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Let B1 be an open ball of radiusr1 in the complex projective space. LetB0 be a smaller open

ball inside it. It is shown that first Dirichlet eigenvalue of the Laplacian onB1 \B0 is maximal if

and only if the balls are concentric.
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1. INTRODUCTION AND STATEMENT OF MAIN RESULT

The complex projective spaceCPn is the set of all complex lines through origin inCn+1. It is

a complex manifold of dimensionn with the Fubini-Study metric〈·, ·〉 (see§ 2). Let ∆ be the

Laplace-Beltrami operator ofCPn. Let Ω be an open subset ofCPn such that̄Ω is a smooth compact

submanifold ofCPn with smooth boundary.

Consider the following Dirichlet eigenvalue problem onΩ :

−∆u = λu onΩ,

u = 0 on∂Ω

}
(1.1)

By Theorem 4.4, p.105 of [4], the eigenvalues of the Laplace-Beltrami operator−∆ are strictly

positive. The eigenfunctions corresponding to the first eigenvalueλ1 are proportional, they belong to

C∞(Ω̄) and they are strictly positive or strictly negative onΩ. Moreover,

λ1 = inf {‖ ∇ψ ‖2
L2 : ψ ∈ H1

0 (Ω) & ‖ ψ ‖2
L2= 1}
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Lety1 := y1(Ω) be the unique solution of (1.1) corresponding to the first eigenvalueλ1(= λ1(Ω))

characterized byy1 > 0 onΩ and
∫

y1
2dV = 1.

Fix two real numbersr0 andr1 such that0 < r0 < r1 < π
2 . Let B0 andB1 be arbitrary balls of

radii r0 andr1 respectively inCPn such thatB̄0 ⊆ B1. Consider the familyF = {Ω := B1 \ B̄0} of

domains inCPn. We study the maxima of the first eigenvalueλ1(Ω) overF .

We state the main result: PutΩ0 := B(p, r1) \B(p, r0) for anyp ∈ CPn fixed arbitrarily.

Theorem— The first Dirichlet eigenvalueλ1(Ω) onF attains its maximum atΩ if and only if

Ω = Ω0 (i.e. the balls are concentric).

Similar problems for Euclidean space, Space forms, rank-1 symmetric spaces of non-compact

type were solved in the research papers [1-3] respectively.

2. GEOMETRY OFCPn

The standard Hermitian inner product onCn+1 is denoted by〈·, ·〉Cn+1 . We identify Cn+1 with

R2n+2. The real part of〈·, ·〉Cn+1 is the Euclidean inner product ofR2n+2, denoted by〈·, ·〉R2n+2 .

Let S2n+1 = {(z0, z1, ··, zn) ∈ Cn+1 | ∑n
j=0 |zj |2 = 1} denote the unit sphere ofR2n+2.

Let S1 denote the multiplicative group of complex numbers of absolute value1. Consider the

natural action ofS1 on the unit sphereS2n+1 defined as follows:∀ λ ∈ S1 and ∀ (z0, z1, · · · , zn) ∈
S2n+1

λ(z0, z1, · · · , zn) = (λz0, λz1, · · · , λzn).

This action ofS1 defines an equivalence relation onS2n+1 andCPn can be viewed as the resulting

quotient space ofS2n+1. Let [(z0, z1, · · · , zn)] denote the equivalence class of(z0, z1, · · · , zn) ∈
S2n+1. Consider the quotient mapπ : S2n+1 −→ CPn defined by

π(z0, z1, · · · , zn) = [(z0, z1, · · · , zn)], ((z0, z1, · · · , zn) ∈ S2n+1).

Let q ∈ CPn andq̃ ∈ π−1(q) be arbitrary. The tangent space ofπ−1(q) at q̃ is called the vertical

space at̃q, denoted byVq̃, i.e. Vq̃ = {t(iq̃) | t ∈ R}. LetHq̃ = {v ∈ Cn+1 : 〈v, q̃〉Cn+1 = 0}. Thus

we have an orthogonal decomposition

Tq̃S
2n+1 = Hq̃ ⊕ Vq̃

and any vectorv ∈ Hq̃ is called a horizontal tangent vector ofS2n+1 at q̃. Note thatdπ : Hq̃ −→
TqCPn is an isomorphism. For anyv, w ∈ TqCPn, ∃ uniqueṽ,w̃ ∈ Hq̃ such thatdπ(ṽ) = v and
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dπ(w̃) = w. Then the Fubini-Study metric〈·, ·〉 onCPn is defined by

〈v, w〉 = 〈ṽ, w̃〉R2n+2 .

