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Let By be an open ball of radiug, in the complex projective space. L8, be a smaller open
ball inside it. It is shown that first Dirichlet eigenvalue of the Laplacian®n, By is maximal if
and only if the balls are concentric.
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1. INTRODUCTION AND STATEMENT OF MAIN RESULT

The complex projective spadg&P" is the set of all complex lines through origin @+, It is
a complex manifold of dimension with the Fubini-Study metricd-,-) (see§ 2). Let A be the
Laplace-Beltrami operator @ P". Let 2 be an open subset 6fP" such thaf? is a smooth compact
submanifold ofC P™ with smooth boundary.

Consider the following Dirichlet eigenvalue problem@n

—Au=Au onf,
(1.2)

u=0 onof

By Theorem 4.4, p.105 of [4], the eigenvalues of the Laplace-Beltrami operdioare strictly
positive. The eigenfunctions corresponding to the first eigenvelae proportional, they belong to

C>°(Q2) and they are strictly positive or strictly negative @nMoreover,

A =inf{]| Ve |2 ¢ € HYQ) & || o [|2= 1}
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Lety; := y1(2) be the unique solution of (1.1) corresponding to the first eigenvalte \;(Q))
characterized by; > 0 on{2 andf y12dV = 1.

Fix two real numbers, andr; such thah) < ro < r; < 5. Let By and B, be arbitrary balls of
radii ro andr; respectively inCP" such thatB, C B;. Consider the familyF = {Q := B; \ By} of
domains inCP™. We study the maxima of the first eigenvalg(2) over F.

We state the main result: PQy := B(p,r1) \ B(p,ro) for anyp € CP" fixed arbitrarily.

Theorem— The first Dirichlet eigenvalue () on F attains its maximum & if and only if
Q = Q) (i.e. the balls are concentric)

Similar problems for Euclidean space, Space forms, rank-1 symmetric spaces of non-compact
type were solved in the research papers [1-3] respectively.

2. GEOMETRY OFCP"™

The standard Hermitian inner product @#%*+! is denoted by(-, -)cnt+1. We identify C**! with
R?"+2. The real part of(-, -)cn+1 is the Euclidean inner product &2 +2, denoted by(-, ) g2n+2.
Let S** 1 = {(20, 21, -+, 2,) € C"*1 | 370 |2;|* = 1} denote the unit sphere &f*"*2.

Let S' denote the multiplicative group of complex numbers of absolute vali@onsider the

natural action of5* on the unit spheré?"*! defined as followsy A € St and V (2, 21, -+ , 2,) €
S2n+1

)\(Z(]v 21yt ,Zn) — ()\Z07 )‘Zla e 7)‘271)-
This action ofS® defines an equivalence relation %! andCP™ can be viewed as the resulting

quotient space of?"*!. Let [(zo, 21, - , 2z,)] denote the equivalence class (ef, 21, - , 2,) €
S2n+1 Consider the quotient map: S?**+! — CP" defined by

w(20, 21, 5 20) = [(20, 21,7+, 20)], (20, 21,7+, 20) € S,

Letq € CP™ andg € m—!(q) be arbitrary. The tangent spacemof! (q) atq is called the vertical
space afj, denoted by, i.e. V; = {t(ig) |t € R}. Let H; = {v € C""1 : (v,§)cns1 = 0}. Thus
we have an orthogonal decomposition

T;S*" M = Hs @ V;

and any vector € H; is called a horizontal tangent vector §f"! at g. Note thatdr : H; —
T,CP" is an isomorphism. For any,w € T,CP", 3 uniqued,w € H; such thatdr () = v and
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dm(w) = w. Then the Fubini-Study metrig, -) on CP™ is defined by
(v,w) = (U, W)R2n+2.
Thus the mapr : S?**+! — CP" is a Riemannian submersion.

