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The purpose of this article has two fold. The first is to generalize some recent second main
theorems for the mappings and moving hyperplaneB"dfC) to the case where the counting
functions are truncated multiplicity (by leve) and have different weights. As its application, the
second purpose of this article is to generalize and improve some algebraic dependence theorems
for meromorphic mappings having the same inverse images of some moving hyperplanes to the
case where the moving hyperplanes involve the assumption with different roles.
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1. INTRODUCTION

The theory on second main theorem for meromorphic mappings into projective spaces with moving
hyperplanes was started studied by Ru and Stoll [10] and Shirosaki in 1990’s [12, 13]. In that time,
almost all given second main therems do not have the truncation level for the counting functions of
the inverse image of moving hyperplanes. In some recent years, this theory have been studied very
intesively with many results established. To state some of them, we recall the following notation.

Letai,...,aq (¢ > n+ 1) beq meromorphic mappings @™ into the dual spacg”(C)* with
reduced representations = (aio : - : aim) (1 < i < ¢). We say thatu, ..., a, are located in
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general position iflet(a;,;) # 0 foranyl < iy < i; < --- < i, < ¢. Let M, be the field of all
meromorphic functions of€™. Denote byR({a;}_,) C M,, the smallest subfield which contains
Cand all%’; with a;; #Z 0.

For the case of nondegenerate meromorphic mapping3”ointo P (C) intersecting moving
hyperplanes, the first second main theorem with truncated (totgw@unting functions was given
by Ru [9] for the casen = 1 and reproved for general case by Thai and Quang [14]. For the case of
degenerate meromorphic mappings, in [11], Ru and Wang gave a second main theorem for moving
hyperplanes with counting function truncated to lexelAnd then, the result of Ru and Wang was
improved by Thai and Quang [15] and Quang and An [7]. In 2016, Quang [4] improved and extended
these results to the following.

Theorem A— [4, Theorem 1.1]. Lef : C™ — P"(C) be a meromorphic mapping. Lét; }3:1
(¢ > 2n — k + 2) be meromorphic mappings @"* into P"*(C)* in general position such that
(fya;) #0 (1 <j < q), whererankp, 1(f) = k + 1. Then the following assertion holds:

q
()Hmf ZNf“ )+ o(T3(r) + O(max T, (),
=1
— (n+ 2k — < ! N T 0 T
OllE n+k+1 f(r)*z (fr) (1) + 0(T(r)) + O(max To, (r).
=1

Here, by the notatiorf|| P” we mean the assertiaR holds for allr € [0, c0) outside a Borel
subset of the interval[0, o) with [, dr < occ.

Recently, Quang [6] has improved his result to the following.

Theorem B— [6, Theorem 1.1 (a)]. Leff : C™ — P"(C) be a meromorphic mapping. Let
{aj}?:l (¢ > 2n — k + 2) be meromorphic mappings @f"* into P"(C)* in general position such
that(f,a;) # 0 (1 < j < gq), whererankg,,;(f) = k + 1. Then we have

[ o

o <ZN[’;L) + (T} (r)) + O max T, (r)).

<i<q

In another direction, in 2015, Quang [5] initially introduced the second main theorem with
weighted counting functions. He has generalized partially the above results (the assertion (a) of
Theorem A) to the case where each counting function has a different weight. His result is stated as
follows.

Theorem C— [5, Theorem 1.1]. Letf : C™ — P"*(C) be a meromorphic mapping. Let
{a;}!_, (¢ > 2n—k+2) be meromorphic mappings @f" into P"*(C)* in general position such that
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(fai) #0 (1 <i < q). Assume thak + 1 = rankg(,,}(f). LetAq, ..., A, begq positive number
with (2n — k 4+ 2) maxi<i<q A < >_i_; Ai. Then the following assertions hold:

q

| 2=y ) < ZA N{f ) 1)+ o(T(1) + Ol max T, (1)

Our first aim in this paper is to give a complete generalization of these above results in this
direction. Namely, we will generalize Theorem B to the following.

