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We obtained several equivalent conditions for the existence of core inverses and dual core inverses
of triangular matrices over a ring with involution. As applications, some necessary and sufficient
conditions for the (2,2,0) core inverse problem are given.
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1. INTRODUCTION

The core inverse and the dual core inverse of a complex matrix were introduced by Baksalary and
Trenkler in [1]. LetA € M, (C), wherel,,(C) denotes the ring of alt x n complex matrices over
the complex fieldC. A matrix X € M, (C) is called a core inverse of, if it is satisfieSAX = Py
andR(X) C R(A), whereR (A) denotes the column space4f P, is the orthogonal projector onto
R(A). And if such matrix exists, then itis unique and denotediBy Baksalary and Trenkler [1] give
several characterizations of the core inverse by using the Hartwig and Sgickieldecomposition

in [2]. More properties of the core inverse can be found in [6, 7] etc. R.é&e a unital ring with
involution, that is a ring with unity and an involutioru — o* satisfiega*)* = a, (ab)* = b*a* and
(a+b)* =a*+b*foralla,b € R. We will also use the following notationsiR = {az | z € R}
andRa = {za | x € R}. Raki et al. [5] generalized the core inverse of a complex matrix to the case
of an elementin aring. Let, x € R, if

axa = a, xR = aR, Rx = Ra",

thenz is called a core inverse afand if such element exists, then it is unique and denoteddsy.
The set of all core invertible elements iwill be denoted byR®. Leta, x € R, if

axa = a, xR = a*R, Rx = Ra,
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thenx is called a dual core inverse afand if such element exists, then it is uniqgue and denoted
by a. The set of all dual core invertible elementsirwill be denoted byRs. Raki et al. proved
[5, Theorem 2.14] that fot: € R, the core inverse of is the unique element € R satisfies the
following five equations:

ara = a, rar =z, (az)* =azr, zd®=a, ar® =z

In [3, Theorem 1], Hartwig and Shoaf proved that for a mafrix= € Rax2, Where

C

a,b,c € R and R, denote the ring o2 x 2 matrices over a rind, if a € R#, then we have\/#
exists if and only ifc € R# and(1 — aa™)b(1 — ¢¢) = 0. In this paper we give some equivalent

L a b ) . . .
characterizations such that = [ € Ryxo is core invertible. We prove that for a matrix
C

a

0 c
whereU T, denotes the ring of upper triangulak 2 matrices over a ring. As applications, some

M = € Roxo, M® exists WithM® € UTsyo ifand only ifa,c € R®? and(1 — aa®)b = 0,

necessary and sufficient conditions for the (2,2,0) core inverse problem are given.
An elementa € R (R is not necessary to be a ring with involution) is said to be group invertible
if there existst € R such that the following equations hold:

axa =a, xar ==, aT = Xq.

The elemenk satisfies the above equations is called a group invergelb$uch elemeni: exists,
then it is unique and is denoted by . The set of all group invertible elements &will be denoted
by R7.

An elementh € R is an inner inverse of € R if aba = a holds. The set of all inner inverses
of a will be denoted byu{1}. An elementa € R is called a{1, 3}-inverse ofa if we haveaaa =
a, (a@)* = aa. The set of al{ 1, 3}-invertible elements will be denoted A13},

2. COREINVERSE OFTRIANGULAR MATRICES

In this section, some equivalent conditions of core inverses and dual core inverses of triangular ma-
trices over a ring are obtained.

Lemma2.1 —[8]. Leta, z € R. Then the following conditions are equivalent:

(1) a € R® with z = a®;



CORE INVERTIBILITY OF TRIANGULAR MATRICES OVER A RING 839

(2) a € R# N RUL3Y with z = a#aa(lv3);

2

(3) aza = a, (az)* = ax, xa®> = a andaz?® = z;

2

4) (ax)* = az, va® = a andazr? = .