If X is a tangent vector field ofiP" then there is a unique tangent vector fi&lcbn $2"*! such
thatdr. (X (z)) = X(n(2)) & X(z) € H. ¥ z € S*"*1. The vector fieldX is called the horizontal
lift of X. LetV, V be the Levi-Civita connections o$#"*! andC P" respectively. Then

_ . 1 - -
VXY =VxY + §[X,Y]v
where[X, Y] denotes the vertical part the vecfof, Y]. Hence

(VxY)(q) = dng (V¥)(@) Vg eCP", vgen\(q).

The Riemannian manifol@P™ is complete and its injectivity radius .

For any two pointsp,q € CP™, d(p,q) denotes the distance between themOR"™. Then
d(p,q) < 3. For any two pointsz, w € S2ntl - dganta (2, w) denotes the distance between them
in §2ntt,

Definition— A geodesia:(s) in $?"*1 such that/(s) € H,s) is called a horizontal geodesic of
52n+1.

The geodesics df P" are described by the following result:
Proposition2.1 — [6].

(1) Letc: [0,1] — S?"*! be a geodesic such that its initial velocity veatt0) € H. ). Then
d(s) € Hes) Vs € [0, 1] and the curveroc is a geodesic of P having the same length as

(2) Conversely, letr : [0,1] — CP™ be any geodesic. Then for agye = !(c(0)), there
exists a unique horizontal geodesic [0,1] — S$?"*! such thatr(0) = G, dm3(5'(0)) =
d(0) & mod=o0. 0

Example2.2 : For eacld) < j < n, lete; = (0,0,-,1,0,--,0) wherel occurs in thej + 1-th
place. Thereg := (1,0,---,0) € S?"*1 & ie; = (0,i,0,...,0) is a horizontal tangent vector of
S2n+1 ateq. Define

c(s) == (coss,isins,0,...,0) (s € R).

Thenc is a horizontal geodesic if?" 1 (with ¢(0) = ey & ¢/(0) = ieq) and hencer o c is geodesic
in CP™. O



72 AKANKSHA V. RANE AND A. R. AITHAL

Let g € CP™ be arbitrary and; € = !(q) be fixed. Let{v,w} C T,CP" be an orthonormal
subset and leP = spam{v, w} be a plane off;CP". Then the Riemannian sectional curvature
K (P) ofthe planeP is K (P) = 1+ 3 cos? § wherecos 6 = (v, iw). In particularl < K(P) < 4.0

Lemma2.3 — Fix any two distinct pointg;, p» of CP".

(1) Fix p1 € 7 (p1). Then there exists; € 7 !(py) such thatdgzn+1 (p1, p2) = d(p1,p2). And
given any such pai(pi, p2) of points in $?"*+1, 3 a unique horizontal geodesicin $2"+!
joining p1 to p, having lengthi(p1, p2).

(2) Suppose that(p1,p2) < 5. Fix anyp; € 771 (p1). Then3 uniquep, € 7 !(p2) such that
dgzn+1(p1, p2) = d(p1,p2)-

(3) Letz € 7 (p1) andw € 7~ 1(p2) be arbitrary. Then

d(p1,p2) = arccos |(z, w)cn+1]. (2.2)

PROOF: Putl := d(p1,p2)(< §). Leto : [0,]] — CP™ be a unit speed geodesic such that
a(0) = p1 & o(l) = py. By proposition 2.13 unique horizontal geodesit : [0,1] — S?**! of
lengthl such that (0) = p; & mo 6 = 0. Put

5 =5(0) & pa := &(1). (2.2)

Since the injectivity radius 062" *! is 7 and lengtlic) = | < 7, & is the unique geodesic of
lengthl in $27*1 joining p; to p». This proves (1).

Proof of (2) : Leto be as given in (1). If < 5 theno is the unique unit speed geodesic of length
lin CP™ joining p; to p2. Let py € 71 (p2) be any point such thatgz. 11 (p1,p2) = I. Let ¢ be the
unique unit speed geodesic of lengin S2"*! joining p; to p». Thenr o ¢ is a distance minimizing
curve inCP™ joining p; to p2, and hence it is a geodesic Gf°". Since7 is the injectivity radius of
CP™andl < 7, it follows thatr o ¢ = 0. Then by (2) of Proposition 2.k, = ¢ & henceps = ps.
The proof (2) is now complete.

