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Let G be a non-compact semisimple Lie group with finite centre and finitely many connected
components. We show that any finitely generated group Γ which is quasi-isometric to an irreducible lattice in G has the R∞ -property, namely, that there are infinitely many φ-twisted conjugacy classes for every automorphism φ of Γ. Also, we show that any lattice in G has the
R∞ -property, extending our earlier result for irreducible lattices.
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1. I NTRODUCTION
An automorphism φ : Γ → Γ of an infinite group Γ induces an action of Γ on itself defined as
g.x = gxφ(g −1 ). The orbits of this action are called φ-twisted conjugacy classes; elements of Γ
belonging to the same orbits are said to be φ-twisted conjugates. The orbit space is denoted R(φ) and
its cardinality, denoted R(φ), is called the Reidemeister number of φ. We write R(φ) = ∞ if R(φ)
is infinite. The group Γ is said to have the R∞ -property if R(φ) = ∞ for all automorphisms φ of
Γ. The notion of Reidemeister number arose in Nielsen fixed point theory; see [10]. The problem of
classifying (finitely generated) groups that have the R∞ -property was proposed by Fel’shtyn and Hill
[8].
The R∞ -property does not behave well with respect to finite index subgroup, as has first been
observed by Gonçalves and Wong [9] who showed that the infinite dihedral group D∞ has the R∞ property although the infinite cyclic group does not. Thus R∞ -property is a property that is not
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geometric—that is, it is not a quasi-isometry invariant among the class of all finitely generated groups.
On the other hand, the work of Levitt and Lustig [11] shows that any torsionless non-elementary
hyperbolic group has the R∞ -property. This has been extended by Fel’shtyn [6] who removed the
restriction of torsionlessness. He also showed in [7] that R∞ -property holds for relatively hyperbolic
groups.
The purpose of this note is to show that the R∞ -property is geometric for the class of all finitely
generated groups that are quasi-isometric to irreducible lattices in real semisimple Lie groups with
finite centre and finitely many connected components. The classification of such groups is a deep
result that has been achieved by the effort of several mathematicians including Eskin, Schwartz, Farb,
Pansu, Kleiner and Leeb. See [5] for a survey on this result. The definition of quasi-isometry will be
recalled in §2.
Recall that a lattice in a non-compact real Lie group G with finitely many connected components
is a discrete subgroup Λ ⊂ G such that G/Λ has finite volume with respect to the G-invariant measure
associated to a Haar measure on G. A lattice is uniform if G/Λ is compact.
A lattice Λ in G is said to be irreducible if, for any non-compact closed normal subgroup H of
G, the image of Λ under the quotient G → G/H is dense. This definition of irreducibility differs
from the definition used in [16], which assumes that G has no compact factors. (So, according to that
definition, if G admits a non-trivial compact factor, then no lattice in G is irreducible.) If M is the
maximal compact normal subgroup of G then Λ/Λ ∩ M is an irreducible lattice in Ḡ := G/M . Since
Λ ∩ M is finite, Λ is quasi-isometric to Λ/Λ ∩ M, and so either definition leads to the same quasiisometry class of groups. Note that, by a theorem of Mostow, Ḡ is connected. Since M contains the
centre of G, Ḡ is of adjoint type. A lattice which is not irreducible will be called reducible.
We now state the main result of this note.
Theorem 1 — Let Γ be a finitely generated group which is quasi-isometric to an irreducible
lattice Λ in a non-compact semisimple real Lie group G with finite centre and finitely many connected
components. Then Γ has the R∞ -property.
When Λ is uniform, it turns out that it is quasi-isometric to any other uniform lattice in G. So
the above theorem implies that any uniform lattice in G has the R∞ -property. However, we need
to first establish the theorem in this special case first, when G is connected and has trivial centre.
The R∞ -property for irreducible lattices was proved in [14] and will be an ingredient of the proof
of the main theorem in the case Λ is nonuniform. The major result that will be needed to prove the
above theorem, besides the results on the R∞ -property for lattices, is the classification theorem for
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groups quasi-isometric to irreducible lattices in G. (See Theorem 2.) Perhaps, since very few classes
of groups are known for which the R∞ -property is geometric, the above result is surprising, since
R∞ -property is known to be not even an invariant under passage to a finite index subgroup.
2. Q UASI - ISOMETRIC R IGIDITY OF I RREDUCIBLE L ATTICES
Let (X, dX ) and (Y, dY ) be metric spaces and let λ ≥ 1, ² > 0. A (λ, ²)-quasi-isometric embedding
is a set-map f : X → Y such that, for all x0 , x1 ∈ X, the following coarse bi-Lipschitz condition
holds:
−² + (1/λ)dX (x0 , x1 ) ≤ dY (f (x0 ), f (x1 )) ≤ λdX (x0 , x1 ) + ².
If, in addition, there exists a C > 0 such that, for any y ∈ Y , there exists an x ∈ X such that
dY (f (x), y) ≤ C, one says that f is a quasi-isometry. In this case there exists a quasi-isometry
g : Y → X for possibly a different set of constants λ0 , ²0 , C 0 . The map g is called a quasi-inverse of
f . One says that (X, dX ), (Y, dY ) are quasi-isometrically equivalent if there exists a (λ, ², C)-quasiisometry f : X → Y for some set of constants λ, ², C. This is an ‘equivalence relation’ on the class
of all metric spaces.
If Γ is a group with a finite generating set S, then Γ becomes a metric space (Γ, dS ) where dS
is the word metric defined as dS (x, y) = `S (x−1 y), the length of the shortest expression for x−1 y
in the ‘alphabet’ S ∪ S −1 . Changing the (finite) generating set changes the word metric, but not
the quasi-isometry equivalence class of (Γ, dS ). It is an important problem, for a given group Γ, to
classify all groups which are quasi-isometrically equivalent to Γ with a word metric. It is easy to
see that, if there is a homomorphism φ : Γ → Λ whose kernel and cokernel are finite, then φ is a
quasi-isometry. When Λ is an irreducible lattice in a semisimple Lie group, the converse is also true.
More precisely, we have the following classification theorem for groups that are quasi-isometric to
irreducible lattices; see [5, Theorem I].
Theorem 2 — (QI rigidity of irreducible lattices). Let Γ be a finitely generated group which is
quasi-isometric to an irreducible lattice Λ in a non-compact semisimple connected Lie group G with
trivial centre. Then there is an exact sequence
1 → F → Γ → Λ0 → 1