Theoreml1l.1— Let f : C™ — P*(C) be a meromorphic mapping. Létzj}?zl (g > 2n —
k + 2) be meromorphic mappings & into P"(C)* in general position such thatf,a;) # 0
(1 <j < q). Assume thak + 1 = rankpg,, (f). LetAq, ..., A, be g positive numlgers with

(2n — k + 2) maxi<;<q Ai < Y.+, Ai. Then for every positive numbgre [maxi<j<q A; Ai]

1) 2nfk+2
we have
221 A — (n—k)n [k]
I — ZA Ny () + 0T (r)) + O max T, ().
Remark 1) LettingA; = --- = A\, = 1 andn = 1, from Theorem 1.1, we get Theorem B.
P
2) Lettingn = 2nq k+2, we will get again Theorem C.

In the last part, we will use the above second main theorem to study algebraic dependence of
meromorphic mappings sharing moving hyperplanes regardless of multiplicities. To state our result,
we recall the following notation, due to [1, 5, 9, 17] and [8].

Let f; : C™ — P*(C) (1 < t < A) be meromorphic mappings with reduced representations
fei=(fwo: -1 fim) Leta; : C™ — P*(C)* (1 < j < ¢) be moving targets located in general
position with reduced representatians:= (ajo : - - - : a;n). Assume that f;, a;) :== Y i, friaji #
Oforeachl <t <\, 1<j<gand(fi,a;) {0} = = (fr,a;)"{0}. PutA; = (f1,a;)"1{0}
for eachl < j < ¢. Assume that every analytic sdt; has the irriducible decomposition as follows
Aj= uizlAﬁ( <ty < 00). SetAd = Uy, 24, {AjiNA}with1 <i <51 <1<t,1<j,k<
q.

Denote byT'[N + 1, ¢] the set of all injective maps frodil,--- N + 1} to {1,--- ,q}. For each
z € C"\ {Uperivi1g{zlaga)(2) A -+ Aagiviny(z) = 0} U AU UL, I(fi)}, we definep(z) =
#{jlz € A;}. Thenp(z) < N. Indeed, suppose thatc A; for each0 < j < N. ThenZi:0 fri(2) -
aji(z) = 0 foreach0 < j < N. Sinceag()(z) A -+ A agny1)(2) # 0, itimplies thatfi;(z) = 0
for each0 < i < N. This means that € I(f1). This is impossible.
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For any positive number > 0, definep(r) = sup{p(z)||z| < r}, where the supremum is taken
overallz € C"\ {Ugerini1,g{zlasa)(2) A+ Aagvin(z) = 0y UAUULI(fi)}. Thenp(r) is
a decreasing function. Let
d:= lim p(r).

r——+00

Thend < N. If for eachi # j, dim{A; N A;} <n —2,thend = 1.
In 2001, Ru [9] proved the following theorem.

TheoremD — [9, Theorem 1]. Letfy,---,fy : C™ — P*(C) (A > 2) be nonconstant
meromorphic mappings. Let : C™ — P*(C)* (1 < i < ¢) be slowly moving hyperplanes in
general position. Assume théf;,a;) # 0 and (f1,a;)" {0} = --- = (fa,a;)" {0} for each
1<i<\1<j<gq. Denoted; = (fi,a;)"1({0}). Letl be a positive integer with < [ < \. As-

sume thatforeach € A; (1 <j <¢g)andforanyl <i; <---<i; <gq, fi,(2)A---Afi(2) = 0.
d\n?(2n +1)

If
U |

cm.

,thenfy,--- | f) are algebraically dependent ové&l, i.e., fi A--- A fy =00n

After that, the result of Ru has been improved and extended by Thoan, Duc and Quang in when the
number of moving hyperplanes is reduced. In 2015, Quynh [8] proposed a new technique, by which
she studied the algebraic dependence of meromorphic mappings sharing different family of moving
hyperplanes regardless of multiplicities and obtained the results which are much more general and
stronger than previous results. Inspired of the technique of Quynh, in this paper we consider the
case where the numbeéin the above theorem may varies dependently on the moving hyperplanes.
Namely, we will prove the following.