Proof of (3): Now by (2.2)ps = (cosl)p1 + (sinl)o. Hence

<ﬁl,ﬁ2>0n+1 = (COS l)<ﬁ1,ﬁ1>cn+1 + (sin l)<p~1, 77>Cn+1 (2 3)

=cosl (. 7€ Hy)

Then(pa, p1)cn+1 = cosl. Hence

cos® 1 = (p1, p2)cnt1 (D2, D1 )gni1.
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Thus

cosl = v/Tp1, Pa)oner (2 Prdcns = |1, Bansi . (2.4)

Sod(p1,p2) = | = arccos |(p1, p2)cn+1|. From 2.4, itis clear that(p;, p2) = arccos |(z, w)cn+1]
V z € 7 Y(p1) andw € 7~ 1(ps). This proves (3). O

3. ATANGENT VECTORFIELD OF CP™

Consider the matrix

in M (n-+1, C) where all the entries not shown are zero. THea u(n+1) ande4 € U(n+1) vVt €
R. For eacht € R define a map); : CP" — CP"™ by

wt([(zoa 2Ly Zn)}) = [etA((Zov R1y " Zn))]v
i.e. ([(20, 21, 2n)]) = [((cost)zp + i(sint)zy,i(sint)zg + (cost)z1, 23, -+ , 2n)]
vV ([(z0, 21, ", 2n)] € CP™. Then each); is a well-defined map, and it is an isometry@P".

Define a vector field V o€ P™ by V ([(z0, 21, -+, z0)]) = £¢u([(20, 21, -, zn)))|,_,- ThenV ({(z0, 21, 20)]) =
dr:(A(2)) = dms((iz1,120,0,---,0)) wherez := (29, 21, -, 2n). The horizontal tangent vector
field V on.S2"+1 corresponding to V is given as follows: Atafy= (zo, 21, -, -, zn) € 7 *([(20, 21, 2n)]),

V(2) = A(Z) — (A(2), Z)enii .

Thus

V(Z) = (izl, 120,0, - - - ,0) — 2Re(202’_1)(i2). (3.5)
Lemma3.1 — Letu(s) : [0,]] — CP™ be any geodesic i€ P™. Then(V (u(s)), 1/(s)) is a
constant function oif, {].
PROOF: Let i : [0,1] — S?"*! be a horizontal geodesic ! such thatr o i = u. Then

(V(u(s)), 1/ (5)) = (V(fi(s)), i’ (5))ran-+2

Hence - (V (u(s)), #(5)) = (AGH(5)), ()2 = 0. 0
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4. PROOF OF THEMAIN THEOREM

Putp := m(eg) Whereey = (1,0,---,0) € §?*tl < C"*l. As seen in example 2.2(s) =
(coss,isins,0,--- 0) V0 < s < T is a horizontal geodesic witt{0) = eo andc/(0) = ie;. Then
~ := moc is a geodesic iiC P".

For0 < ro <1 < § (c.f§ 1), fix a real numbeg, such that) < so < 71 — 79. Put{l, :=
B(p,r1) \ B(7(s0),70). Let By := B(~(s0),70), B1 := B(p, 1) and) := €, . See figure 1.

_B(v(s0).r0)

B(p.r)
r\j'

Figure 1:B(p,71) \ B(7(s0),70)
Letq € 0B, be any point. Leh(q) be the outward unit normal ¢t on 9Q atq € 0By. Let 114
be the unit speed geodesiciy such thafu,(0) = v(so) andug,(ro) = ¢. Puty, = 14(0). Then

Hq(s) = expw(so)(qu) V0 < s < rg. (4.2)

Then by Gauss’s lemma, the outward unit normad@Qfatq € 0By is given by

d

n(q) = = pa(5)). (42)

0By = {q € 9Bo|(14,(0),7'(s0)) > 0}.
Lemmad.1 —(V(q),n(q)) <0V q € B .