(1)

where F is finite and Λ0 is a lattice in G.
Next we state the following companion theorem which gives the quasi-isometry equivalence
classes among lattices in G. See [5, Theorem II].
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Theorem 3 — (QI classification of lattices). Let G be a non-compact semisimple Lie group with

finite centre and without compact factors. Then:
(a) All uniform lattices in G form a single quasi-isometry class.
(b) If G is not locally isomorphic to SL(2, R), two irreducible nonuniform lattices Γ0 , Γ1 are
quasi-isometrically equivalent to each other if and only if there exists a g ∈ G such that Γ0 ∩ gΓ1 g −1
is a finite index subgroup of both Γ0 and gΓ1 g −1 . If G is locally isomorphic to SL(2, R), then all
nonuniform lattices of G form a single quasi-isometry class.
Note that part (a) of the above theorem is classical: By Svarc-Milnor Lemma [1, Ch. I.8], any
uniform lattice in G is quasi-isometric to G where G is endowed with a G-invariant Riemannian
metric. Also, when G is locally isomorphic to SL(2, R), any nonuniform lattice contains a finite
index subgroup which is isomorphic to a free group of finite rank. Thus any such lattice is quasiisometric to the free group of rank 2.
Remark 4 : (i) The assumption that G has trivial centre seems to be required in Theorem 2,
although it is not explicitly stated in [5, Theorem I]. Indeed, suppose that Λ is a certain arithmetic
nonuniform lattice in an appropriate covering group of G = Spin(n, 2) as constructed by Millson
[12] (cf. Deligne [4, 17]) so that Λ does not contain any torsionless finite index subgroup. Let
Γ := Λ/Z(Λ). Then Γ ⊂ G/Z(G) is a torsionless lattice which is evidently quasi-isometric to Λ.
But there can be no surjection η : Γ → Λ0 with finite kernel for any lattice Λ0 in G. For, Λ0 would
then be commensurable with gΛg −1 for some g ∈ G by Theorem 3 and hence Λ0 would have torsion
elements. Since Γ is torsionless, ker(η) cannot be finite.
When the lattice Λ in Theorem 2 is nonuniform (resp. uniform), so is Λ0 . This follows from part
(a) of Theorem 3, and by part (b) of the same theorem, if Λ is nonuniform, Λ0 is irreducible. However,
this is not the case in general when Λ is uniform, since any two uniform lattices are quasi-isometric.
3. T WISTED C ONJUGACY IN R EDUCIBLE L ATTICES
Suppose that G is a connected semisimple Lie group with trivial centre and having no compact factors.
Suppose that Λ ⊂ G is a reducible lattice. Then there exists a factorization G = H1 × · · · × Hn into
semisimple Lie groups Hj where Λ ∩ Hj =: Λj is an irreducible lattice in Hj , 1 ≤ j ≤ n, Λj ⊂ Λ
Q
is a normal subgroup of Λ, and Λi ∩ Λj is trivial if i 6= j. Moreover Λ0 := 1≤j≤n Λj is a finite
index normal subgroup of Λ. Also, the j-th projection G → Hj maps Λ onto an irreducible lattice
Λ̃j which contains Λj as a finite index normal subgroup. Evidently Λ is a finite index subgroup of
Q
1≤j≤n Λ̃j .
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We have the following lemma.
Lemma 5 — We keep the above notation. Assume that Λ is a torsionless lattice in a connected
semisimple Lie group G with trivial centre and without compact factors.
(i) Suppose that φ : Λ → Λ is an automorphism. Then there exists a permutation σ ∈ Sn such
that φ(Λi ) ⊂ Λ̃σ(i) ∀i ≤ n.
(ii) There exists a finite index characteristic subgroup Γ0 of Λ of the form Γ0 = Γ1 × · · · × Γn
where Γj is an irreducible lattice in Hj for 1 ≤ j ≤ n.
P ROOF : (i). Denote by πj the natural surjection πj : Λ → Λ̃j and by φj the composition
φ

