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We investigate some binomial and congruence properties far-Bibonacci andi-Lucas hyper-
bolic octonions. In addition, we present several well-known identities such as Catalan’s, Cassini's
and d’Ocagne’s identities fdr-Fibonacci and:-Lucas hyperbolic octonions.
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1. INTRODUCTION

The Fibonacci and Lucas sequences are generalised by changing the initial conditions or changing
the recurrence relation. ThHeFibonacci sequence is the generalization of the Fibonacci sequence,
which is first introduced by Falcon and Plaza [2]. EhEibonacci sequence is defined by the numbers
which satisfy the second order recurrence relafipn = kFj, ,,—1 +Fj, ,—2 With the initial conditions
Fio = 0andF;; = 1. Falcon [3] defined thé-Lucas sequence that is companion sequende of
Fibonacci sequence defined with thd.ucas numbers which are defined with the recurrence relation
Ly = kLy yn—1+ Ly n—o With the initial conditionsL,, o = 2 andL;, ; = k. Binet’s formulas for the
k-Fibonacci andk-Lucas numbers are

L — 19
and

Lipn=r1"+nr"

respectively, where; = *HVE+1 andp, — E=VEk™+ 46 the roots of the characteristic equation
x? — kx — 1 = 0. The characteristic rootg andr, satisfy the properties

Tl—TQZ\/k2+ :\/51 T1+T2:k, T‘1T2:—1.
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The reader can refer to [1, 4-9] for properties and applicationk- dfibonacci andk- Lucas
numbers.

The quaternions are generalized numbers. The quaternions first introduced by Irish mathemati-
cian William Rowan Hamilton inl843. Hamilton [10] introduced the set of quaternions form a
4-dimensional real vector space with a multiplicative operation. The quaternions are used in applied
sciences such as physics, computer science and Clifford algebras in mathematics. In particular, they
are important in mechanics [11], chemistry [12], kinematics [13], quantum mechanics [14], differ-
ential geometry and pure algebra. A quaternigrwith real componentsg, a1, a2, as and basis
1,14, 4, k, is an element of the form

a = ag + a1i + azj + ask = {ao, a1, a2, a3),
where

i =2 =k =ijk=—1,

ij =k=—ji,jk=1i=—kj ki =j=ik.
Horadam [15] defined the'” Fibonacci anch!” Lucas quaternions as
F = Fp+ Fpii + Fopoj + Foysk = (F, Foy1, Frga, Fogs)
and
Lp = Lyp+ Lyt1i + Lny2j + Lngsk = (L, Lng1, Lng2, Ln+s)
respectively.
Ramirez [16] has defined and studied th€&ibonacci and:-Lucas quaternions as
Frin = Fin + Frniii + Fipioj + Fonisk = (Fion, Fontt, Frnt2 Fents)

and

Ll;,n = Lk,n + Lk,n+1i + Lk,n+2j + Lk,n+3k = <Lk,na Lk,n+17 Lk:,n+2; Lk,n+3>

respectively, wheré;, ,, is then!” k-Fibonacci sequence arg, ,, is then!” k-Lucas sequence.

Different quaternions of sequences have been studied by different researchers. For example,
lyer [17, 18] obtained various relations containing the Fibonacci and Lucas quaternions. Halici [19]
studied some combinatorial properties of Fibonacci quaternions. Algtigit [20, 21] established
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and investigated the Fibonacci generalized quaternions and split Fibonacci quaternions. Catarino [22]
obtained different properties of thgx)-Fibonacci quaternion polynomials. Polatli and Kesim [23]
have introduced quaternions with generalized Fibonacci and Lucas number components.

Hyperbolick-Fibonacci andk-Lucas Quaternions

A hyperbolic quaternioh is an expression of the formm= hyi1+hois+hsis+hgis = (hl, ho, hg, h4>,
with real componentsy, ho, h3, h4 andiq, is, i3, i4 are hyperbolic quaternionic units that satisfy the
non-commutative multiplication rules

.9 .9 .92 .
190° = 13" = 14” = 191314 = +1,11 = 1,

G913 = 14 = —1312,1304 = 12 = —1413, 1402 = 13 = —i214.

