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A general method of constructing a circular model is to apply transformation to its argument.
In this paper, we propose a new transformation in order to construct a large class of new skew-
symmetric circular models. We consider a symmetric unimodal distribution as our base model and
provide general results for the modality, skewness and shape properties of the resulting circular
distributions. The new class enfolds two well-known and common classes of unimodal symmetric
and asymmetric circular distributions. The skewness parameter in the new class greatly improves
the flexibility of our model to cover symmetric, asymmetric, unimodal and multimodal data.
Further, we consider Wrapped Cauchy distribution as a special case for our base distribution and
introduce the Skew-Symmetric Wrapped Cauchy (SSWC) distribution, discuss its sub-models
and estimate its parameters by the maximum likelihood method. Finally, an application of SSWC
distribution and its inferential methods are illustrated using two real data examples.

Key words : Circular statistics; argument transformation; unimodality; peakedness; skewness;
wrapped Cauchy distribution.

1. INTRODUCTION

Circular or directional data arise in many diverse fields, such as Biology (movements of migrating

animals), Geology (directions of joints and faults), etc. Such data are used to describe the direction
or phenomena that are periodic in time. Most of the classical statistical models for circular data

involve symmetric and unimodal distributions, such as the von Mises, Wrapped Cauchy, cardioid and
Wrapped normal distributions [11, 15]. However, in practice, often data are asymmetric and bi- or

multi-modal. In recent years, a large number of asymmetric models are introduced in [6, 8, 10, 13,

18, 20, 24]. In particular, [1, 7, 12] proposed skewed and multimodal circular models.
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Abe et al. [2] obtained a skewed circular model by applying an argument transformation to
Jones-Pewsey family. A general method of constructing a circular model is to apply transformation
of its argument. Consider a random variaBlevith probability density functiorf (6) and replace the
argumend by some function of, such ag{(0), to obtain a new distribution. Since functigrs the
probability density function of an absolutely continuous circular distribution if, and only if,

1. f(8) > 0 almost every where orf—oo, o)

2. f(0+2m) = f(0) almost every where orf—oo, c0)

3. [T _f(0)do =1,
the functionH (#) should be selected so that the new functip(i (9)), satisfies the first two con-
ditions and to make the third condition valid, the normalizing constant must be recomputed. This
approach was first applied to cardioid distribution by [17]. Cardioid distribution is defined by the
density function

1
fC(H)ZQ—(l—I—KCOS(H—E)), —T<f<m 0< k<1,
™

wherex and¢ are concentration and location parameters, respectively. Papakonstantinou [17] used
functionsH; (0) = 6+v sin(f) andHz2(0) = 0+ v cos(f), —oo < v < oo to extend the shape char-
acteristics of the cardioid distribution. He replaced(f — &) by cos(H1 (6 — £)) andcos(Ha (0 —&))

in cardioid distribution. The resulting distributions are called (by [2]) Papakonstantinou’s symmetric
extended cardioid (SEC) and Papakonstantinou’s asymmetric extended cardioid (AEC) distributions,
respectively. For instance, the density of SEC distribution is

1

fspc(8) = 2m(1 — kJy(v))

(1+kcos(d —€+vsin(d —¢€))), —m<6<m,
and0 < k < 1, whereJ,(z) denotes the Bessel function of the first kind of ord¢®],

Jp(2) = /0 cos(pf + z sin(0))df, p=0,+1,£2, ....

This distribution was studied in considerably more depth by [3].