πj

Λ → Λ → Λ̃j . Fix i ≤ n. Then there exists a j such that φj (Λi ) is nontrivial. Set A := φj (Λi ), B :=
Q
φj ( k6=i Λk ). Then both A and B are normal subgroups of Λ̃j and A.B = φj (Λ0 ) is a finite index
Q
normal subgroup of Λ̃j . Clearly ab = ba, ∀a ∈ A, b ∈ B since xy = yx for x ∈ Λi , y ∈ k6=i Λk .
So A ∩ B is contained in the centre of φj (Λ0 ). By the Borel density theorem, since Hj has trivial
centre the same is true of φi (Λ0 ) as well. Hence A ∩ B is trivial. Therefore φj (Λ0 ) = A × B. If both
A and B are infinite, then φj (Λ0 ), and hence Λ̃j , would be reducible. Therefore one of A, B must be
finite and the other a finite index subgroup of Λ̃j .
Suppose that A is finite and B has finite index in Λ̃j . Since every element of A commutes with
every element of B, this implies, again by Borel density theorem, that A is contained in the centre of
Hj and so A is trivial—contrary to our choice of j. Therefore A must have finite index in Λ̃j and B
must be finite. The same argument shows that B is trivial.
Thus, given any j, we see that there is at most one i so that φj (Λi ) is nontrivial. The same
argument applied to φ−1 shows that for any i, there is at most one j such that φj (Λi ) is nontrivial.
Therefore there is a permutation σ ∈ Sn such that φj (Λi ) is nontrivial if and only if j = σ(i) for
1 ≤ i ≤ n, and hence φ(Λi ) ⊂ Λ̃σ(i) , 1 ≤ i ≤ n.
(ii). By (i) φ(Λ0 ) is a product

Q

0
1≤j≤n Λj ,

which has finite index in Λ. It follows that taking

intersection of all subgroups φ(Λ0 ) as φ varies over all automorphisms of Λ we obtain a finite index
characteristic subgroup Γ0 ⊂ Λ0 of the form Γ1 × · · · × Γn .

2

Before proceeding further, we need the following lemma, which was proved in [13, Lemma 2.2].
For the convenience of the reader we have included the short proof.
Lemma 6 — Consider an exact sequence of groups
j

η

1 → N ,→ Γ → Λ → 1
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where N is characteristic in Γ. (i) If Λ has the R∞ -property, then so does Γ. (ii) If Λ is finite and N
has the R∞ -property, then so does Γ.
P ROOF : Let φ : Γ → Γ be any automorphism. Since N is characteristic, φ restricts to an
automorphism of N and hence induces an automorphism φ̄ : Λ → Λ.
(i) Since φ-twisted conjugacy classes are mapped to φ̄-twisted conjugacy classes, it follows that
R(φ) ≥ R(φ̄). So R(φ) = ∞ if R(φ̄) = ∞, which proves the assertion.
(ii) Let θ = φ|N and suppose that R(θ) = ∞. Suppose that xk ∈ N, k ≥ 0, are in pairwise
distinct θ-twisted conjugacy classes in N , but that they are all in the same φ-twisted conjugacy class.
Let γk ∈ Γ, k ≥ 1, be such that xk = γk x0 φ(γ −1 ). Since Γ/N ∼
= Λ is finite, there exist k, l ≥ 1
k

such that g := γk γl−1 ∈
gxl φ(g −1 ) = gxl θ(g −1 )