The scalar and the vector part of a hyperbolic quaterhiane denoted by, = h; and X_/h =
hotis + hsis + haiy, respectively. Thus, a hyperbolic quaterniois given byh = Sj, + X_/)h For any
two hyperbolic quaternions(!) = h( )i + hé Dio + h(1)13 + h(l)u andh® = h?)z’l + hg% +
h(2)13 + h( )14. Addition and subtraction of the hyperbolic quaternions is defined by

+ (BPiy 4+ hPis + his + B Pi)
= (B £ 8P)ir + (B £ b )iy + (RS £ 0 )is + (B £ h)ia)

Multiplication of the hyperbolic quaternions is defined by

hM 2 = (hﬁ”z‘l + nMig + hg% + h§1)14)

( >h<2) Ll )h( >+h<1>h§2>)
+(h §”h + SR+ BIRD — hM R iy
+ (h§1>h3 — MR + PR+ n RS
(DR O R+ ),

The conjugate of hyperbolic quaternirs denoted by, and it is
h = hyiy — hois — hgiz — haig = (h1, —ha, —hg, —ha).
The norm ofh is defined as

N, =h-h=hi?— hy® — h3® — h4°.
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In [24], the hyperbolick-Fibonacci and:-Lucas quaternion®” ;. ,, and Q. ,, are defined as

F . . . .
Q" kn = Fipin + Fini1io + Finy213 + Fjoni3ig

= <Fk,n7 Fk,n+17 Fk,n+27 Fk,n+3>
and

r . . . .
Q% km = Linit + Li p192 + L ni2i3 + Ly 304
= <Lk,n7 Lk,n+l> Lk,n+27 Lk,n+3>>

respectively, wheré}, ,, is n'* k-Fibonacci sequence adg. ,, is n" k- Lucas sequence. Herg, is,
i3, i4 are hyperbolic quaternionic units which satisfy the multiplication rule

i9% = i3% = i4% = igigig = +1,i1 = 1,
igl3 = 14 = —i3l2, 1314 = 12 = —iql3,i4l2 = 13 = —i2iy4.
The Binet formulas for the hyperbolicFibonacci and:-Lucas quaternions are

F . r" — Tary™
Q kn — )
L — T2

and

L = a.n _n
Q% =111 + 7212
where,
_ . . 2. 3. 2 3
M= i1 4 riig + ritis + iy = (1L, ),
_ . . 2. 3. 2 3
o = i1 + roiy + rotis + ro’is = (1,72,72°,12°),

andiq, 19, i3, 14 are hyperbolic quaternionic units.

Different properties of the hyperbolic-Fibonacci andk-Lucas quaternions are investigated in
[24], some of these are

(1) Q]:k,nJrQ = kQ}—k,rH»l + Q}—k,na
(2) Q%hnta=kQ% nt1 + Q%
(3) Qﬁk‘,n = Q]:k’,n-‘rl + Qﬁk,n—17

i oF, , a" = Q7 o+ (Q k0Fuy — Q7 k)
—~ k,tn 1 _ ka,t _"_ xQ(_l)t )

5) f: Of,  on — QF%o— (Q % o0Lky — Q k)
— kin 1 — Ly + 2?(—1)¢ ’
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o0
Qj:k:s + (_1)tﬂ7Qfs s—t
6 F n — ) )
(6) ;:()Q k,tn+sT 1— 2Ly + 22(-1)

[ee]
Qﬁk st (_1)th£s—t
7 L n — )
( ) n;OQ kﬂfn-ﬁ-sx 1 _ ':ULk:7t +x2(_1)t 9

o0 _ t _ t
3 Q}—k,tnxn Tt — e

(8) ~ n! B L —T2 ’
(9) i Q;";t"x” = e 4 e T,
n=0 ’
(10) z”: <T;> K Q7 ki = Q7 kan,
=0
(11) z”: (?) K Q ki = Q% 2n,
i=0

2 _
(12) Q% 1ntQ  knst — QT ki = (—1)" " Ft (0, —2Fk 141, —2F) 140,
— 2F% 443+ Frp—3 + Frp1 + Frgo1),