Theoreml.2—Let f1,---, fy : C"™ — P"(C) (A > 2) be nonconstant meromorphic mappings.
Leta; : C™ — P*(C)* (1 < i < q) be slowly moving hyperplanes in general position. Assume
that (fi,a;) # 0 and (f1,a;)" {0} = -+ = (fr,a;)" {0} foreachl < i < A1 < j < gq.
DenoteA; = (f1,a;)"*({0}). Letly,... I, beq positive integers witt2 < ; < X\. Assume that
foreachz € A; (1 < j < ¢g)andforanyl <i; < - <y <gq, fi,(2) A--- /\filj(z) =
0. If ¢ > dAk(Qn_k+2)_/\‘fl(k_l)+ ?:1”, then f1,--- , f\ are algebraically dependent ovét, i.e.,
fin---ANfr=00nC™.

In particular, if letA\ = [ = 2 andd = 1 then the condition of the above theorem is fulfilled with
q > 2n% 4 2n + 2. Therefore, we will get the uniqueness theorem for meromorphic mappings (which
may be degenerate) sharing> 2n? + 2n + 2 slowly moving hyperplanes in genral position without
multiplicity. This conclusion had been proved by Quynh (see [8, Corollary 1.4]), and independently
by Cao (see [1, Corollary 3]).
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2. BASIC NOTIONS AND AUXILIARY RESULTS FROMNEVANLINNA THEORY

(a) Basic notions.

Throughout this paper, we use the standart notation on Nevanlina theory due to [1, 3, 5] and [8]. For
a meromorphic mapping : C™ — P"(C), we denote byl'(r) its characteristic function. For a
divisor D on C™, we denote byV¥!(r, D) its counting function truncated to level We mean by

a moving hyperplanes a meromorphic mappingC™ — P™(C)*. Sucha is said to be slow with
respect tof if || T,(r) = o(T(r)). Let be a meromorphic function o@™. We denote by, its

divisor and denote by, (r) the counting function of its zeros divisor.

We assume that throughout this paper, the homogeneous coordin&&g0fis chosen so that

for each given meromorphic mapping= (ag : - - - : a,) of C™ into P*(C)* thenay # 0. We set
@ = — anda = (@ : @y : - dn)-
ao
Supposing thaf has a reduced representatipr= (fo : --- : fn). We put(f,a) := > fia;

and(f, d) = Z?:o fia;.

Let {a;};_, begq meromorphic mappings @™ into P"*(C)* with reduced representations =
(aip = -+ : ain) (1 < i < q). We denote byR({a;}) (for brevity we will write R if there is no
confusion) the smallest subfield 8ft which containsC and alla;, /a;, with a;, # 0.

(b) Theorems for general position

Theorem?2.1 — (The First Main Theorem for general position [19, p. 326]). Lgt: C" —
P™(C), 1 < i < k be meromorphic mappings located in general position. Assumd that < n.
Then

Nugopongs () Hmr, - A ) <> Ty (r)+O(1).

1<i<A
Here, by s a...n, We denote the divisor associatedfton - - - A fy.

Let V be a complex vector space of dimensidh> 1. The vectors{v,,--- ,v;} are said to
be in general position if for each selection of integers. 7; < --- < 4, < kwith p < N, then
vy, A--- Aw, # 0. The vectors{vy, --- v} are said to be in special position if they are not in
general position. Také < p < k. Then{vy,--- , v} are said to be ip-special position if for each
selection of integers <i; < --- <1, < k, the vectorsy;,, - - - , v;, are in special position.

Theorem?2.2 The second main theorem for general position [19, Theorem 2.1, p.320])MLet
be a connected complex manifold of dimensienLet A be a pure(m — 1)-dimensional analytic
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subset of\/. Let V' be a complex vector space of dimensios 1 > 1. Letp andk be integers with
l1<p<k<n+l.lLetf,: M — P(V),1<i <k, be meromorphic mappings. Assume that
f1, ..., fr are in general position. Also assume that ..., fi are in p-special position om. Then we
have

ppinenf, = (B—=p+1)va

3. THE PROOF OFTHEOREM1.1

In order to prove Theorem 1.1, we need the following lemma due to Quang [6].