N . Substituting x0 = γl−1 xl φ(γl ), in xk = γk x0 φ(γk−1 ) we obtain xk =
showing that xk and xl are in the same θ-twisted conjugacy class, contrary

to our choice. Hence R(φ) = ∞. This completes the proof.

2

We are now ready to prove the R∞ -property for lattices in the case when the Lie group is connected, has no compact factors, and has trivial centre.
Theorem 7 — Suppose that Λ ⊂ G is a lattice where G is a connected semisimple Lie group
without compact factors and having trivial centre. Then Λ has the R∞ -property.
P ROOF : Let φ : Λ → Λ be any automorphism. We need to show that R(φ) = ∞. By the main
result of [14], we may (and do) assume that Λ is reducible.
In view of Lemma 5, there exists a finite index characteristic subgroup Γ0 ⊂ Λ which is a product
Γ1 × · · · × Γn where each Γj is an irreducible lattice in a connected normal subgroup Hj of G and
moreover φ permutes the subgroups Γj . The cycle decomposition of the permutation σ ∈ Sn where
φ(Γj ) = Γσ(j) leads to a product decomposition Λ = L1 × · · · × Lr where each Li is the product
of those Γj which form an orbit of σ. Then φ restricts to an automorphism of Li for each i. By
relabelling if necessary, we assume that L1 = Γ1 × · · · × Γp , φ(Γj ) = Γj+1 , 1 ≤ j < p, φ(Λp ) = Λ1 .
In particular Γi ∼
= Γ1 , 1 ≤ i ≤ p. Let γk = (γk,1 , · · · , γk,n ) ∈ Λ, k ≥ 1, be a sequence of elements in
Q
Γ0 = 1≤i≤n Γi satisfying the following conditions, where we denote by φi : Γi → Γi+1 , 1 ≤ i < p
and φp : Γp → Γ1 , the isomorphisms obtained from φ via restriction.
(i) γki = 1, 1 < i ≤ n, for all k ∈ N, and,
(ii) the γk,1 ∈ Γ1 are in pairwise distinct ψ-twisted conjugacy classes where ψ := φp |Γ1 =
φp ◦ · · · ◦ φ2 ◦ φ1 ∈ Aut(Γ1 ). Since Γ1 is an irreducible lattice, such a sequence exists by the main
theorem of [14] when the real rank of H1 is at least 2, by [11] when Γ1 is uniform and the real rank
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of H1 equals 1, and by the result of [6] when Γ1 is nonuniform and the rank of H1 equals 1.
We claim that the γk are in pairwise distinct φ-twisted conjugacy classes. Observe that the claim
implies that R(φ) = ∞, thereby establishing the theorem.
First, suppose that y = zxφ(z −1 ) where y = (y1 , 1, . . . , 1), x = (x1 , 1, . . . , 1) ∈ Γ0 and z =
(z1 , . . . , zn ) ∈ Γ0 . This is equivalent to the following set of equations:
−1
y1 = z1 x1 φp (zp−1 ); 1 = zi φi−1 (zi−1
), 1 < i ≤ p.
−1
It follows that y1 = z1 x1 φp φp−1 (zp−1
) = · · · = z1 x1 φp φp−1 · · · φ1 (z1−1 ) = z1 x1 ψ(z1−1 ). Hence,

if γk and γl are in the same φ-twisted conjugacy class, it follows from (i) that γk,1 and γl,1 are
ψ-twisted conjugates, contradicting (ii). Hence γk ∈ Λ, k ≥ 1, are in pairwise distinct φ-twisted
conjugacy classes as was to be shown.