Batschelet's symmetric extended von Mises (SEvM) and Batschelet's asymmetric extended von
Mises (AEvVM) distributions were presented by Batschelet [4]. They are the results of replacing the
termcos(6 — &) by cos(H; (6 — £)) andcos(Hz2(0 — &)) in von Mises distribution, respectively. The
class of Batschelet's symmetric extended von Mises distributions has been studied more extensively
by Pewseet al. [22].
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Abe et al. [2] studied some general properties of distributions obtained using these two transfor-
mations on unimodal and symmetric distributions containing the text® — &) in their densities.
They showed that if the selected base distributions are unimodal and symmetric, then the resulting
distributions in which the arguments are transformedthyf) = 6 — & + v sin(6 — ) are sym-
metric distributions. In particular, 1 < v < 1, the resulting distributions are unimodal and more
flat-topped (sharply peaked) than the base distributions and they are multimodal otherwise. But, the
resulting distributions of transformation of the argument with funcfibyié) are skew and unimodal
if —1 < v < 1 and they are multimodal otherwise. Q&5 (¢)) andcos(H2(#)) are called unimodal
symmetric and unimodal asymmetric transformations, respectively, by Pewsdy[21]. Abe et
al. [2] constructed and proposed the symmetric extended Jones-Pewsey (SEJP) and the asymmetric
extended Jones-Pewsey (AEJP) family of distributions and studied their characteristics.

In this paper, we construct a more flexible skew-symmetric circular model by using the method
of argument transformation which can deal with skewness as well as multimodality. The new family
of distributions has a skewness parameter and two shape parameters which can be used to model both
symmetric and asymmetric, unimodal or multimodal data with a very wide range of skewness and
kurtosis behaviours.

The paper is organized as follows. In Section 2, we define a new transformation to construct a
skew-symmetric circular model. Then, we shall provide very general results concerning modality,
skewness and shape properties of the new model. In Section 3, we introduce the skew-symmetric
Wrapped Cauchy distribution of circular distributions based on the new transformation introduced
in Section 2. Then, we consider its special cases and also estimate parameters of the family by
the maximum likelihood estimation method. Applications of the proposed model are considered in
Section 4 using two real data sets. We conclude the paper with some final remarks in Section 5.

2. PROPOSEDTRANSFORMATION OFARGUMENT

In this section, to extend circular models to some general skew-symmetric circular models, we intro-
duce the following argument transformation function:

v sin(6)

H(6; = —_—

veR, Ae(l,00), T €[—7, 7). 1)

Clearly, ifv = kXA, k € Rand\ — oo, then (1) tends té + 7 + & sin(#). Thus, the unimodal
symmetric and the unimodal asymmetric transformations are special case$@fd — &; 7, v, \)),
i.e., whernv = kX, A — oo andr = 0 it reduces to the unimodal symmetric transformation and when
v =k, A — oo andr = 7 itreduces to the unimodal asymmetric transformation. Thasd\ are
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shape parameters that control both the shape and the modality of the distributioisanskewness
parameter which extends symmetric circular distributions to distributions with various shapes such as
flat-topped, skew, sharply peaked, etc.

Let f(¢) denote a symmetric circular density so that for a functigincan be written as
f(@) = 9(008(9 - ‘S))? - < 0 < ™, (2)

which is the case in many known circular distributions such as cardioid, power-of-cosine, Wrapped
Cauchy, von Mises and JoneBewsey circular distributions. These are all symmetric and unimodal.
We shall refer to function (2) as the base distribution. Now, replacing the argum€ft— &) by
cos(H (0 — &;7,v,)\)), we obtain

f(T,V)\) (‘9) = C(:Ylyy)\)g(COS(H(e - 5; TV, )‘)))7 —m < 0 < T, (3)

(1,v,)

H(0;7,v,)) can also be defined for € (—oo, —1), but becaus€|, , »)(0 + 7) = firir,—1)(0),

wherec is a normalizing constant, which we refer to as skew-symmetric model. Note that,
we restrict our attention to the case< A\ < oco. Without loss of generality, in what follows we
will assume that the location parametgrequals 0. The base circular distribution is obtained when
T=v=0,1ie.,foox(0) = f(#) = g(cos(f)). Hence, we can write
_ v sin(0)
0)=ct f(O —
JawnO) = e JO+ T+ o)

wherec, . = [T f(0+7+ A”jjfjs(fg)) df. In the following section, we study general structural

); (4)

characteristics of the resulting distribution (3), such as its modality and skewness.
2.1 Modality

In this section, we discuss the modality of skew-symmetric distributions. Assume now that the sym-
metric circular density (#) is unimodal and its first derivative is continuous. Since the cosine function
is even,f(6) will have a mode aff = 0 and an antimode &= —.