Thus the mapπ : S2n+1 −→ CPn is a Riemannian submersion.

If X is a tangent vector field onCPn then there is a unique tangent vector fieldX̃ onS2n+1 such

thatdπz(X̃(z)) = X(π(z)) & X̃(z) ∈ Hz ∀ z ∈ S2n+1. The vector fieldX̃ is called the horizontal

lift of X. Let ∇̄,∇ be the Levi-Civita connections onS2n+1 andCPn respectively. Then

∇X̃ Ỹ = ∇̃XY +
1
2
[X̃, Ỹ ]v

where[X̃, Ỹ ]v denotes the vertical part the vector[X̃, Ỹ ]. Hence

(∇XY )(q) = dπq̃

(
(∇X̃ Ỹ )(q̃)

)
∀q ∈ CPn, ∀q̃ ∈ π−1(q).

The Riemannian manifoldCPn is complete and its injectivity radius isπ2 .

For any two pointsp, q ∈ CPn, d(p, q) denotes the distance between them inCPn. Then

d(p, q) ≤ π
2 . For any two pointsz, w ∈ S2n+1, dS2n+1(z, w) denotes the distance between them

in S2n+1.

Definition— A geodesicc(s) in S2n+1 such thatc′(s) ∈ Hc(s) is called a horizontal geodesic of

S2n+1.

The geodesics ofCPn are described by the following result:

Proposition2.1 — [6].

(1) Let c : [0, 1] −→ S2n+1 be a geodesic such that its initial velocity vectorc′(0) ∈ Hc(0). Then

c′(s) ∈ Hc(s) ∀s ∈ [0, 1] and the curveπoc is a geodesic ofCPn having the same length asc.

(2) Conversely, letσ : [0, 1] −→ CPn be any geodesic. Then for anỹq ∈ π−1(σ(0)), there

exists a unique horizontal geodesicσ̃ : [0, 1] −→ S2n+1 such that̃σ(0) = q̃, dπq̃(σ̃′(0)) =

σ′(0) & π ◦ σ̃ = σ. 2

Example2.2 : For each0 ≤ j ≤ n, let ej = (0, 0, ··, 1, 0, ··, 0) where1 occurs in thej + 1-th

place. Thene0 := (1, 0, · · · , 0) ∈ S2n+1, & ie1 = (0, i, 0, . . . , 0) is a horizontal tangent vector of

S2n+1 ate0. Define

c(s) := (cos s, i sin s, 0, . . . , 0) (s ∈ R).

Thenc is a horizontal geodesic inS2n+1 (with c(0) = e0 & c′(0) = ie1) and henceπ ◦ c is geodesic

in CPn. 2
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Let q ∈ CPn be arbitrary and̃q ∈ π−1(q) be fixed. Let{v, w} ⊂ TqCPn be an orthonormal

subset and letP = spanR{v, w} be a plane ofTqCPn. Then the Riemannian sectional curvature

K(P ) of the planeP is K(P ) = 1 + 3 cos2 θ wherecos θ = 〈v, iw〉. In particular1 ≤ K(P ) ≤ 4. 2

Lemma2.3 — Fix any two distinct pointsp1, p2 of CPn.

(1) Fix p̃1 ∈ π−1(p1). Then there exists̃p2 ∈ π−1(p2) such thatdS2n+1(p̃1, p̃2) = d(p1, p2). And

given any such pair(p̃1, p̃2) of points inS2n+1, ∃ a unique horizontal geodesic̃σ in S2n+1

joining p̃1 to p̃2 having lengthd(p1, p2).

(2) Suppose thatd(p1, p2) < π
2 . Fix any p̃1 ∈ π−1(p1). Then∃ uniquep̃2 ∈ π−1(p2) such that

dS2n+1(p̃1, p̃2) = d(p1, p2).