€ Roya. Ifa € R#, then M #

Lemma2.2 — [3, Theorem 1]. Let, b,c € RandM = [g
C

#
exists if and only ifc € R and(1 — aa™)b(1 — c¢) = 0. In this caseM# = [ao 3;] , Where
C
a = (a”)2b(1 — c#c) + (1 — aa™)b(c?)? — a¥bc.

b

C

Proposition2.3 — Leta,b,c € RandM = [g € Royxs. Then M# exists withM# €

#
UTsxz ifandonlyifa, c € R# and(1—aa™)b(1—c*c) = 0. In this caseM# = [ao 1] , where
C
a = (a”)%b(1 — c#c) + (1 — aa™)b(c?)? — a¥bc.

PROOF: Suppose\/# exists WithM# € UTyo, thenM# has the following form

M# _ 1 I2
0 T3
for somexy, z2, 23 € R.
The equationV/ M# M = M gives
a=aria
b= ax1b+ (axz + bxs)c Q)
c = cx3c
The equatiomV/ M# = M# M gives
Ir1a = arq
{ (2)
Ir3C = Cx3

The equatiol/# M M# = M# gives

{ riar1 = I (3)

Ir3Cr3 — I3
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By (1), (2) and (3), we have™ = z; andc” = 3.

Thus, by (1), we have
(1 —a”a)b = (aza + bc™ e

which gives
(1 —aa®)b(1 — cc) = (axy + b )e(1 — ce) = 0.

Conversely, it is clear by Lemma 2.2. O
Lemma2.4 — Leta € R® andb € R. Then the following conditions are equivalent:
1) (1 —aa®)b=0;
(2 (1 —=a®a)b=0;
(3) bR C aR.
PROOF: (1) = (2). Suppos€l — aa®)b = 0, that isb = aa®b, thusa®ab = a®a(aa®b) =
aa®b = b. Hence(l — a®a)b = 0.

(2) = (3). Supposel — a®a)b = 0, thatisb = a®ab, then bya(a®)? = a® we have
b=a®ab = a(a®)?ab, henceéhR C aR.

(3) = (1). SupposéR C aR, thenb = ar, for somer € R. Thusaa®b = aa®ar = ar = b,
that is(1 — aa®)b = 0. O

€ Rs«2. Then the following conditions are
C

Theorem2.5— Leta,b,c € Rand M = [g

equivalent:
(1) M® exists wWithM® € UT,yo;
(2) a,c € R® and(1 — aa®)b = 0;
(3) a,c € R® and(1 — a®a)b = 0;

(4) a,c € R® andbR C aR.
a® —a®bc®]

In this case M® =
0 c®

PROOF: (1) = (2). SupposeV® exists withAM/® € UT, 2, thenM @ has the following form

M®— Tr1 X2
0 T3
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for somezy, r9, 23 € R.

By Lemma 2.1, we have

MM®M =M, (MM®)*=MM®, M®M?*=M, M(M®)?=M®.

The equatiol/ M® M = M gives

a = aria
b= axr1b+ (axs + bxs)c 4)
c = cx3C

The equatiof M M®)* = M M® gives

(ax1)" = axq
arys +brs =0 (5)

(cx3)* = cxs

The equation/®M? = M gives

r1a° = a
2 ©)
T3¢’ =c¢
The equationV/ (M®)? = M® gives
a(x1)? =y
2 )
c(x3)” = x3

By Lemma 2.1, (5), (6) and (7), we hawec € R® anda® = z; andc® = z,.

By (4) and (5), we have

b= ax1b+ (axy + bxrs)c = azb.

Asa® = z1, henceb = aa®b, thatis(1 — aa®)b = 0.

(2) = (1). Suppose, c € R® and(1 — aa®)b = 0, then we have

b= aa®b. (8)
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c
a b| |a® —a®bc® aa® 0
MX = g s
0 c/|O c® 0 cc®

a bl |a® —a®bc®| |a b aa® 0 a b a b
MXM = = = = M.
0 c¢|]|O c® 0 ¢ 0 cc®| |0 ¢ 0 ¢

Thus

® _q®pc®
LetX = [ao ¢ @C ],then by (8) we have

X e M{1,3}. 9)

By [5, Theorem 2.19], we hawe c € R* anda™ = (a®)?a andc? = (c®)2c.