Theoreml — Density (4) is unimodal if, and only if,
WA eAd={{r>0A>v+1}JU{-4<v<0,\>2/Vv+4}
U{r < —4,A>—v—1}}
and it is multimodal otherwise.

PrRoOF: Differentiating the density (4) with respectépone obtains

f/(T,V,)\) (9) X H,(H? TV, )‘)f,(H(e’ TV, A))a
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which is 0 whenH'(0; 7, v, \) = 0 or f'(H(0;7,v,\)) = 0. First, letf'(H(0; T,v,\)) = 0. Since
f'(HO;7,v,) = —sin(H(0;7,v,\))g' (cos(H (0; 7, v, \)))
and f(0) is unimodal andf’(0) = —sin(0)g’(cos(#)), it follows that¢’(cos(f)) > 0, V6. Hence,

g'(cos(H(0;1,v,)))) > 0and consequently,(H (6; T,v,\)) = Ois equivalenttein(H (6; 7, v, \)) =
0 which happens when

HO;m,v,\) =47 (j=0,£1,£2,...), V0 € [—m, 7). (5)

Now, if H'(6;7,v,\) = 0, we have

cos? (0) + v(2 + A) cos(6) + N2 + v

H(57,0,) = (A + cos(8))?

=0,

or, equivalently,
cos? (8) + v(2+ A cos(f) + A2 + v = 0. (6)

We solve the quadratic form (6) fgr= cos(6). Since its discriminantid = A\22+4v(\2 — 1),
there are three following situations:

() WhenA < 0, that is,
2
{A<0}:{y, A —4<v<0,A> m},
there are no real roots féf'(0; 7, v, A). Thus, the number of roots ¢f . , )(¢) equals to the number
of solutions in (5). In this casé] (6; 7, v, \) is strictly increasing becausé' (6; 7, v, \) > 0 and since
the range off (0; 7, v, A) belongs tdr — =, 7 + 7), then, equation (5) and therefofg . , y)(0) = 0
have two roots. Thug ., y)(¢) will have a mode and an antimode.

(i) When A = 0, that is,

2
{A=0}= {V, AM{r=01<A<oojU{-4<r<0,\= m}},
the quadratic equation (6) has a rooyat \‘/’%. Now, since functiond’(6; 7, v, \) is even (sym-

metric about zero)H'(6; 7,v, A) has at most two roots. But, her&/(6;r,v,\) > 0, therefore
the number of roots of the functioff. , ,)(9) is equal to those of (5). But, sindé(0;,v, \) is
increasing, similar to (i), equation (5) has two solutions. Ttfgs, y(¢) is unimodal.

(iii) Finally, whenA > 0, the quadratic equation (6) has two real solutigns- —2vA—A—3v/A
andy, = —3vA — A + 1A, provided thayy, y» ¢ [—1, 1], thatis

{v, \{r >0, A >v+1}U{r<-3,A>—-v—1}}.
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Hence,H'(0; 7,v, \) has no roots, becausé' (6; 7,v, \) > 0, i.e., H(#; 7,v, \) is an increasing
function. In such a case, equation (5) has two roots. Thys, ) (¢) will have a mode and an
antimode. When at least one of the roajs 6r y2) happens in the intervdt-1, 1], H'(6;7,v, \)
has two roots. Sdf(¢; r,v,\) is not monotone and hence the number of the roots of (5) depends
on the values ofi (0; 7, v, A) in the extreme points, in which cagg., () is multimodal. The
setA contains all regions of the parameter space where the fungtign,)(9) is unimodal. This is
highlighted in black in Figure 1 below. O

5

Figure 1 : The region highlighted in black shoyus \)-values wherein the density (4) is unimodal.