Lemma3.1 — [6, Theorem 1.1, equation (3.9)]. L¢t: C™ — P*(C) be a meromorphic
mapping. Let{a,}3"7*"* be meromorphic mappings @™ into P"(C)* in general position such
that(f,a;) # 0 (1 < j < 2n —k + 2), whererankpg(,,}(f) = k + 1. Then there exists a subset
J CA{1,...,2n — k + 2} with |J| = n + 2 satisfying

) < _
1T5(r) < 3 N(jl () +0(Ty(r) + O _max Ty ()
jeJ

Actually, in the proof of Theorem B, firstly Quang proved this lemma, but he did not separate this
lemma from the proof of Theorem B (see equation (3.9) in [6]). We also note that, Quang proved that

the existing subsel in the above lemma satisfig$| < n + 2. Therefore, it of course will be hold
for someJ with |J| = n + 2.

PROOF OFTHEOREM 1.1: We denote by the set of all permutations gf-tuple(1,...,q). For
each element = (iy,...,i,) € Z, we set
_ +. K] (K]
Np={r e R NG, (1) < < N, ) (1)}
Fix a permutation] = (i1,...,iq) € Z. Applying Lemma 3.1, there exists a subset

Je{l,...,2n — k + 2} with |J| = n + 2 such that

1T5(r) < D2 NG, )+ 0Ty (1) + O(puax T, (1),
jeJ

PutJ; = {1,...,2n — k+ 2} \ J then
|| =2n—k+2)—|J|=n—k.

By the assumption of the theorem, we hawg_; A\i; — [Ji|n < 0 andzzf.:1 Aj — |Jiln > 0.
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Hence
q
[ QoA = 1A Tr(r) < (37 ) D0 NGy (1) + (30 Ay = 11l DN, ()
7=1 J€J1 leJ JjeJNL leJ
+0(Tf(7“))—|—0(ma<xT (1))
<i<q
> )\
JEN [k]
< ‘J'<,GJ Ny (1)) + 0Ty () + O(max Tu,(r))  @3.1)
k k
SEIPOLE RS S CE IV AE
leJ leJ ’ ‘ o

+o(Ty(r)) + O max T ().

Also by the assumption, for ea¢le J we have

STn; — 1IN, = ZA = N, = 1IN,

) jeN

Aj = (Al +1J)n

M= T

1

[
Il

Aj—(2n—k+2)n > 0.

Il
M=

1

<.
Il

Then, from (3.1), for al- € N;, we have

q q
(ijm) Ty(r) <1 (ZMN%??%><T>+ D NN, 0 >)
j=1

leJ I=2n—k-+3
+ o(T¢(r)) + O( max Ta, (r))

< |J\Z)\ N ) +o(Ty(r)) + O( max Ty, (7).

1<i<q

Hence, forr € N;, we have

1A~ (n—

_ k q
| == " )an(r) <3S N )+ o(Tp(r) + O max T, (r)).

1<i<q

The theorem is proved.
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4. THE PROOF OFTHEOREM 1.2

In order to prove Theorem 1.2, we need the following lemma due to Quynh [8, Claim 3.3] (see also
[16, Claim 3.1]).

Lemmad4.1 — Leth; : C™ — P*(C) (1 < i < p < n+ 1) be meromorphic mappings with

reduced representations := (hig : -+ : hip). Leta; : C™ - P*(C) (1 < i <p<n+1)be
moving hyperplanes with reduced representations= (a;o : - : aip)- Puth; := ((hiyay) :---:
(hi,an—1)). Assume that, - - - , a,1 are located in general position such thiaf, a;) # 0 (1 <

i <pl<j<n+1). LetS beapuren — 1)— dimensional analytic subset & such that
S ¢ (arA---ANany1) {0}. Thenhy A---Ah, =0onSifandonlyifhy A---Ah,=00nS.