(3) Let z ∈ π−1(p1) andw ∈ π−1(p2) be arbitrary. Then

d(p1, p2) = arccos |〈z, w〉Cn+1 |. (2.1)

PROOF : Put l := d(p1, p2)(≤ π
2 ). Let σ : [0, l] −→ CPn be a unit speed geodesic such that

σ(0) = p1 & σ(l) = p2. By proposition 2.1∃ unique horizontal geodesic̃σ : [0, l] −→ S2n+1 of

lengthl such that̃σ(0) = p̃1 & π ◦ σ̃ = σ. Put

ṽ = σ̃′(0) & p̃2 := σ̃(l). (2.2)

Since the injectivity radius ofS2n+1 is π and length(σ̃) = l < π, σ̃ is the unique geodesic of

lengthl in S2n+1 joining p̃1 to p̃2. This proves (1).

Proof of (2) : Letσ be as given in (1). Ifl < π
2 thenσ is the unique unit speed geodesic of length

l in CPn joining p1 to p2. Let p̄2 ∈ π−1(p2) be any point such thatdS2n+1(p̃1, p̄2) = l. Let c be the

unique unit speed geodesic of lengthl in S2n+1 joining p̃1 to p̄2. Thenπ ◦ c is a distance minimizing

curve inCPn joining p1 to p2, and hence it is a geodesic ofCPn. Sinceπ
2 is the injectivity radius of

CPn andl < π
2 , it follows thatπ ◦ c = σ. Then by (2) of Proposition 2.1,c = σ̃ & hencep̃2 = p̄2.

The proof (2) is now complete.

Proof of (3): Now by (2.2),p̃2 = (cos l)p̃1 + (sin l)ṽ. Hence

〈p̃1, p̃2〉Cn+1 = (cos l)〈p̃1, p̃1〉Cn+1 + (sin l)〈p̃1, ṽ〉Cn+1

= cos l (∵ ṽ ∈ Hp̃1)
(2.3)

Then〈p̃2, p̃1〉Cn+1 = cos l. Hence

cos2 l = 〈p̃1, p̃2〉Cn+1〈p̃2, p̃1〉Cn+1 .
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Thus

cos l =
√
〈p̃1, p̃2〉Cn+1〈p̃2, p̃1〉Cn+1 = |〈p̃1, p̃2〉Cn+1 |. (2.4)

Sod(p1, p2) = l = arccos |〈p̃1, p̃2〉Cn+1 |. From 2.4, it is clear thatd(p1, p2) = arccos |〈z, w〉Cn+1 |
∀ z ∈ π−1(p1) andw ∈ π−1(p2). This proves (3). 2

3. A TANGENT VECTORFIELD OF CPn

Consider the matrix

A =




0 i

i 0




in M(n+1,C) where all the entries not shown are zero. ThenA ∈ u(n+1) andetA ∈ U(n+1) ∀ t ∈
R. For eacht ∈ R define a mapψt : CPn −→ CPn by

ψt([(z0, z1, ··, zn)]) = [etA((z0, z1, ··, zn))],

i.e. ψt([(z0, z1, ··, zn)]) = [((cos t)z0 + i(sin t)z1, i(sin t)z0 + (cos t)z1, z3, · · · , zn)]

∀ ([(z0, z1, ··, zn)] ∈ CPn. Then eachψt is a well-defined map, and it is an isometry ofCPn.

Define a vector field V onCPn byV ([(z0, z1, ··, zn)]) = d
dtψt([(z0, z1, ··, zn)])|t=0

. ThenV ([(z0, z1, ··, zn)]) =

dπz̃(A(z̃)) = dπz̃((iz1, iz0, 0, · · · , 0)) wherez̃ := (z0, z1, · · · , zn). The horizontal tangent vector

field Ṽ onS2n+1 corresponding to V is given as follows: At anyz̃ = (z0, z1, ·, ·, zn) ∈ π−1([(z0, z1, ··, zn)]),

Ṽ (z̃) = A(z̃)− 〈A(z̃), z̃〉Cn+1 z̃.

Thus

Ṽ (z̃) = (iz1, iz0, 0, · · · , 0)− 2Re(z0z̄1)(iz̃). (3.5)

Lemma3.1 — Letµ(s) : [0, l] −→ CPn be any geodesic inCPn. Then〈V (µ(s)), µ′(s)〉 is a

constant function on[0, l].