PROOF: Fix any ¢ € 9B . By the Lemma 3.1{V'(uq(s)), 11g(s)) is a constant function on
[0,70]. Now V' (114(0)) = 7/ (s0) andn(q) = —py (o). Hence

(V(2),n(q)) = —(V(1q(r0)), 1g(r0)) = —(V (114(0)), 114 (0)) = —(7'(50), 11 (0)).

Sinceq € dB7, —(v'(s0), 11,(0)) < 0. Hence the Lemma. m
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Fix c(s0) € 7 1(v(s0)). Then by Lemma 2.33 uniqueg € 7~ (q) (§ depends om(sg)) such
thatd(g, c(so)) = ro and a unique horizontal geodegig in S?"** joining c(so) to ¢ of lengthry.
(4.3)

Letw, := fiz(0). Then
VO<s<rg

fia(s) = (cos s)c(s0) + (sin s)d,
(4.4)

and

g = (cosrg)c(so) + (sinrg)vg.
Recall that? = B; \ By. For anyz € B(p,r1) (2 # p), letn, be the unit speed geodesic joining

p to z with p = 1,(0). Define
B (p,r1) := {2 € B(p,m1) : (1,(0),7(0)) > 0}.

Lemmad.2 —d(v(s0),2) <5 VYze Bf(p,r).
PROOF: Fix 5 = (1,0,---,0) in $?*1. Then by Lemma 2.3 there exists unigégp) in
771(2) € §*"*! such thatdgan11 (P, 2(p)) = d(p, z) and a unique unit speed horizontal geodesic

iiz(5) Of lengthd(p, z) in 5?1 joining p to Z(p). Leta := d(p, z). Thena < r; < 3.

Let dg2nt1(c(s0), 2(P)) =: . Letu be the velocity vector of the geodesigg; atp. Consider
the spherical trianglép, Z(p), c(so)] in S?"+1. Let 8 be the angle of this triangle @t Sincez €
BJF(p’ Tl)

cos 3 = (u, ie)gen+2 = (n2(0),7'(0)) >0 (4.5)

a
|llIlI -‘r

B
ey
P g clso)

Figure 2: Spherical Triangle’[ 2(5), c(so)] in S27+1

Thus by cosine rule for spherical triangless x = cos a cos sy + sin a sin sg cos 3. Sincel <
(4.6)

a < 3,0 < sy < 7 andcos3 > 0 we getcosz > 0. Hence
™
O

0 < dgzn+1(c(s0),2(p)) =z < 5
Z.

It follows thatd(y(so),2) <z <
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.Letp, : [0,7] —

Letz € B¥(p,r1) andr := d(y(s0),2). Then by Lemma 4.2) < r < J
=v(s0) (c.f. 4.1). We

B(p,r1) be the unit speed geodesic joinifngsy) to z with initial point 1. (0)
can extend:, as a geodesic defined on whole®fand the extended geodesic is again denoted by

. Putv, = p/(0).

Define
O ={zeQnB*(p,r1): (12(0),7'(s0)) > 0}.

See figure 3. Let € O andz = p.(r). By Lemma 2.33 Z € 7~ 1(2) such thatd(2, c(sg)) = r
and a unique horizontal geodegig : [0,7] — B(p,r1) in S?**1 joining c(so) to Z of lengthr. Let
U, := fi(0). Then

Z = (cosr)c(sp) + (sinr)v, 4.7)

Then w.r.t. the basi§c’(so), ez, e3- -+, en} Of H(sy) ate(so),

U, = <’L~)Z,CI(SO)>Cn+1cl(So) + Z (02, €j)cnt1€;
2<j<n

and hence
(Z,€e0)cnt1 = cosT cos 89 — sinrsinro(v,, ¢ (so))cnt1-

Let 2’ := pu.(—r). See figure 3. By Lemma 232’ € n~'(2') such thatl(z/, ¢(sg)) = r. Then

o = cos(—7)c(s0) 4 sin(—r)d, = (cosr)e(so) + sin(r)(—1,).