When f(;,,»)(¢) is unimodal, i.e.(v, A\) € A, the mode is defined uniquely by = H!
(0;7,v,\). So, sinceH (0; T,v, \) is a monotone function, the value of the function at the mode is

f(T,V,)\) (M) = c(:l,/k)f(o)
2. Skewness

As mentioned earlier, to produce extended families of distributions containing symmetric densities
which are more sharply peaked or flat-topped than the originalsefllke[2] made use of unimodal
symmetric transformationos(H1 (0 — £)) and for skew families they made use of unimodal asym-
metric transformatioros(H2 (6 — £)). But, in our modelr is a skewness parameter which actually

controls symmetry and asymmetry of the distribution. Whea 0, H(0;0,v,\) = 6 + A”fcigs((e@)) is

an odd function, so the density functigp. ,, »)(¢) is symmetric abouf = 0. Whent = —,
S () = ¢ glcos(H (B —m,v,0)) = ¢} g(~ cos(H(6;0,,))

is symmetric about zero and has a modé at —7 and an antimode d& = 0. While if 7 = 7,

cos(H (0; 5,v,A)) = sin(H (0;0,v,A)) and, thus, the density functiofy,,, ) (0) is skewed.
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Theorem2 — Suppose thatin (4); € (==, 0] (7 € (0, 7)) with (v, A) € AandM is the mode.
Then, we havé/ € [0,7) (M € (—m,0)).

PrROOF: When(v, \) € A, H(0;7,v, \)isincreasingH (—m; 7,v,\) = 7—m andH (m; 7,v,\) =
T 4+ 7. Sincer € (—m, ), the functionH (0; T, v, \) intersects the horizontal axis exactly at once.
Whenr = 0 the point of intersection happens éat= 0 and if 7 € (—=,0) (r € (0,7)) the
point of intersection is on the right (left) coordinate axes. Consequently, the mode is in the inter-
val (0, 7)((—m,0)). O

In the following theorem, we show thatis an effective parameter in kurtosis Af , »).
Theorem3 — Let|r| < |m2| and (v, \) € A, then we have:
) frwny(M1) > fryun(Ma), ifv >0
(1) fr o) (M1) < [y (M), if v <O.
where)M;’s are the modes corresponding to density functifins, »)(0), i = 1, 2.

PROOF Since f(, ) (—=0) = f—ru\)(0), we havec(,, ny = ¢, Thus, without loss of
generality, we assume that> 0. As seen beforef,, , \)(M;) = c—l(mj,A)f(g(l)). We also note
that

dic(T,l/,)\) = / - SIH(H(Q, T,V, )‘))g/(COS(H(aa T,V, A))) d97
T

or, by puttingH (0; 7, v, \) = u, it becomes

T ’ !
_ /T —sin(u)g (COS(U»H/(H*l(u; T,V,\)) w0

—Tr

Since the integrand &r-periodic, we obtain

d . T . / 1
TN = /_7r —sin(u)g (COS(U»H’(H—l(U;T, v, ) “

_ T / 1 B 1
= [ st teosw) (gt ~ worTE) ©
where
1 B (A =+ cos())?
H'(0;7,0,0)  cos (0)? + A(v +2) cos(0) + v+ A2
Now define
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Sinceg(cos(u)) is unimodal at. = 0, we havesin(u)g’(cos(u)) > 0 on (0, 7). We, thus, need
only to know the sign of(«) on the interval0, 7). First, we find the roots df(u), i.e., the solutions
of

H'(H Y (—u;r,0,\) = H(H Yu; 7, v,\)).

SinceH'(u; 7, v, \) is 2r—periodic, this yields
H Y (—u;r,v,\) = H (w7, v, \) + 2k,

or equivalently,
—u=H(H " (u;r,v,\) + 2km; 7,1, \),

and consequently = —kx. Thus,k(u) is either positive or negative on the intervél 7). Note that
as mentioned in the proof of TheoremH,(6; 7, v, \) has no real roots whefw, \) € A.