Proof of Theorem 1.2 It suffices to prove the theorem in the case\ok n + 1. Suppose that
JiN--NfA#O.

We setA = U, 4;, and denote bys the singular part ofA. For an ordered set of distinct
indices! = {j1,---,7x} € {1,...,¢},weputi®={1,--- ,q} \ I and

(fr,az,) - (fr,aj)
B, (flv-ajz) (fm.ajz)
(f17aj/\) (fkaajx)

Take a positive numbefr, > 1 such thatp(r) = d for all » > ry. We now prove the following
claim.
Claim4.2 : If By is nondegenerate, i.elet By # 0 then
q
dz min vy, 4, z)—min{l,V(fhai)}(z))—i-Z(/\—li—f—l)min{l,y(fla 2)} <dyfl/\ /\fx( 2)

1<v<A :
=1

forall z € C™\ (SUUL, I(fi) U (aiy, A--- Aajy))"H(0) with ||z]| > 7o, wheref; == ((fi, a;,) :
T (fl?a]A))
Indeed, fix a pointg € (C””L\(SUU?:1 I(fi)U(aiy A+ -+ Aaj, )~ H(0) with ||z0]| > 7o. It suffices

for us to prove the inequality of the claim fog € 4. We may assume that:

e there arg indices in/, for instance they arg, ..., j: such thatg € U§:1 Aj, andzy € A;, for
allt < i < X (t may be0),
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e there ares indices inI*, for instance they argy, ..., ks such that:g € (J;_; A, andzy & Ay
forall k € I¢\ {k1,...,ks} (s may be0), wheres + ¢ < d.

LetT be an irreducible analytic subset.dfcontainingzy. Suppose thal/ is an open neighbour-
hood ofz, in C™ such that/ N (A \ I') = 0. Choose holomorphic functioly; on a neighbourhood
U" C U of z such that,, = minlsvs)\{lj(fmaji)} if zeTandy, =01if z ¢ I' foreachl <i < t.
Then(fy,aj,) = ayihi (1 <14 < t), wherea,; are holomorphic functions. Hence, we have

ai e axi

ait te )t

det By = hy--- hy - det
(froaj) - (fxahy)

(flaajx) (f)\aaj)\)

This implies that
t
AV n.pfy (20) = dvaet B, (20) 2 > dvp, (20) + dvg, gy (20), (4.1)
=1

whereg; = ((f1,a5,), -+, (fx,aj,)) foreveryl <i < \. Letl = min{l;,..,l;,, k1, ..., ks}. By the
assumption, on the analytic détwe have

rank{giy1,...,9x} = rank{gi,...,gn} = rank{fl, - f)\} <l
By using the second main theorem for general position [19, Theorem 2.1, p.320], we have
Vgeiin-nga(20) = max{\ —t —1+1,0}.
Combining this inequality with (4.1) we get

d min vy, q;)(20) +dmax{A — ¢ —1+1,0}

dyfl/\"'/\f)\(zo) 1<v<A

M-

.
Il
—_

d(1glvi£,\ V(furay,)(70) — min{L, v(s 4, 1(20)}) + d(A =1+ 1)

M-

s
I
—_

d( min, 14, a,,)(20) = min{l, (s, a;,)(20)})

M-

s
I
—
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q
+ Z()\ — 1+ 1)min{1, vy 4,(20)}
i=1

A
>3 d( min vy, 0,)(20) — min{L, 5 0, ) (20))
=1 - =

q
+ Z()\ — i+ 1)min{1, vy q,(20)}
=1
Hence, the claim is proved.