2 _
(13) Q% tQ% it — Q ke =06(—1)" tHFk,t(U, —2F 141, —2F) 442,

— 2F% 443+ Fry—3 + Frp1 + Frgo1),
2
(14) Q7419 kns1 — @ kn = (=1)"(0, —2F} 2, 2F), 3, Fya)
2 _
(15) Q%% n1Q%%ns1 — Q kn” = 6(=1)""(0, —2F}, 2, 2Fy 3, Fioa),

(16) Q7419 kni1 — QT k11197 kn = (=1)"(0, —2F) 41, 2F) 4—n—2,

Fk,t—n+3 + Fk,t—n—3 + Fk,t—n+1 + Fk,t—n—l)’

(17) QX1 Q%% mt1 — Q% 11Q%m = (—1)"16(0, —2F —n—1, 2Fk y—n—2,

Fk,t7n+3 + Fk,tfnfS + Fk,t7n+1 + Fk,t7n71)7

2 2 2(k*+5
(18) Q% pi + Q% = gQﬁth + 0(k® + 5) Ly 2043

k
k2 +3
t( ;_ )(Q£k70_2)7

2 2 2(k%2+3
(19) Q%1 — Qi = Qgﬁk,% + (k* +3)(k* + 2) Ly 2143

0
k*+5
41 ( ; ) (Q%k0 —2),

+2(-1)

+2(-1)

(20)

21) Q et + (-1)'Q oy = QT s Ly,

(22) Q%% rt+ (—1)'Q%) st = Q ks Ly,

(23) Q7 ksQ ki — Q711 Q% ks = 2(—1)°Fp—5(0, -1, -k, 1),
(24)  Q%4sQ % — Q51 Q%% = 2(—1)*T Fiy_6(0, -1, —k, 1),

Q]:k,r—‘rS Q£k7r+t - Q]:k,r—i-t Qﬁk’,r—l—s = 2(_1)T+t(Q£k,0 - 2) Fk’,s—ta

983
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(25) QT 11Q% ks — Q7 1 s Q%% = 2(—=1)*Fy—s(Q%k0 — 2),
(26) Q7 11Q ks — Q4 Q ks = 2(—1)*2 [ QT sy — 12" 5(0, 1, Kk, k% + 1)].

Hyperbolick-Fibonacci andk-LucasOctonions
A hyperbolic octoniorO is an expression of the form

O = hg + h1i1 + hoig + hgiz + hgeq + hses + hges + hrer
= (ho, h1, ha, h3, ha, hs, he, h7),

with real componentéy, h1, hs, hs, ha, hs, hg, hy andiq, i, i3 are quaternion imaginary units,
es(eq® = 1) is a counter imaginary unit, and the bases of hyperbolic octonions are defined as follows:

, , . 2 2 2 2
i1e4 = €5,12€4 = €6,1364 = €7,€4” = e5” =eg” =e7” = L.

The bases of hyperbolic octonidh have multiplication rules as in Table 1.

’L'l ’ig ’ig €4 €5 €g (&4
il -1 ’i3 —iQ €5 €4 —ey €6
ig —€3 -1 il €6 c7 €4 —E€5
3 19 —11 | —1 er | —eg | es eq
€4 | —€5 —€4 —€7 1 il iQ i3
€5 —€4 —e7 €g —il 1 i3 —ig
€6 (&4 —€4 —€5 —i2 —i3 1 ’il
er —€6 €5 —€4 —i3 ig —il 1

Table 1: Rules for multiplication of hyperbolic octonion bases

Cariow and Cariow [26, 27] state low multiplicative complexity algorithm for multiplying two
hyperbolic octonions.

The scalar and the vector part of a hyperbolic octortibare denoted by» = hg and‘_/)@ =
h1i1 + haio + hzis + haeq + hses + hgeg + hrer, respectively. Thus, a hyperbolic octoni6his
given by® = S + V. For any two hyperbolic octonion®® = hg + hyiy + hais + hais +
haies + hses + heeg + hrer andOU) = Hy + Hyiy + Hoio + Hsis + Hyeq + Hyes + Hgeg + Hrer
addition and subtraction of the hyperbolic octonions is defined by

oM + o) = (ho + hai1 + hais + hais + haeq + hses + heeg + hrer)
+ (Ho + Huiy + Haig + Hsisz + Hyeq + Hses + Heeg + Hrer)
= (h() + H()) + (hl + Hl)il + (hg + Hg)ig) + (hg + Hg)ig
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+ (h4 + H4)64 + (h5 + H5)65 + (hﬁ + H6)66 + (h7 + H7>67.
Multiplication of the hyperbolic octonions is defined by