PROOF : Let µ̃ : [0, l] −→ S2n+1 be a horizontal geodesic inS2n+1 such thatπ ◦ µ̃ = µ. Then

〈V (µ(s)), µ′(s)〉 = 〈Ṽ (µ̃(s)), µ̃′(s)〉R2n+2

= 〈A(µ̃(s)), µ̃′(s)〉R2n+2 .

Hence
d

ds
〈V (µ(s)), µ′(s)〉 = 〈A(µ̃′(s)), µ̃′(s)〉R2n+2 = 0. 2
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4. PROOF OF THEMAIN THEOREM

Put p := π(e0) wheree0 = (1, 0, · · · , 0) ∈ S2n+1 ⊂ Cn+1. As seen in example 2.2,c(s) =

(cos s, i sin s, 0, · · · 0) ∀ 0 ≤ s ≤ π
2 is a horizontal geodesic withc(0) = e0 andc′(0) = ie1. Then

γ := πoc is a geodesic inCPn.

For 0 < r0 < r1 < π
2 (c.f § 1), fix a real numbers0 such that0 ≤ s0 < r1 − r0. PutΩs0 :=

B(p, r1) \B(γ(s0), r0). Let B0 := B(γ(s0), r0), B1 := B(p, r1) andΩ := Ωs0 . See figure 1.

Figure 1:B(p, r1) \B(γ(s0), r0)

Let q ∈ ∂B0 be any point. Letn(q) be the outward unit normal ofΩ on ∂Ω at q ∈ ∂B0. Let µq

be the unit speed geodesic inB0 such thatµq(0) = γ(s0) andµq(r0) = q. Putvq = µ′q(0). Then

µq(s) = expγ(s0)(svq) ∀0 ≤ s ≤ r0. (4.1)

Then by Gauss’s lemma, the outward unit normal of∂Ω at q ∈ ∂B0 is given by

n(q) = − d

ds
µq(s)|s=r0

. (4.2)

Let

∂B+
0 = {q ∈ ∂B0|〈µ′q(0), γ′(s0)〉 > 0}.

Lemma4.1 —〈V (q),n(q)〉 < 0 ∀ q ∈ ∂B+
0 .

PROOF : Fix any q ∈ ∂B+
0 . By the Lemma 3.1,〈V (µq(s)), µ′q(s)〉 is a constant function on

[0, r0]. Now V (µq(0)) = γ′(s0) andn(q) = −µ′q(r0). Hence

〈V (q),n(q)〉 = −〈V (µq(r0)), µ′q(r0)〉 = −〈V (µq(0)), µ′q(0)〉 = −〈γ′(s0), µ′q(0)〉.

Sinceq ∈ ∂B+
0 , −〈γ′(s0), µ′q(0)〉 < 0. Hence the Lemma. 2
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Fix c(s0) ∈ π−1(γ(s0)). Then by Lemma 2.3,∃ uniqueq̃ ∈ π−1(q) (q̃ depends onc(s0)) such

thatd(q̃, c(s0)) = r0 and a unique horizontal geodesicµ̃q̃ in S2n+1 joining c(s0) to q̃ of lengthr0.

Let ṽq := µ̃′q̃(0). Then

µ̃q̃(s) = (cos s)c(s0) + (sin s)ṽq ∀ 0 ≤ s ≤ r0 (4.3)

and

q̃ = (cos r0)c(s0) + (sin r0)ṽq. (4.4)

Recall thatΩ = B1 \B0. For anyz ∈ B(p, r1) (z 6= p), let ηz be the unit speed geodesic joining

p to z with p = ηz(0). Define

B+(p, r1) := {z ∈ B(p, r1) : 〈η′z(0), γ′(0)〉 > 0}.

Lemma4.2 —d(γ(s0), z) < π
2 ∀ z ∈ B+(p, r1).

PROOF : Fix p̃ = (1, 0, · · · , 0) in S2n+1. Then by Lemma 2.3 there exists uniquez̃(p̃) in

π−1(z) ⊂ S2n+1 such thatdS2n+1(p̃, z̃(p̃)) = d(p, z) and a unique unit speed horizontal geodesic

η̃z̃(p̃) of lengthd(p, z) in S2n+1 joining p̃ to z̃(p̃). Let a := d(p, z). Thena < r1 < π
2 .