We now continue to prove Theorem 1.2. For each j < ¢, we set

q
Ni(r) = > NH (v, a) = (A= Dk = DNU(r v, 0)-
i=1
For each permutatiost = (51, ..., jq) of (1,...,¢q), we set

Ty ={rel,+00) : Nj(r) = --- = N, (r)}-

It is clear thatl J; T; = [1,+00). Therefore, there exists a permutation, for instance ifyis=
(1,---,q),suchthatf. dr = +oo. Thenwe have
Jo

Ni(r) 2 -+ = Ny(r),

for all » € Ty,. By the assumption thaf; A --- A fy # 0, there exists ordered set of indices
I={iy, - iy} withl =14y <--- < iy <nsuchthadet B; # 0. We note that

=
—
=
N—
|
Z
iy
=
v

2 Ni,\(T) > Nn+1(r)7

for eachr € Ty, .

We see thatnin;<;<)m; > Z?Zl min{k,m;} — (A — 1)k for every non-negative integers
my,--- ,my. Then by Claim 4.2, we have

A
dZ(Z min{y(fv,ai)(z)v k} - (()‘ - 1)k - 1) min{l’ V(fl,ai)}(z))

el v=1
q

+ ) (A=l Dmin{l g, 0(2)} < dv 7 (2)
=1

forall z € C™\ (SUUL, I(f;) U (ai, A---Aaj, )~ (0) with ||z]| > 7. Integrating both sides of
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the above inequality, for every> ro we have

A q
DAY NE @ yg,00) = (A= DE+ DNU (v ) + Y A= L+ DN (v, 0)

el v=1 i=1

< ANG o pf, (1) < dZTfU + o( max {va( ).
We setl’(r) = 23:1 T(r, fy). Then, for allr € Jy,r > rg, we have
1<i<A

A q
4700 2 03N, () + 3= i+ DN, 00) + o s (7501)
=1

d\ !
> 23 Ni() + DA =l DN v, ) + o max (T, (1))
=1

q q A
dA(A—1Dk+1 d\
= Z <)\ —L+1-— (( ) )> N[l](rv V(fhai)) + ?ZZN 7 V(fwaj)

q j=1 i=1

+o(max {Ty,(r)})

(k]
N (r, I/(fj:ai)) t+o 1r21a<X/\{Tfl( 7)})

A A—li+1  d(A-Dk+1)
q V2 gk

A g '
> >0y WAL AR D N, ) + o s (7501

Therefore, for each € T7,,r > 19, we get

Aq
quw >33 (g =L+ 1) + dA(k - ))N[k}(r,u(fyai))+0(112a<X>\{Tf()}). (4.2)

7j=1 =1

Foreachl < j <gq, putA; =q(A —1; + 1)+ dA(k —1). We see that

A XL QAL ) HdAR =) @ deAR—1)
Aj gA=1li+1)+dAk—1) “gA=1)+dXk-1) —
Pq
Hence, applying the Theorem 1.1, for a real number [max;<;<4 i, 27&2] which will be

chosen later, we have

di1aA =1+ 1) +dgh(k —1) — (n —k)n
n+2

T, (r)

k
A=+ 1) +dA(k = D))N{ L (r )+ o max Ty, (r)).

MQ

J:1
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This inequality and (4.2) imply that

A q
A1) +dgh(k = 1) =g X0l — (n— k)
) < ) .
g T2 Ty, (r) < dgART (r) + o( max To ()

Lettingr — +oo,r € T, we get

q
FA+1) +dgh(k—1)—¢> I — (n—k)n < (n+ 2)dgAk.
j=1

This implies that

1 q
1< (n+2)d\k —dA(k— 1)+ 1+ (n— k)

j=1

(4.3)

<3

Now we choose

7=1
n—k+2 on—k+2

n— a Aj B g(gA+1)+dNk—-1) — ;1-:1 lj)

By simple computation, from (4.3) we easily get that

(n+2)q 1 n+2 I
< - — _§ .
2n—k+2 7 A+1 (n+2)drk 2n—k‘—|—2(d)\(k 2 , i

1 q
lenq <37y (d)\k:(2nk+2) d)\(kl)+le).

This is a contradiction. Hence, the famfily, ..., f,} is algebraically dependent, i.g3, A -+ A
r=0. O
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