O . OH) = (hg + hyit + haia + haiz + haes + hses + heeg + hrer)
- (Ho + Hyiy + Hyig + Hsis + Hyeq + Hses + Hges + Hrer)
= O + Oqi1 + Ogiz + Oziz + Ogeq + Oses + Ogeg + Orer,

where,
Op = hoHy — h1Hy — hoHs — hsH3 + hyHy + hsHs + heHg + hyH7,
O1=hoH1 + h1Ho+ hoHs — hsHo + hyHs — hs Hy + h¢ H7 — hy Hg,
Os = hgHy — h1Hs + hoHo + hsHy + hyHg — hs H7 — hg Hy + h7 Hs,
Os = hgHs + h1Hy — hoHy + hsHo + hyH7 + hsHg — hg Hs — hyHy,
Oy = hoHy + h1Hy + hoHg + h3H7 + hyHy — hs Hy — he Hy — h7 H3,
Os = hgHs + h1Hy — hoH7 + hsHg — hyH1 + hs Hy — h¢ Hs + h7Ho,
O¢ = hoHg + h1H7 + hoHy — hsHs — hyHs + hsHs + hg Hy — h7H,
O7 = hoH7 — hiHg + hoHs + hgHy — hayHs — hs Ho + hgH1 + h7H).

The conjugate of hyperbolic octonid@h is denoted byD and it is
O = hg — hyiy — hais — hziz — hyeq — hses — hgeg — hrer.
The norm ofO is defined as
No=0-0 =ho? — hi? = ho® — h3® + ha® + hs® + he® + h7”.
In [25], the hyperbolic-Fibonacci and:-Lucas octonion@f;w andoﬁm are defined as

O kn = Frn + Fipp1i1 + Fippoto + Fi ni3i3 + Fi pyaes + Fi pises
+ Fyni6€6 + Finyrer

= (Fins Fiont 15 Fiont2s Fiont3s Flontas Flontss Flont6s Flont7)
and
r . . .
O%kn = Ligp + Lg nt191 + L ng292 + Li 54313 + Li pyaes + Li pises

+ Lgnt6€6 + Lgnirer

= (Lin: Lint1, Lint2s Lien+3s Linta, L5y Lien+6: Lin+7),

985
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respectively. The conjugate of hyperboligribonacci ands-Lucas octonion)” kn andO_ﬁ;m are
defined as

O% kn = Fion — Fins1il — Fontoles — Fintsis — Fyntaea — Fnises
— Finy66 — Frnirer
= (Fin, —Fint1, —Frnt2, —Fents, —Frntd, —Frnts, —Fint6, —Fenit),

and

OF%n = Lgn — Lint191 — Lg nt2i2 — Li ny3is — Lgntaes — Li nyses
— L nt6€6 — L nyrer
- <Lk’,n7 —Lk:,n+17 —Lk,n+2a _Lk,n+3a _Lk,n+47 _Lk,n+5, _Lk‘7n+67 _Lk,n+7>a

respectively, wherey, ,, is nt" k-Fibonacci sequence ant ,, is nt" k-Lucas sequence. Here,
i1,1i9,43 are quaternion imaginary units,(e,> = 1) is a counter imaginary unit, and the bases
of hyperbolic octonion®”* . ,, and 0%}, are defined asiey = e5,izes = eg,izes = er,e4> =

es? = eg = e7? = 1. The bases of hyperbolic octonio6s" ,, andO* . ,, have multiplication rules
asin Table 1.