Figure 3: Domair®
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Lemmad.3 —Forz € O, d(Z,p) < d(z,p).

PROOF: Fix z € O. Recall thaB z € 7—!(z) such thati(z, ¢(sg)) = . Putz = (20,21, -+ , 2n)-
Then

(Z,d (50))R2nt2 = (sinr) (v, ¢ (50))R2nt2
= sin 7 (1 (0),7'(s0))
>0 (. sinr > 0andz € O).

Putb, := (0., (s0))cn+1. Sincez € O, Reb, > 0. From Lemma 2.3,

d(z,p) = arccos(|(Z,eo)cn+1|) (. p1 = 7(eo)) 4.8)

= arccos(| cosr cos sp — sinrsin spb,|)

cos T cos sg + b, sinrsin sg|> = (cos r cos 5o + Re(b,) sinrsin s0)? + (Im(b,) sin r sin s )?
> (cos 7 cos s — Re(b,) sinrsin sg)? + (Im(b,) sinr sin s9)* (4.9)

= |cosrcos sy — b, sinrsins()]Z.
Thus

| cos T cos sp + b, sinrsin sg| > | cosr cos sg — b, sinr sin sg. (4.10)

Thus

d(#',p) = arccos |(2/, eg)cn+1|

= arccos | cos 1 cos sg + sin rsin sg b, |

(4.11)
< arccos | cos 1 cos sg — sinrsin sg b, | (from 4.10)
=d(z,p).
Hence the lemma follows. O

Lemma4.4 — For anyy € 0B
(V(¢):n(d)) = —(V(g),n(q)) Vg€ dBo.

PROOF: By Lemma 3.1(V (1u4(s)), 115 (s))) is a constant function for all, n(q) = —(ro) and
n(q') = gy (—ro). Hence the result. O

77
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A cylindrical symmetry of the domain €2 : Consider the matrix

-1

in U(n + 1) where all the entries not shown are zero. Define a thap CP" — CP™ by
oB([(20, 21, 22 -+, 20)]) = [B(20, 21,22+ -+, 20)]V [(20, 21, , 2)] € CP™.

Lemmad.5 — The mappg is an isometry of), ¢ o v = v and¢p reverses any normal geodesic
along~y.

PROOF: SinceB € U(n + 1), ¢p is an isometry ofCP". Define Tz denote the linear map
of C"*! given by left multiplication by the matrixB. ThenTz(e;) = e; for j = 0,1 and hence
Tp(c(s)) = c(s) V¥ s. Thus¢p keeps the geodesicinvariant. Hencebg(B(p,r1)) = B(p,r1) and
ép(B(v(s0),70)) = B(v(s0),70). Thus¢p(2) = Q2 and¢p is an isometry of.

Now the constant vector fields, --, e, of C**! are horizontal, parallel vector fields 6£"*!
along the curve:(s). Define E;(v(s)) := dmys)(ej) (2 < j < n). TheneachF; (2 < j < n)is
a parallel vector field o P" along the geodesig. SinceT'(e;) = —e; (2 < j < n) and¢g is an
isometry ofCP"™, dpg(E;(v(s))) = —E;(v(s)) V s. Hencegp reverses any normal geodesic along
- O

Now we prove the main theorem.

Consider any two pair§, v) and(q, w) where
p7q€(CPna UGTpCPn&U)ETqCPn

Then there exists an isometfyof CP" such thatf(p) = ¢ andD f,,(v) = w. Also the Laplace-
Beltrami operatoA of CP" is invariant under isometries &fP™. Hence it suffices to study the first
Dirichlet eigenvalue\; (2) only on domains

Q= B(p,rl) \ B(7(3)7T0>;0 <s<ry—ro.