Sincea® = a#aal?) by Lemma 2.1, thug — a®a = 1 — a#aa(¥a = 1 — a#a, similarly
1—c®c=1-c"ec.

Since(1 — aa®)b = 0 implies(1 — a®a)b = 0. (Indeeda®ab = a®a(aa®b) = aa®b.), thus
(1 —aa™)b(1 — ¢¢) = 0. (10)

By Lemma 2.2 and (10), we have

M#* = (11)

a?  (a¥)?b(1 — ¢c) + (1 — aa™)b(c#)? — a¥ bc#
0 ct

SinceM® = M#MM®3) by Lemma 2.1. As we have (9) and (11), thus

M® = M#* MM = M#*MX
a”  (a™)%b(1 — cc) + (1 — aa™)b(c*)? — a”bc” | |a b] [a® —a®bc®]

| 0 ct 110 ¢ |0 c®
_ [a#  (a#)2b(1 — c*c) + (1 — aa®)b(c#)? — a*bc#| [aa® 0
| 0 ct L0 cc®
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[(a®)2a2a® Bec®

0 (c®)2c?c®
[a®aa® —(a®)%ab(c®)%c2c®
0 c®cc® ]
[0® —a®bc@]

0 c®

wheres = ((a®)2a)?b(1 — (¢®)2cc) + (1 — a(a®)2a)b((c®)?c)? — (a®)2ab(c®)?c.
(2) & (3) & (4) isclear by Lemma 2.4, 0
Lemma2.6 — Leta,b € R with ab = 1. Thena € R® ifand only ifa € R,

PROOF: Supposeb = 1 anda € R®. Then
1 =ab=a®a’ = a(a®)?a®b = a(a®)?a(ab) = a(a®)?a = a®a.

That is1 = a®a and by the hypothetical conditiarb = 1, thusa € R~1.
Conversely, ift € R, itis clear thatz € R® by a® = o~ L. O
Lemma2.7 — Leta,b € R with ba = 1. Thena € R® ifand only ifa € R~!.

Example2.8 : The conditionM® € UTsy, in Theorem 2.5 cannot be dropped. LRte ring
such thatub # 1 andba = 1, for all choicesa, b € R. We will present an example using matrices

. . . . . . . . |la 1—ab
over a ringR with the involution as conjugate transposition. Consider the matrix [0 ) ] ,

0 10
let X = [ , then we havel/ X = [0 1] = X M.That isM is invertible. Thus we have

1—ab a
M® = X, butX ¢ UT,xs. Sinceab # 1 andba = 1, thus by the Lemma 2.7, we hawe R®.

Let us denote the ring of lower triangular< 2 matrices over a rindg by LT5 5.

Theorem2.9— Leta,b,c € Rand M = [Z € Ryx2. Then the following conditions are

(&
equivalent:

(1) M® exists withM® € LTyyo;
(2) a,c € R® and(1 — cc®)b = 0;

(3) a,c € R®and(1 — c®c)b = 0;



844 SANZHANG XU

(4) a,c € R® andbR C cR.

® 0
In this case M ® = @ .
—c®pa® @

Example2.10 : The conditiom\/® € LT5- in Theorem 2.9 cannot be dropped. LFebe ring
such thata # 1 andab = 1, for all choicesa,b € R. We will present an example using matrices

. . . . . . . . a 0
over a ringR with the involution as conjugate transposition. Consider the matfrix L b] , let

b 1-0 1 0
X = [ ) a] , then we havel/ X = [O 1] = X M.That isM is invertible. Thus we have
a
M® = X,butX ¢ LTsx». Sinceba # 1 andab = 1, thus by the Lemma 2.6, we hawet R®.