The Binet Formulas for the hyperbolieFibonacci andi-Lucas octonion®” ;. ,, andO*y, ,, are

e n bl n
. F rir1y — Trar2
(i) O kn =

rE—r2

(4d) Oﬁk,n =rir1" + ",

y 7“_3T'1n — 7“_47“2n
(i6i) OF pp = ——"—

' rL— 12
(iv) OFpp, =73r" + 7",
where,
r1=14+7r111 + T12i2 + T13i3 + T14€4 + 7’1565 + 7'1666 + T17€7

67 7’17>,

= <1, 1, 7’12, 7'13, 7’14, 7’15, T1

9 =14+ 1r9ty + T22i2 + 7’23i3 + 7“2464 + 7"2565 + 7“2666 + 7’2767
= <1,?”2,7”22,7“23,7“24,7“25,?”26,7“27>,

r3=1—1r1i; — T12i2 — T13i3 — 7“1464 — 7'1565 - 7”1666 - 7“1767
= <1, -1, —1"12, —7’13, —7“14, —7’15, —7“16, _T17>a

71 =1+ roin — ro2is — 12%i3 — rates — ro’e5 — 128eg — o7 er

2 3 4 5 6 7
= <17_T27_T2 y —Tr2, T2, T2, =12, T2 >
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The properties presented here are the extension of Cassini, Catalan and d’Ocagne’s identity to
hyperbolick-Fibonacci and:-Lucas octonions.

Theoreml.1(Catalan’s Identity). For any integgrands, we have

. 2 _ _
(i) O kntO pnss — O 10 = (=1)" ' Froildi s,

.. 2 _ =
(22) (’)Ekm,t(’)ﬁk,nﬂ — Oﬁkyn = (5(—1)” t—HFk’th,m,n.

In Catalan's identity, taking = 1, it reduces to Cassini’s Identity.

Theoreml.2(Cassini's Identity). For all > 1, we have

. 2 _ -
(i) O k107 pni1 — O = (—1)" ' Fylhy s,

.. 2 n _
(i1) OFpn 1051 — O n” = 8(=1)"F Vi1

Theorem1.3 (d’Ocagene’s ldentity). Let be any non-negative integer and natural number.
If t > n + 1, then we have

(i) O 107 ki1 — 0T 141107 ko = (=1)" Vit

(i) Oﬁk,t(f)ﬁk,nﬂ - Ock,tﬂ(’)ﬁk,n - (_1>n+151}k»t*”'

Different properties of the hyperbolicFibonacci and:-Lucas octonions are investigated in [25].
These properties are the generalisations of Cassini, Catalan and d’Ocagne’s identity to hyperbolic
Fibonacci and:-Lucas octonions.

) O ke =kO i1 + O,

) OF%nin = kO i1 + O i,
3) O%%n=0" 41+ 0710,

) O_}-k,n+2 = ko—fk,nJrl + O_}-k,ny

) O_Lk,n+2 = ]fo_ﬁk,n-&-l + O_Ek,na

) OLhn=0OF i1 +OF 0y,

7) i OF an OF o+ (OFkoFrt — O k1)
n=0 o 1=zl +a?(-1) 7

OFp0 — (0F oLy — OF )
1-— ka,t + $2(—1>t ’

®) D OFpma" =
n=0
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O ps+ (=120 5y
1— :L'kat =+ 1’2(—1)t ’

o
9 > O pmyea™ =
n=0

o
OF ks + (=1)tzOF 5,
10) ) 0OF "= — 58 >
( ) —~ k7tn+s$ 1— ':ULk:7t + x2(_1)t )

9] t t
O}—kt et et T
(11) § — g =

)

o n! 71 — T2
(o]
O£
19 3 perte g et
— nl
n n '
(13) > <i>klofk,i = 0%k om,
i=0
n n '
(14) > (Z-)kzoﬁk,i = 0% 2,
i=0

(15) O+ 05" = %[(1 L)W + (5 — 1)(—1)'0%, ],

(16) OFi® — 0% = S[(1 = )W — (14 6)(-1)0 o],

(17)  O% k4 sO kst — O kp O s = 2(—=1) (0% 40 — 2) Frss,
(18) O7 pspt 4+ (—1)'O oot = O p Ly,

(19) OFspt + (—1)'OF sy = O s Ly,

(20) 07} 0T, — O, 07} = (—1)%62 UsFlyt—s,

(21) OFy 0%, — 08 OF ) = (~1)16% s Fyss,

(22) OF O — OF 1 OF i = 2(—1)*Fp s sO .y,

(23) O 1 O — OF O s = 2(=1) Vs,

(24) OFn 0Ly — OF 1, Oy = (=1)"672 (2uip — via),

(25) O knO%%m + OF kO ko = 2672 (Lpsys + Liesss — Liiro — Liiias)

