to the quartic equation

(8) in all the cases except the following three cases:

1. a < 0, c > a2

4 , 4 > 0,

2. a ≥ 0, 4 > 0

3. 4 = 0, c = a2

4 , b = 0,

wherea = q − 3p2

8
, b = r +

p3

8
− pq

2
, c = s− 3p4

256
+

p2q

16
− pr

4
and

4 = 144ab2c− 128a2c2 − 4a3b2 + 16a4c− 27b4 + 256c3

with

p = −4k(k + 1)(k + 2)Mk−1Mk

k2(k + 1)(k + 2)M2
k−1

,

q =
12k(k + 2)Mk−1Mk+1

k2(k + 1)(k + 2)M2
k−1

,

r = − 24kMk−1Mk+2

k2(k + 1)(k + 2)M2
k−1

,

s =
12[2MkMk+2(k + 1)− (k + 2)M2

k+1]
k2(k + 1)2(k + 2)M2

k−1

.
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In case the coefficients of the equation (8) satisfy one of those three cases, we do not have higher

order approximate solutions in the proposed form (9) and the work is left for future research. How-

ever, if Mk−1Mk+1 = k+1
2k M2

k and 6k2

(k+2)(k+1)M
2
k−1Mk+2 = M3

k in those three cases, we have

higher order approximate solution given in the first statement of (7).

Remark5 : Let Mk−1 = 0, Mk 6= 0 andφ(x, t) be a solution to heat equation (1) subject to (2)

satisfying(1 + |x|)k+2+εφ0 ∈ L1(R), wherek is any positive integer andε is any small positive real

number. Then, for1 6 p 6 ∞ , we have

||φ(., t)− φk(., t)||p = O(t−
3+k
2

+ 1
2p ), t →∞, (53)

whereφk is given by

φk(x, t) =
k−2∑

j=0

(−1)j Mj

j!
∂j

xGt(x) + (−1)k Mk

k!
∂k

xGt

(
x− Mk+1

(k + 1)Mk

)
. (54)

2.1 On viscous Burgers Equation

We now mention the large time asymptotics for solutions of the viscous Burgers equation;

ut + uux = uxx, x ∈ R, t > 0, (55)

u(x, 0) = u0(x), x ∈ R, (56)

with the initial datau0 satisfying

(1 + |x|)k+3+εu0 ∈ L1(R), (57)

for any positive integerk and a small real numberε > 0.

Theorem2.2 — Let u(x, t) be a solution to the Burgers equation (55) subject to (56) withu0

satisfying(1 + |x|)k+3+εu0 ∈ L1(R). Let

Mr :=
∫

R
xr

[
−1

2
u0(x) exp

(
−1

2

∫ x

−∞
u0(y)dy

)]
dx, r = 0, 1, 2, . . . . (58)

then there existsTk > 0 such that

||u(., t)− uk(., t)||p = O(t−
4+k
2

+ 1
2p ), t →∞, (59)

where1 6 p 6 ∞ and

uk(x, t) := −2
φk(x, t)

1 +
∫ x
−∞ φk(y, t)dy

, x ∈ R, t > 0, (60)
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is well defined forx ∈ R, t ≥ Tk. Hereφk is given by (7).

The proof of the Theorem 2.2 is omitted as it is easily proved using the Theorem 1.1, Remark 2

and standard arguments [14].

Remark6 : Let Mk−1 = 0, Mk 6= 0. Further, letu(x, t) be a solution to the Burgers equation

(55) subject to (56) withu0 satisfying(1 + |x|)k+2+εu0 ∈ L1(R). Then there existsTk > 0 such that

||u(., t)− uk(., t)||p = O(t−
3+k
2

+ 1
2p ), t →∞, (61)

where1 6 p 6 ∞ and

uk(x, t) := −2
φk(x, t)

1 +
∫ x
−∞ φk(y, t)dy

, x ∈ R, t > 0, (62)

is well defined forx ∈ R, t ≥ Tk. Hereφk is given by (54).

3. COMPARISON WITH YANAGISAWA [14]’ S AND K IM AND NI [6]’ S ASYMPTOTIC

APPROXIMATE SOLUTIONS

We first list out the advantages and disadvantages of the proposed asymptotic approximate solution

(9) by comparing with Yanagisawa [14]’s asymptotic approximate solution (5).

1. In the work of Yanagisawa [14], ifMk 6= 0 andMk+2Mk 6 k+2
2(k+1) [Mk+1]2, then time shift

(tk)+ = 0 and hence Yanagisawa’s approximation (5) converges to the true solutionφ of the

problem (1)-(2) with an order of convergenceO(t−
3+k
2

+ 1
2p ) ast →∞. Whereas the asymptotic

approximate solution (7) converges to the true solutionφ of the problem (1)-(2) with an order

of convergenceO(t−
4+k
2

+ 1
2p ) ast →∞.

Following example explains the same fork = 3.

Example3.1 : Consider a discontinuous initial data

φ0(x) =





(−x)−7, −∞ < x < −1
2 ,

0, −1
2 6 x 6 1,

x−7, 1 < x < ∞.

(63)

for the problem (1)-(2).