Remark2.11 : In Theorem 2.5 and Theorem 2.9, one may obviously repldcandc by con-
formable matrices oveR, since all equations used in the proof are remain valid. One also can obtain
analogical results for dual core inverse as the Theorem 2.5 and Theorem 2.9.

3. THE (2,2,0) @REINVERSEPROBLEM
In this section, some equivalent characterizations of (2,2,0) core inverse problem in rings are obtained.

Let us start this section with some auxiliary lemmas.

Lemma3.1 — [4, Corollary 1]. Ifa,p € R such thata= € a{1} andp is right invertible. Then
the following are equivalent:

(1) ap € R?;
(2) u =apaa™ + 1 — aa™ isinvertible;

(3) ' =pa+1—aaisinvertible.

In this casea® = u 2ap.

Lemma3.2 — If a,p € R such thai(’3) € a{1,3} andpp* = 1. Thenap is {1, 3}-invertible
andp*a3) € (ap){1,3}.

PROOF: By pp* = 1, we have

app*al® = aq(1?)

and

app*aPPap = aa M ap = ap,
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thusap is {1, 3}-invertible andp*a(**) € (ap){1, 3}. O

Proposition3.3 — Leta € R® andp € R. If pp* = 1 anda™ € a{1}, then the following are
equivalent:

(1) ap € R?®;
(2) u =apaa™ + 1 — aa™ isinvertible;

(3) ' =pa +1 —a"ais invertible.
In this case(ap)® = u2apaa®.

PROOF: (1) = (2). Supposeip € R®, then by [5, Theorem 2.19] we hawp € R*. Since
pp* = 1 givesp is right invertible, thus, = apaa™ + 1 — aa™ is invertible by Lemma 3.1.

(2) = (1). Asp is right invertible and: = apaa™ + 1 — aa™ is invertible, then by Lemma 3.2
we haveap € R and

(ap)# = u" ap (12)

By Lemma 2.1, we have® € a{1,3}. By pp* = 1 and Lemma 3.2, we havg ¢ R{13} and

p*a® € ap{1,3}

(13)
By (12), (13) and Lemma 2.1, we have
(ap)® = (ap)*ap(ap)™?) = u~2apapp*a® = uapaa®.
The proof of(2) < (3) is similar to(1) < (2). O
a b 01
Let M = , P = , then
0 ¢ 10
PP*=P*P=1 (14)
bl |0 1 b b
andM P = | = “|'. Let us denotet = ¢ , then
0 c||1 O c 0 c 0
A=MP. (15)

Proposition3.4 — Leta,b,c € RandA =

b

g] with a,c € R® andbR C aR. Then the
C
following are equivalent:
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(1) Ais core invertible;
2 U=AMM~ +1— MM~ isinvertible;

(3) U' = PM + I — M~ M is invertible.

WhereM =

C

b
]andM‘ € M{1}. In this case

A® =2

baa® acc®]

caa® 0
PROOF: (1) = (2). Suppose is core invertible, then by (15) and [5, Theorem 2.19], we have
that M P is group invertible, thu#/ is invertible by [4, Corollary 1].

(2) = (1). Suppose, c € R® andbR C aR, then by Theorem 2.5, we hawé is core invertible.
SincePP* = I, thusM P is core invertible by Proposition 3.3, thatisis core invertible by (15)
and

A® = U 2MPMM®

= U 2AMM®
5|6 a| |a b| |a® —a®bc®
=U
c 0] |0 ¢ |0 c®
_ -2 (baa®  —baa®bc® + (b2 + ac)c®
| caa® —caa®bc® + chc®
_ -2 (baa®  —b2c® + (b + ac)c®
| caa® —cbc® + cbc®
_ -2 [baa® —b2c® + b2c® + ace®
| caa® 0
_ - baa®  acc®
| caa® 0 |
The equivalence of2) and(3) is clear by Lemma 3.1. O
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