DefineAi(s) : (ro—r1,m1—70) — RbyAi(s) = A1(2(7s)). FiX s such thad < sy < r; —ryp.
Now put By = B(7(s0),70) andB; = B(p,r1). Also fix 7o such thaty < ro < 71 — rg.
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Consider a smooth functign: CP™ — R satisfyingp = 1 on B(~(sp),72) andp = 0 on9dB;.
Define a vector fieldVon CP"™ by

Wi(q) = p(q)V(q) V q € CP™ (Visdefined ing3).

Let {¢s}scr be the one-parameter family of diffeomorphismsta?™ associated withV. Then
for all |s| sufficiently close td), ¢s|p(p,r) = Vsl B(p,r) BNAPs(2s,) = Qsot5- HENCEA (50 + 8) =
A1 (¢s(Q2s,)). By Proposition 3.1 of [2]); is differentiable at = so. As A1(¢5(Q)) = A1 (d—s(Q)),
A1 is an even function which is differentiable at 0. ThMg0) = 0. PutQ = Q,,. Let n be the
outward unit normal field od<). Then by Hadamard formula stated in Proposition 3.4 of [2] we get,

Koo =~ [ (2) twmiayas

__ /aBO @32)2 (W,n)(q)dS (- W =00ndB,).

SinceW = V on B(v(so), r2) we have
2
e = [ (52) wanas. @12

LetZ,(,, be the isometry such thdZ, ) : Ty, CP" — T, CP" is the antipodal map
—1I. Hence for any geodesie such thair(0) = ~(so), we haveZ, oo (s) = o(—s). Forz € O

definez’ := 7, (,,)(2). Hencez' := T, ) (2) = Ly(s9) (12(7)) = pz(—17).
Z(s9)(0Bo) = 0By (4.13)
d(z,p) < ri foranyz € O. Hence by Lemma 4.3
d(Z',p) < d(z,p) <ri.
Thus we have

I’Y(SO)(O) C B(p, Tl). (4.14)

Letg € OBy . Then by Lemma 4.1

(V(g),n(q)) <O0. (4.15)
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And from Lemma 4.4 we have
(V(¢),n(d)) = —=(V(g),n(q)) Vg€ IBy. (4.16)
Hence from 4.12

O { (2) - (%jj(d)f} (V. m)(a)ds. @17)

LetP :={z € B*(p,r1) | (1,(0),~4(0)) = 0}. Thus

Zy(sp)(P) ="P. (4.18)
Also
DZ,(50)(n(q)) = n(Zys0)(q)) Vg€ dBy. (4.19)

The Laplace-Beltrami operatak of CP™ is uniformly elliptic. Sincey; > 0 on €2, by Hopf-
maximum principle

oy
Putyi(2) = (y10Z5(s))(2) vV z € O. Then from 4.19 we have
a?fl - ayl /
I D=5 (@) VqedNnso. (4.21)

Definew(z) := y1(2) — y1(2) V z € O. SinceA commutes with the isometry, ) and using
4.18,w satisfies the following:
Aw+ A\w =0 inQO

w=0 ondO N oBy
(4.22)
w=0 ondO NP (by lemmad4.5)

w<0 ondO® N IB;.

Definewt = max{w, 0}. Sincew < 0 on 90wt € H{(O). From problem 1.1 and 4.22, we get
0= / (—Aw)wTdr — )\1((2)/ wwtdx
o o
:/ (—Aw)wtdr — /\1((2)/ wwhdx
ON{w>0} ON{w>0}
- / (| Ve |2 da — Ay () / (w*)2dz
o o

>/O(|| Vwt ||2d:1:—>\1(0)/0(w+)2dx (- A(Q) < A (0)).
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" IVt )de
ThUS )\1(0) > QW
follows thatAw + A\w > 0 on O. By generalized maximum principle < 0 in O. Then by applying
Hopf-maximum principleg—j; > 0 a.e.ondO N dBy. Consequently we get

which is a contradiction. Hence™ = 0. Sow < 0in O. It

W1 () < 122 )

o o (from 4.20 and4.21).

Hence from 4.17)| (so) < 0.
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