Now to prove part (i), letr > 0. Thus, the functionm has a maximum g2;j + 1)7 (j =

0,41,42,...). Since the maximum oji,(H,l(l

—UT, VA
. 1
maximum of 77 =ri— %

) is atu = 7 — 7, inside of (0, r), but the
is atu = 7 + 7, outside of(0, ), we have

1 1
H(H(~(x — 7). N) ~ H(H(x — 77,0, N)

i.e.,k(u) >0 ,Vu € (0,7) and thusd%c(ﬂm) > 0. Equivalently,c(r, ,.z) < ¢(r,,1) @and conse-
quently we havef(, , ) (M1) > f(r,un) (M2).

For part (i), i.e., whens < 0, m takes its minimum at2j + )7 (j = 0, £1,+£2,...).

Thus, it follows that

1 1
H(H(~(x — 1)i7o0s V) H(H (7~ 157,0,0)

Hencek(u) < 0, Yu € (0,7) and, therefore%c(ﬂm) < 0or, equivalentlyc ., ,, x) > C(ryu,2)-
Consequently, we obtaify,, ,, »)(M1) < f(r, 2 (M2). O

2.3 Shape properties

In addition to the assumptions of Section 2.1fghere we further assume that the second derivative
of f(0), f"(0), exists and is continuous. The following theorem contains useful conditions under
which the peakedness and flatness of the density (4) can be controlled.

Theorem4 — For the density (4) withr = 0 and (v, \) € A, we have:

a) If vy <wvathenfig,, 2)(0) < fo,0.,0)(0) @nd fio, 2 (—=7) < fro,0,0) (=)
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b) If v > 0andA; < Axthenfio,x,)(0) > fo,x,)(0) @nd fio 2, (=7) > fiouxq)(—7)

c) If v <0andA; < Az then fi, x,)(0) < f0..5)(0) @nd f(o.02,) (=) < f(o,000) (=)

d) If v1 <wathenf” o, 1) (0) > f" 00 (0)and f” o, A\ (-m) > " 0,020 (-7)

e If v>0andA; < Aathenf” o, 1,)(0) < f"(0,,2,)(0) @and f” o, 5y (=7) < " (0.000) (=)

f) If v <OandA; < Aathenf” o, 5,)(0) > f"0ur)(0) @nd £, 3y (=7) > " (0,0 00) (= 7).

PROOF: (a). Note thatf(, , y)(¢) is unimodal wher{v, \) € A and because = 0, the unique
mode happens @ = 0. Thus, f(;,,)(¢) is strictly decreasing on the intervdl, 7). So, since for

v sin(6) v1 sin(6) v2 sin(f)
all0 <f <m0 <0+ 575 <7andf + A:LCOS(Q) <0+ Frcos@)
T vy sin(f vy sin(0)
=2 0+ )df > 2 df =
C(0,v1,)\) /O f( )\ T co > / f A n COS( )) C(0,v2,0\)3

and, thus,
Fomn(0) =cg. | F0) <cg) | F(0) = fi0,,(0).
Similarly, we can show thaf ,,, »)(—=7) < f(0,u,,»)(—7). (b) and (c) are proved similarly.

(d) Sincef(g,, 1) (0) is symmetric and unimodal ét= 0, we havef’, ,, y)(0) = 0andf” ,, ,)(0) <
0. Now,

f/(T,l/,)\) (0) = C(_,_l,/ )\)H/(e; v, )‘)f/(H(Q’ TV, )‘))

and
f//(m,’A)(G) (TVA)H”(H 7, N\ f (H(0;7,0,)))
+ C(TV)\)H/2(9 v, N\ f(H(0;7,v,))),

thus, we obtain

F 0.u0)(0) = C(;luwf (0)(1+m) <0.

Consequently, it follows that”  ,, 1)(0) > f” (., (0). Similarly, we can see thgt’, ,, \(—7) >
F" (0.0, (=). The proofs of parts (e) and (f) are similar and thus omitted. 0
f”(T,u,)\) (0)

(1+(f/(7',1/,)\) (0))2)§
0 and the curvature is equal fd ., ,y(M). Given the results abovey, ) are clearly shape param-

. Thus, atthe modd, = M, f’(

The curvature of ., \)(¢) atd equals (M) =

(7,v,A)
eters which control the peakedness or flat-toppedness properties of the density. For example, if
and conditionga) and(b) are satisfied, we will say thd, ,, ») is more flat-topped thay ,, 1) and
also f(o,.,,n) has heavier tails thafyg ,, »)-
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3. SKEW-SYMMETRIC EXTENSION OF THEWRAPPEDCAUCHY DISTRIBUTION

In this section, we consider the Wrapped Cauchy distribution which is an important two-parameter
symmetric unimodal circular distribution which suggests itself as a suitable candidate for a base
distribution. We apply the general construction of Section 2 to produce a skew-symmetric extension
of this distribution.