Firstly, it is to be observed thatφ0 has moments up to5th order only. They are

M0 =
65
6

, M1 =
−31
5

, M2 =
17
4

, M3 =
−7
3

, M4 =
5
2

andM5 = −1.
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It is easy to see thatM5M3 < 5
8M2

4 .

Hence, we obtain

||φ(., t)− φ3(., t)||p = O(t−
6
2
+ 1

2p ), t →∞,

whereφ3(x, t) is an asymptotic approximation of Yanagisawa [14]. On the other hand, choos-

ing

a0 =
17
8

, b0 =

1
765



−140 +

√
−37775 + 90β +

√
10

[
−7555− 9β + 161509

√
5

−7555 + 18β

]

 ,

with β = 17
2
3 × 333235

1
3 and

a1 =
7
18

+
17
8

b0,

b1 =
3
2

[
51b2

0 − 5
153b0 + 28

]

in asymptotic approximate solution (9), one gets

||φ(., t)− φ3(., t)||p = O(t−
7
2
+ 1

2p ), t →∞.

2. Suppose thatMk = 0. We then have to look for the largest integers(< k) so thatMs 6= 0 and

so Yanagisawa [14]’s approximation (5) converges to the true solutionφ either with an order of

convergenceO(t−
4+s
2

+ 1
2p ) when(tk)+ > 0 or O(t−

3+s
2

+ 1
2p ) when(tk)+ = 0. However, it is

possible to construct an approximation (9) which converges to true solutionφ with an order of

convergenceO(t−
4+k
2

+ 1
2p ) ast →∞.

Following example illustrates it withk = 3.

Example3.2 : Consider a discontinuous initial data defined by

φ0(x) =





(−x)−7, −∞ < x < −1,

0, −1 6 x 6 1,

x−7, 1 < x < ∞.

(64)

for the problem (1)-(2).



618 SATYANARAYANA ENGU et al.

It can be easily seen that−∞ < Mj < ∞ for 0 6 j 6 5 andMj is not defined forj > 6. In

particular, we find that

M0 =
1
3
, M1 = 0, M2 =

1
2
, M3 = 0, M4 = 1 andM5 = 0. (65)

Further, notice thatM5M3 < 5
8M2

4 . Therefore, we get

||φ(., t)− φ2(., t)||p = O(t−
5
2
+ 1

2p ), t →∞,

whereφ2(x, t) is an asymptotic approximation (5) of Yanagisawa [14]. On the other hand,

choosing

a0 =
1
4
, a1 =

b0

4
, b0 =

√
−1 +

2√
3
, b1 =

3b2
0 − 1
6b0

,

in the asymptotic approximate solution (9), one gets

||φ(., t)− φ3(., t)||p = O(t−
7
2
+ 1

2p ), t →∞.

3. If Mk−1 = 0, Mk 6= 0 andMk+2Mk > k+2
2(k+1) [Mk+1]2, then higher rate of convergence of

the approximation to the true solutionφ is obtained by considering the asymptotic approximate

solution of Yanagisawa [14] only, not the one in the form (9).

4. If Mk−1 = 0, Mk 6= 0 andMk+2Mk < k+2
2(k+1) [Mk+1]2, then Yanagisawa approximate solution

(5) as well as the proposed approximate solution (54) would give the same rate of convergence,

namelyO
(
t
− 3+k

2
+ 1

2p

)
ast →∞.

We now list out the advantages of the proposed asymptotic approximate solution (9) by comparing

with Kim and Ni [6]’s asymptotic approximate solution (5) in the following cases:

1. Suppose(1 + |x|)2n+1+εφ0 ∈ L1(R) with M2n−3M2n−1 =
2n− 1
4n− 4

M2
2n−2,

6(2n− 2)2

(2n)(2n− 1)
M2

2n−3M2n = M3
2n−2,M2n−3 6= 0, wheren > 1 and 0 < ε < 1. Then we can

construct an asymptotic solutionΦ to (1)-(2) via Kim and Ni [6]’ work as if

||φ(., t)− Φ(., t)||p = O(t−
2n+1

2
+ 1

2p ), t →∞, 1 ≤ p ≤ ∞, (66)

whereas the proposed asymptotic approximate solution (9) converges with a higher decay rate

in Lp-norm, namely,O(t−(n+1)+ 1
2p ) ast →∞.



LARGE TIME ASYMPTOTICS FOR HEAT SOLUTIONS 619

2. Suppose(1 + |x|)2n+1+εφ0 ∈ L1(R) with M2n−3 = 0,

M2n−2 6= 0,M2nM2n−2 =
2n

4n− 2
M2

2n−1, wheren > 1 and 0 < ε < 1. Then we can

construct an asymptotic solutionΦ to (1)-(2) via Kim and Ni [6]’ work as if

||φ(., t)− Φ(., t)||p = O(t−
2n+1

2
+ 1

2p ), 1 ≤ p ≤ ∞, (67)

whereas the proposed asymptotic approximate solution (9) converges with a higher decayLp-

rate, namely,O(t−(n+1)+ 1
2p ) ast →∞.

Remark7 : It is to be noted that, ifφ0 is sign changing initial profile, we use the generalization of

truncated moment problem [7] to constructΦ(x, t) satisfying (66)-(67).
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