2

Remark 8 : As already observed in [14, Remark 3.3], the method of proof of [14, Theorem 1.2]
applies to show that any irreducible lattice Λ in a semisimple Lie group G of rank one with trivial
centre and finitely many components has the R∞ -property when the identity component G0 of G is
not locally isomorphic to SL(2, R). When G0 is locally isomorphic to SL(2, R) and Λ is nonuniform,
it has a finite index subgroup isomorphic to a free group of finite rank. Applying Lemma 6, it suffices
to consider the case G0 = SL(2, R) and Λ = SL(2, Z). There are several proofs available for the
R∞ -property of SL(2, Z) that do not rely on the work of Levitt and Lustig [11]. See, for example,
[13, Theorem 3.1] and also [15]. Also Gonçalves and Wong [9, Theorem 3.4] have given a purely
algebraic proof that a free group of rank 2 has the R∞ -property. Dekimpe and Gonçalves [3] have
obtained a purely algebraic proof of the R∞ -property of the non-abelian free groups of finite ranks
and the fundamental group of a compact oriented surface of genus g ≥ 2—which is the same as a
torsionless uniform lattice in SL(2, R). Thus one has algebraic proofs available in the case rank 1
lattices as an alternative to the geometric group theoretic proofs due to Levitt and Lustig [11] and to
Fel’shtyn [6].
4. P ROOF OF T HEOREM 1
We are now ready to establish the main result of this note.
P ROOF

OF

T HEOREM 1 : Let Λ be an irreducible lattice in a non-compact semisimple Lie group

G with finite centre and finitely many connected components. Let M be the maximal connected
compact normal subgroup of G. As remarked in §1, Λ̄ := Λ/(M ∩ Λ) is an irreducible lattice in the
connected semisimple Lie group Ḡ = G/M , which has trivial centre. Suppose that Γ is a finitely
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generated group which is quasi-isometric to Λ. Then it is quasi-isometric to Λ̄. By Theorem 2, there
exists an exact sequence
η

1 → F ,→ Γ → Λ0 → 1
where Λ0 is a lattice in Ḡ. By Theorem 3, when Λ is nonuniform, so is Λ0 . When Λ is uniform,
however, Λ0 is not necessarily irreducible.
In general F is not characteristic in Γ. In order to overcome this, we proceed as follows. Since
Ḡ is linear, any finitely generated subgroup of Ḡ is residually finite; in particular, Λ0 is residually
finite. Again, linearity of Ḡ implies that there exists a finite index torsionless sublattice Λ1 ⊂ Λ0 . Let
Γ1 = η −1 (Λ1 ). Note that Γ1 has finite index in Γ. Let Γ0 be a finite index characteristic subgroup of
Γ that is contained in Γ1 . (For instance, we may take Γ0 to be the intersection of all subgroups of Γ
having index equal to the index of Γ1 in Γ.)
To show that Γ has the R∞ -property, by Lemma 6(ii), it suffices to show that Γ0 has the R∞ property. Set F0 := F ∩ Γ0 , η0 := η|Γ0 , and Λ00 := η(Γ0 ). Then we have an exact sequence
η0

1 → F0 ,→ Γ0 → Λ00 → 1.

(2)

We claim that F0 is a characteristic subgroup of Γ0 . Note that F0 consists of all finite order
elements of Γ0 since Λ00 has no (nontrivial) torsion elements. Since F0 ⊂ F is finite, it follows that
F0 equals the set of all finite order elements of Γ0 . Since any automorphism of Γ0 permutes the set
of finite order elements of Γ0 among themselves, we conclude that F0 is characteristic in Γ0 .
Applying Lemma 6, we see that, Γ0 has the R∞ -property since Λ00 has the same property by
Theorem 7. This completes the proof.

2.

As a corollary of the above proof, we obtain the following
Theorem 9 — Any lattice Γ in a semisimple real Lie group G with finite centre and finitely many
connected components has the R∞ -property.
O UTLINE

OF

P ROOF : We need only consider the case when Γ is reducible. One has an exact

sequence (1) with F finite and Λ a lattice in Ḡ = G/M where M is a maximal compact normal
subgroup of G. Also one has a characteristic subgroup Γ0 of Γ and an exact sequence (2) where F0
is a finite characteristic subgroup of Γ0 and Λ00 is a lattice in Ḡ. Since Ḡ has trivial centre and no
compact factors, Λ00 has the R∞ -property by Theorem 7. By Lemma 6, Γ0 has the R∞ -property.
Hence, by the same lemma, Γ also has the R∞ -property.

2

Remark 10 : If a group is quasi-isometric to a uniform lattice in a semisimple Lie group with finite
centre and finitely many components, then it is also quasi-isometric to an irreducible uniform lattice
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and hence has the R∞ -property. We do not know if every finitely generated group quasi-isometric to
a nonuniform lattice has the R∞ -property.
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