+ (—1)"8 2 (2us — uito),
_ _ _ . o )
(26) OF 10Ok — OF 0 OF iy = Xy + 672 ((—1)"5 — iy + W2) — Vi 2m,

where, (i1- uis) are defined in Lemma 2.5 add}, ;, Vi +, Wi+, Xi+ and); are defined in Lemma
2.8 of [25]. In current paper, our main goal is to investigate some binomial and congruence properties
for the k-Fibonacci and:-Lucas hyperbolic octonions.
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2. PROPERTIES OFHYPERBOLIC k-FIBONACCI AND k-LUCAS OCTONIONS

989

In this section, we explore some binomial and congruence properties of the hypérbationacci

andk-Lucas octonions.

Lemma2.1 — Forn > 0, we have

Fit Fit—1)n

tn n L1 n )

v (& =T —(— y

(v) Frn (1) Frn
Ftn Fi(t-1)n

v 7,2 mn =r n ) n » ,

UZ’LZ) T2san,rn - T2ran,sn = (_1)San,(7’—s)nv

2(27+1)

ontlp]
( + ) = Lk’2n+17"1 5

(
(
(iz) 14 kry+r?
(

l’) 1 + k’r’g + T22(2n+1+1) = Lk72n+17“12(2n+1),

n
(1’2) For everyn, t>1 andln = Z kagi, we have

=1
ln—l 7"12’”71 .
l7_2 .
n —_ n— 1
(@) 14+m2 =4 2Lm? ™ 1, , fort=2,34,...
ln—t—l =2 ln—i
n—1 1
ln—1m1? = lha
1=2 ln—i
ln—]_ r 2n—1 .
ln—2 ’
on ln—l 2n7t t
(b) 14mr* = T2 —lp—1 , fort=2,34,...
ln—t—1 i=2 ln—i
n=1 1
ln—lr22 —lp—1 I
=2 n—1i

Fj Lioi_
(xi7) r%t = —:%rl\[— 7’“? 1,

F L —
2 k,2t k,2t—1
= & o —
((13%2) Ty 2 (8 2

T
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L F

( ZU) %tJrl k,zt+1 1 11227& \/”
L F;

(l"U) %t—&—l k;,]it—&—l ) ]ZQt \/

PrROOF: (i). We use induction principle on, for n = 1, we have
7”11 =1-m+0=r1Fp1+ Fipo.
Forn = 2, sincery is root ofr2 — kr — 1 = 0 therefore we have

7“12 =kri+1=mrFpo+ Fj1.
Now, consider

T1n+1 =r"r = (Tlem + Fk,n—l)ﬁ = 7'12Fk,n + Tle,n—l-
Usingri? = kr; + 1, we have

= (kri+1)Fppn +11Fn1 =7r1(kFgn + Fin-1) + Fin = 11 Fint1 + Fin.

This complete the proof of (i).
(ii). Using (i), we have

7,1271 = Fk7n7’1n+l + Tlan,n—l
= Fpn(riFent1 + Fepn) + 711" Fn—1
=1 FynFeni1 + Fopo1r” + F,,
= (r" = Fin—1)Fepe1 + Frpoim™ + Flgn
=71"(Fins1 + Frn—1) + Fiy — FonFin-1-

using Fy n—1Fynt1 — FZ,, = (=1)" andF 1 + Fin—1 = L, We Obtain

N

7“12n = Lkm’l"ln — (—1)”.

This complete the proof of (iii).

The proofs of (i), (iv), (v), (vii), (viii), (iX), (x), (xi),(xii), (xiii), (xiv) and (xv) are similar to (i)
and (iii). O
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Theorem2.2— For all n,r, s,t > 1, wehave

(i) O knst = FenO7 ki1 + Frn107 14,
(i1) O kanst = LenOF knpe — (=1)"07 14,

F Fy (o—
(“z) O]:k sn+t — hon O}—k n+t — (_1)nMO}—k ts
’ Fk n ' Fk,n '

(iv)  OF psnttFirn — O kanstFron = (=1)" O 1 By (v sy,
OF bt + kO 1 + OF f pgns2 o
Ly on+1
OF ot + kOF i1 + OF ppyant21g

Lk’2n+1

(v) Ofk7t+2n+1 +2 =

)