Let dS2n+1(c(s0), z̃(p̃)) =: x. Let u be the velocity vector of the geodesicη̃z̃(p̃) at p̃. Consider

the spherical triangle[p̃, z̃(p̃), c(s0)] in S2n+1. Let β be the angle of this triangle at̃p. Sincez ∈
B+(p, r1)

cosβ = 〈u, ie1〉R2n+2 = 〈η′z(0), γ′(0)〉 > 0. (4.5)

Figure 2: Spherical Triangle [p̃, z̃(p̃), c(s0)] in S2n+1

Thus by cosine rule for spherical triangles,cosx = cos a cos s0 + sin a sin s0 cosβ. Since0 <

a < π
2 , 0 < s0 < π

2 andcosβ > 0 we get,cosx > 0. Hence

0 < dS2n+1(c(s0), z̃(p̃)) = x <
π

2
. (4.6)

It follows thatd(γ(s0), z) ≤ x < π
2 . 2
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Let z ∈ B+(p, r1) andr := d(γ(s0), z). Then by Lemma 4.2,0 < r < π
2 . Let µz : [0, r] −→

B(p, r1) be the unit speed geodesic joiningγ(s0) to z with initial point µz(0) = γ(s0) (c.f. 4.1). We

can extendµz as a geodesic defined on whole ofR, and the extended geodesic is again denoted by

µz. Putvz = µ′z(0).

Define

O = {z ∈ Ω ∩B+(p, r1) : 〈µ′z(0), γ′(s0)〉 > 0}.

See figure 3. Letz ∈ O andz = µz(r). By Lemma 2.3,∃ z̃ ∈ π−1(z) such thatd(z̃, c(s0)) = r

and a unique horizontal geodesicµ̃z̃ : [0, r] −→ B(p, r1) in S2n+1 joining c(s0) to z̃ of lengthr. Let

ṽz := µ̃′z̃(0). Then

z̃ = (cos r)c(s0) + (sin r)ṽz (4.7)

Then w.r.t. the basis{c′(s0), e2, e3 · · · , en} of Hc(s0) at c(s0),

ṽz = 〈ṽz, c
′(s0)〉Cn+1c′(s0) +

∑

2≤j≤n

〈ṽz, ej〉Cn+1ej

and hence

〈z̃, e0〉Cn+1 = cos r cos s0 − sin r sin r0〈ṽz, c
′(s0)〉Cn+1 .

Let z′ := µz(−r). See figure 3. By Lemma 2.3∃ z̃′ ∈ π−1(z′) such thatd(z̃′, c(s0)) = r. Then

z̃′ = cos(−r)c(s0) + sin(−r)ṽz = (cos r)c(s0) + sin(r)(−ṽz).

Figure 3: DomainO
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Lemma4.3 — Forz ∈ O, d(z′, p) < d(z, p).

PROOF: Fix z ∈ O. Recall that∃ z̃ ∈ π−1(z) such thatd(z̃, c(s0)) = r. Putz̃ = (z0, z1, · · · , zn).

Then

〈z̃, c′(s0)〉R2n+2 = (sin r)〈ṽz, c
′(s0)〉R2n+2

= sin r〈µ′z(0), γ′(s0)〉
> 0 (∵ sin r > 0 andz ∈ O).

Putbz := 〈ṽz, c
′(s0)〉Cn+1 . Sincez ∈ O, Rebz > 0. From Lemma 2.3,

d(z, p) = arccos(|〈z̃, e0〉Cn+1 |) (∵ p1 = π(e0))

= arccos(| cos r cos s0 − sin r sin s0bz|)
(4.8)

| cos r cos s0 + bz sin r sin s0|2 = (cos r cos s0 + Re(bz) sin r sin s0)2 + (Im(bz) sin r sin s0)2

> (cos r cos s0 − Re(bz) sin r sin s0)2 + (Im(bz) sin r sin s0)2

= | cos r cos s0 − bz sin r sin s0|2.
(4.9)

Thus

| cos r cos s0 + bz sin r sin s0| > | cos r cos s0 − bz sin r sin s0|. (4.10)

Thus

d(z′, p) = arccos |〈z̃′, e0〉Cn+1 |
= arccos | cos r cos s0 + sin r sin s0 bz|
< arccos | cos r cos s0 − sin r sin s0 bz| (from 4.10)

= d(z, p).