We provide results for shape characteristics of this distribution and discuss maximum likelihood
estimation of its parameters. The density of a Wrapped Cauchy distribution is

1 1—r?
0)=— -7 <6 7
Jwe(6) 211412 —2rcos(f — &)’ TsUsm "

where¢ is a location parameter afid< r < 1 is a concentration parameter.
Replacingcos(0 — &) by cos(H (0 — &; 7,1, X)) in Wrapped Cauchy density (7) results in what
we shall call the skew-symmetric Wrapped Cauchy (SSWC) family of distributions with density

Vsin(H—f)))}17

A+ cos(f —¢& ®)

T7T?V7A)

fsswel(l) = c(_1 {1 +72 = 2rcos(d —E+ 71+

where

. in(4 — -
C(m,w\):/ {1+r2—2rcos(9—§+7+)\y_i_81:0(s(ef)§))} do

must generally be computed numerically. Some important special cases of the SSWC distribution are
listed here:

(i) whenv = 0, (8) reduces to the Wrapped Cauchy density (7). In this case we comsidér

(i) whent = 0, it reduces to a symmetric Wrapped Cauchy distribution with density

I/Sin(ﬁ—é)))}ll

=L 14712 —2 St
fswe(0) C(r,o,u,A){ +r reos(f — &+ A+ cos(6—¢

(i) whent = x/2, an asymmetric Wrapped Cauchy distribution with density

ysin(e—g)))}l

_ 1 2 _orsin(d — &4 ———2 2
fawce(0) = c(r,ﬂ'/2,u,)\){1 +r7 = 2rsin(0 - £+ A+ cos(0 — &

is obtained.

The flexibility of unimodal cases of SSWC densities are partially portrayed in Figure 2. It can
be seen that the parametecontrols asymmetry of the densities. In particular, multimodal cases of
SSWC densities are shown in Figure 3.



SKEW-SYMMETRIC CIRCULAR DISTRIBUTIONS 963

(a) (b)

Figure 2: Unimodal SSWC densities wigh= 0 andr = 0.5 for (a) 7 = 0 and (b)r = «/2. In each panel:
v = 0 (solid curve);y = —3, A = 2 (dashed curve)y = —4, A\ = 4 (long dashed curve); =4, A =6

(dash-dotted curve).

(a) (b)

Figure 3: Multimodal SSWC densities with= 0 andr = 0.5 for (a) 7 = 0 and (b)7 = = /2. In each panel:
v = 0 (solid curve);y = —5, A = 2 (dashed curve); = 8, A = 2 (long dashed curve), =2, A = 1.3

(dash-dotted curve).
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3.1 Maximum Likelihood Estimation

Inference for parameters of SSWC distribution can be performed by the maximum likelihood method.
Let 64,...,0, be a random sample of sizefrom the distribution SSWC. Then, the log-likelihood
function is

l(&a rT,v, )‘) =N log C(T"T:Vv)‘)

—Zlog <1+T2 —2rcos(0; —&+ 71+
i=1

vsin(f; — &)
A+ cos(6; — €) )>

Taking partial derivatives from the log-likelihood function with respedt,ta 7, v and, respec-
tively, and equating the resulting expressions to zero yield likelihood equations. The estimates can be
obtained by means of numerical procedures. Fungifgtim in program R provides the nonlinear
optimization routine for solving such problems. We make ude-BFGS-B optimisation method in
the following illustrative examples in Section 4. In the case of grouped data, suppose that there are
m class intervals(fy, 01) , ..., (0m—1, 0m ), Wheredy = 0 andd,,, = 27. Denoting the number of data
values in thejth class interval by:; and thus a total ofi = ny + ny + ... + n,, observations, the
log-likelihood function is given by

l(ga rT,V, >\) = —nlog C(r,r,v,)\)

S % vsin(6 — &)
- n; 1Og<1+7“2—27“6059—§+7+>d9,
; ! /ejl ( Nt cos(d— &)

The maximization of this function can also be achieved using the optimization options available
in R referred to above.