(4.11)

Hence the lemma follows. 2

Lemma4.4 — For anyq ∈ ∂B0

〈V (q′),n(q′)〉 = −〈V (q),n(q)〉 ∀q ∈ ∂B0.

PROOF: By Lemma 3.1,〈V (µq(s)), µ′q(s))〉 is a constant function for alls, n(q) = −µ′q(r0) and

n(q′) = µ′q(−r0). Hence the result. 2
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A cylindrical symmetry of the domain Ω : Consider the matrix

B :=




1

1

−1
. ..

−1




in U(n + 1) where all the entries not shown are zero. Define a mapφB : CPn −→ CPn by

φB([(z0, z1, z2 · · · , zn)]) = [B(z0, z1, z2 · · · , zn)]∀ [(z0, z1, · · · , zn)] ∈ CPn.

Lemma4.5 — The mapφB is an isometry ofΩ, φ ◦ γ = γ andφB reverses any normal geodesic

alongγ.

PROOF : SinceB ∈ U(n + 1), φB is an isometry ofCPn. DefineTB denote the linear map

of Cn+1 given by left multiplication by the matrixB. ThenTB(ej) = ej for j = 0, 1 and hence

TB(c(s)) = c(s) ∀ s. ThusφB keeps the geodesicγ invariant. HenceφB(B(p, r1)) = B(p, r1) and

φB(B(γ(s0), r0)) = B(γ(s0), r0). ThusφB(Ω) = Ω andφB is an isometry ofΩ.

Now the constant vector fieldse2, ··, en of Cn+1 are horizontal, parallel vector fields ofS2n+1

along the curvec(s). DefineEj(γ(s)) := dπc(s)(ej) (2 ≤ j ≤ n). Then eachEj (2 ≤ j ≤ n) is

a parallel vector field ofCPn along the geodesicγ. SinceT (ej) = −ej (2 ≤ j ≤ n) andφB is an

isometry ofCPn, dφB(Ej(γ(s))) = −Ej(γ(s)) ∀ s. HenceφB reverses any normal geodesic along

γ. 2

Now we prove the main theorem.

Consider any two pairs(p, v) and(q, w) where

p, q ∈ CPn, v ∈ TpCPn & w ∈ TqCPn.

Then there exists an isometryf of CPn such thatf(p) = q andDfp(v) = w. Also the Laplace-

Beltrami operator∆ of CPn is invariant under isometries ofCPn. Hence it suffices to study the first

Dirichlet eigenvalueλ1(Ω) only on domains

Ωs := B(p, r1) \B(γ(s), r0); 0 ≤ s < r1 − r0.

Defineλ1(s) : (r0−r1, r1−r0) −→ R by λ1(s) = λ1(Ω(γs)). Fix s0 such that0 ≤ s0 < r1−r0.

Now putB0 = B(γ(s0), r0) andB1 = B(p, r1). Also fix r2 such thatr0 < r2 < r1 − r0.
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Consider a smooth functionρ : CPn −→ R satisfyingρ = 1 onB(γ(s0), r2) andρ = 0 on∂B1.

Define a vector fieldWonCPn by

W (q) = ρ(q)V (q) ∀ q ∈ CPn (V is defined in§3).

Let {φs}s∈R be the one-parameter family of diffeomorphisms ofCPn associated withW. Then

for all |s| sufficiently close to0, φs|B(p,r1) = ψs|B(p,r1) andφs(Ωs0) = Ωs0+s. Henceλ1(s0 + s) =

λ1(φs(Ωs0)). By Proposition 3.1 of [2],λ1 is differentiable ats = s0. As λ1(φs(Ω)) = λ1(φ−s(Ω)),

λ1 is an even function which is differentiable at 0. Thusλ′1(0) = 0. Put Ω = Ωs0 . Let n be the

outward unit normal field on∂Ω. Then by Hadamard formula stated in Proposition 3.4 of [2] we get,

λ′1(s0) = −
∫

∂Ω

(
∂y1

∂n

)2

〈W,n〉(q)dS

= −
∫

∂B0

(
∂y1

∂n

)2

〈W,n〉(q)dS (∵ W = 0 on∂B1).

SinceW = V onB(γ(s0), r2) we have

λ′1(s0) = −
∫

∂B0

(
∂y1

∂n

)2

〈V, n〉(q)dS. (4.12)

Let Iγ(s0) be the isometry such thatDIγ(s0) : Tγ(s0)CPn −→ Tγ(s0)CPn is the antipodal map

−I. Hence for any geodesicσ such thatσ(0) = γ(s0), we haveIγ(s0)oσ(s) = σ(−s). For z ∈ O
definez′ := Iγ(s0)(z). Hencez′ := Iγ(s0)(z) = Iγ(s0)(µz(r)) = µz(−r).

Iγ(s0)(∂B0) = ∂B0 (4.13)

d(z, p) < r1 for anyz ∈ O. Hence by Lemma 4.3

d(z′, p) < d(z, p) < r1.

Thus we have

Iγ(s0)(O) ⊂ B(p, r1). (4.14)

Let q ∈ ∂B+
0 . Then by Lemma 4.1

〈V (q), n(q)〉 < 0. (4.15)
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And from Lemma 4.4 we have

〈V (q′), n(q′)〉 = −〈V (q), n(q)〉 ∀q ∈ ∂B0. (4.16)

Hence from 4.12

λ′1(s0) = −
∫

∂B0∩∂O

{(
∂y1

∂n
(q)

)2

−
(

∂y1

∂n
(q′)

)2
}
〈V, n〉(q)dS. (4.17)

LetP := {z ∈ B+(p, r1) | 〈µ′z(0), γ′(0)〉 = 0}. Thus

Iγ(s0)(P) = P. (4.18)

Also

DIγ(s0)(n(q)) = n(Iγ(s0)(q)) ∀ q ∈ ∂B0. (4.19)

The Laplace-Beltrami operator∆ of CPn is uniformly elliptic. Sincey1 > 0 on Ω, by Hopf-

maximum principle

∂y1

∂n
(q) < 0 ∀ q ∈ ∂Ω (4.20)

Put ỹ1(z) = (y1oIγ(s0))(z) ∀ z ∈ O. Then from 4.19 we have

∂ỹ1

∂n
(q) =

∂y1

∂n
(q′) ∀ q ∈ ∂Ω ∩ ∂O. (4.21)

Defineω(z) := y1(z) − ỹ1(z) ∀ z ∈ O. Since∆ commutes with the isometryIγ(s0) and using

4.18,ω satisfies the following:

∆ω + λ1ω = 0 inO
ω = 0 on∂O ∩ ∂B0

ω = 0 on∂O ∩ P (by lemma4.5)

ω < 0 on∂O ∩ ∂B1.





(4.22)

Defineω+ = max{ω, 0}. Sinceω ≤ 0 on∂O,ω+ ∈ H1
0 (O). From problem 1.1 and 4.22, we get

0 =
∫

O
(−∆ω)ω+dx− λ1(Ω)

∫

O
ωω+dx

=
∫

O∩{ω≥0}
(−∆ω)ω+dx− λ1(Ω)

∫

O∩{ω≥0}
ωω+dx

=
∫

O
(‖ ∇ω+ ‖2 dx− λ1(Ω)

∫

O
(ω+)2dx

>

∫

O
(‖ ∇ω+ ‖2 dx− λ1(O)

∫

O
(ω+)2dx (∵ λ1(Ω) < λ1(O)).
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Thusλ1(O) >
R
O(‖∇ω+‖)2dxR
O(ω+)2dx

which is a contradiction. Henceω+ ≡ 0. So ω ≤ 0 in O. It

follows that∆ω +λ1ω ≥ 0 onO. By generalized maximum principleω < 0 inO. Then by applying

Hopf-maximum principle∂ω
∂n > 0 a.e.on∂O ∩ ∂B0. Consequently we get

|∂y1

∂n
(q)| < |∂y1

∂n
(q′)| (from 4.20 and4.21).

Hence from 4.17,λ′1(s0) < 0.
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