4. APPLICATIONS

In this section, we apply the models described in Section 3 to analyse two real circular data sets.
4.1 Thunder data

We consider the grouped data set of size 725, in Table 1.3 of [14], which is adapted from Bishop

[5]. The data measure the number of occasions on which thunder was heard during each two hourly
intervals of the day at Kew (England) during summer from 1910-1935. The data were recorded and
grouped into two-hourly intervals of a day, then converted into angles.
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0.4

Density
0.2

0.1

0.0

Figure 4: Histogram of the thunder data represented in radians, together with the densities of the maximum
likelihood fits for the skew-symmetric Wrapped Cauchy (solid curve), asymmetric Wrapped Cauchy (dotted
curve), asymmetric extended Jones-Pewsey (dash-dotted curve) and sine-skewed Jones-Pewsey (dashed

curve) distributions.

In Figure 4, the histogram of the data set is illustrated, which reveals that the distribution is asym-
metric. Also, the test of Pewsey [19], withpavalue of 0.0000, rejects the underlying distribution as
being symmetric emphatically. In Table 1, we present the maximum likelihood estimates, the values
of the maximized log-likelihood (MLL), Akaike information criterion (AIC) and Bayesian informa-
tion criterion (BIC), together with thg-values for the chi-squared goodness-of-fit test of the skew-
symmetric Wrapped Cauchy, the asymmetric Wrapped Cauchy, sine-skewed Jones-Pewsey (SineSJP)
models of Abe and Pewsey [1], the asymmetric extended Jones-Pewsey (AEJP) distribution of Abe
et al. [2] and the generalizedmodel (GT) of Siewet al. [23]. The fitted skew-symmetric densities
are superimposed over the histogram of the data set in Figure 4. It can be seen from Table 1 that the
skew-symmetric Wrapped Cauchy distribution has the highest MLL value and lowest AIC value. But
based on BIC criterion, asymmetric Wrapped Cauchy density provides the best fit. Considering the
MLL values for the SSWC and AWC distributions, the test statistic for the usual likelihood-ratio test
is calculated to be 2(-1580.79+1582.16) = 2.74. Comparing this value with the quantiles)df the
distribution, thep-value of the test is 0.097. Thus, the skew-symmetric Wrapped Cauchy distribution
does not provide a significant improvement comparing to the asymmetric Wrapped Cauchy distri-
bution. Moreover, the-values for the chi-squared goodness-of-fit test indicate that neither AEJP
nor GT distributions provide a adequate fit to the data but the skew-symmetric Wrapped Cauchy and
asymmetric Wrapped Cauchy models provide perfectly reasonable fits to the data.
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Table 1:Maximum likelihood estimates, the values of the maximized log-likelihood (MLL), Akaike informa-

tion criterion (AIC), Bayesian information criterion (BIC), apéevalue for the chi-squared goodness-of-fit test

for the fits to the thunder data of the skew-symmetric Wrapped Cauchy (SSWC), asymmetric Wrapped Cauchy
(AWC), sine-skewed Jones-Pewsey (SineSJP), asymmetric extended Jones-Pewsey (AEJP) and the generalized
t (GT) models.

Model MLL AIC BIC plg-o-f)
¢ 7 b 7 A

SSWC 5.60 0.56 —0.88 0.92 1.24 —1580.79 3171.58 319451 0.25
¢ 7 b A

AWC 597 049 —0.28 104 - —1582.16 3172.32 3190.67 0.14
¢ B D

AEJP 272 1.31 —0.08 052 - —1584.72 3177.43 3195.78 0.04
¢ ) A

SineSJP 355 0.94-0.84 0.68 - —1584.24 3176.48 3194.83 0.05
& & k1 Ry 9

GT 415 391 1.49 045 0.71-1584.27 3178.55 3201.48 0.02

Approximate95% confidence intervals for the parametérs:, v, 7 and \ of the SSWC distri-
bution, calculated from their individual profile log-likelihood functions together with standard chi-
squared theory, are (5.27, 6.62), (0.47, 0.64), (-1.45, -0.25), (0.59,1.62) and (1.05, 1.80), whilst those
calculated using the observed information matrix and standard asymptotic normal theory are (5.06,
6.14), (0.43, 0.67), (-1.75, -0.02), (0.25, 1.59) and (0.85, 1.63). The fact that two intervals for
contain the valuer /2 show that AWC distribution is a potential model for the data.

From the results in Table 1, it can be seen that among models considered with four parameters the
asymmetric Wrapped Cauchy distribution has the highest MLL, lowest AIC and BIC values. Thus,
the asymmetric Wrapped Cauchy distribution provides a better fit to the data than the other two skew
four parameters models.

4.2 Wind direction data

As our second example we consider a grouped frequency data set taken from Mardia [14]. The data
represent wind directions at Crawley (England) for the 25 months, November-March, 1957-1961. The
data is bimodal , implying two opposite regimes of wind direction. Consistent with these findings,
the large-sample test of Pewsey [19], with-&alue 0, and the histogram in Figure 5 are suggestive
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of an underlying asymmetric bimodal circular distribution.

Table 2:Maximum likelihood estimates, values of the maximized log-likelihood (MLL), Akaike information
criterion (AIC), Bayesian information criterion (BIC), apdvalue for the chi-squared goodness-of-fit test for
the fits to the wind direction data of SSWC, AWS, MvM and GT models.

Model MLL AIC BIC p(g-o-f)
¢ P v 7 A

SSWC 0.06 0.37 —11.18 1.16 9.29 —1813.60 3637.21 3659.56 0.19
¢ 7 v A

AWC 0.31 0.33 -10.86 9.48 - —1816.29 3640.58 3658.46 0.05
& & R Ry P

MvM 0.27 4.22 0.52 3.95 0.67 —1815.49 3640.99 3663.34 0.07
& & k1 ko b
GT 505 1.05 0.43 0.41 0.06—1816.23 3642.46 3664.81 0.04

Density

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35

Figure 5: Histogram of the wind direction data (in radians), together with the densities of the maximum
likelihood fits for the skew-symmetric Wrapped Cauchy (solid curve), asymmetric Wrapped Cauchy (dotted

curve), Mixture von Mises (dastdotted curve) and generalizeéddashed curve) distributions.

Table 2 presents the equivalent results to those presented in Table 1 for the wind direction data
of the SSWC model, its AWC submodel and the generaliz&T) model and mixture of two von
Mises distribution (MvM). The AIC and MLL values identify the SSWC fit as providing the most par-
simonious model for the data. The densities of the four fits are superimposed upon a linear histogram
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of the data in Figure 5. To compare the MLL values for these two fits using a likelihood ratio test,
the test statistic is calculated to be 2(-1813.60 + 1816.29) = »-3@l(e=0.02). Thus, the SSWC
distribution provide a significant improvement over its AWC submodel. But, based on BIC criterion,
AWC density provides the best fit. Thevalues for the chi-squared goodness-of-fit test indicate that
SSWC model provides adequate fit to the data.

5. CONCLUSIONS

In this paper, we introduced a flexible class of skew-symmetric circular models by using the method
of transformation of argument which contains the two well-known and common classes of unimodal
symmetric and asymmetric circular models. It provides distributions with greater modelling flexi-
bility than alternative models. Some general structural properties of our model such as modality,
skewness and its shape were studied. We showed that this family can model skew-symmetric circu-
lar distributions. They are especially suitable in providing suitable models for both symmetric and
asymmetric multimodal data.
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