(vi) OFppyantiys =

)

n
(vii) Foreveryn,t>1andl, = Z Ly i, We have

=1
ln—1
ﬁofk,wzn—l - 0% 4;
n—
1 S 1
l n O]:k,t—‘rQ"*S — ln—l Z(l —+ ] 4)0‘7:]9,7&;
(a) O]:k:,t—i-Q" — n—t—1 =2 n—i ,
Ifs=2,3,4,...,n—2;
n-1 1
107 k42 —ln1 Y (l -+ 1)07 .
=2 ‘n—1
In—1 L L .
l 20 k,t+2”_1 - O k7t7
n—
n—1

s 1
] O% pyan-s = ln1 > 1+ ;i O s,
(b) OLk,t—i—?” — n—t—1 =2 n—i

Ifs=2,3,4,...,n—2;

n—1 1
10 k10 — lno1 Y (

\ =2 ln—i

+ 1)O£k,t-

n lr—l i 1
Z (1) (71 ) (_1>j0}—k,2“1i+t§
i+j=n r—2

n b1 i i s lr—1
(© 0 2 ()G CV (Sl 7= )0 i
C k,2rn+t = 1t+J]=n r—s— r—

Ifs=2,34,...,.n—2;

2 (O D (Tioall + 0%
i+j=n r—
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Z (?)(lr )Z(_l)joﬁkm—liﬂ;
i+j=n r—2
> (DG =1 (oo (1 + =) 0% gnsipes
(@) OFparye = iimn s o
Ifs=234,...,n—2;
) . L1
S () o) (1) (e (1 + )Y O i
i+j=n lrfh
Fio Lioi—1
(viii) O o = - LOL G i1 — kt 07 s,
) Fy, Ly o
(iz) OFporor = =007 o1 = =05,
Fio k,2t—2
() OFhsa = =70 ha + = =01 =0,
) Fy, Fpoi_
(vi) OFp st — ]{;Qt OF 52+ “RAZ2 oL s =0,
.. Ly, Fy,
(ii) O p sro111 = %O}-k,s—i—l — kat O},
L2141 Fyo
(wiii)  OFpsiort1 = ’kt+ O hsi1 — 0 . tofk,&
, Liptv1 ~F Frot—2 ¢
or - A 0 —=——0%,,=0
('Ilv) k,S—‘er—‘rl k(kQ + 3) k,s+3 + ]C(]{;Q _|_ 3) k,S 9
Liotv1 f Frot—o F
O~ - T — = 50 = 0.
(zv) kys+2t+1 (2 + 3) ks+3 k(2 + 3) k,s
PrROOF: (i). From (i) and (ii) of Lemma 2.1, we have
" =r1Fgn + Fin—1, (2.1)
ro" = roFyy + Frpn_1. (2.2)
oot .
Multiplying (2.1) by 2" and (2.2) by— 22, we get
T —T9 r —T9
~ Nt o~ | et
on Jhn Fim + o Frn—1, (2.3)
K —T9 r —Tg KL —T9
Foreg™ Tt gyttt Farg!
22 _ 22 kon 22 Fino1. (2.4)
rHn —T9 r —Tg KL —T9
Subtracting (2.3) and (2.4), we obtain
Fir T — rargt T e L — gyt rirt — rargt
= F ) ) N
Ty — T2 1 — T2 bt rL— T2 Font
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Using Binet formula of the hyperbolie-Fibonacci octonio©” . ,,, we get

f
O kn+t =

The proofs of (ii)-(xv) are similar to (i) using Lemma 2.1.

Theorem2.3— For all n,r,s,t > 1, we have

(Z) Ofk,rn+t ( )Fk TF]?rllo kyi+t)

.. r n r
(”) @) k,rn+t = < > Fk; rF]?T : 10 k,i+ts
=0

n

(tii) O kot = ( > (n=a)(r+1) L’ O kit
0

n
> (1)
=0
1
F/?,r

1
™

-
I

(n—i)(r+1) Lz

L L
@ k2rn+t = O k,ri+t,

(iv)

(U) O}-k,trn—&-l

i:( ) (n— z(r—f—l)Fn(z

1=0
(vi) Ot = y <7.l>(—1)(" MR
=0
wi) 3 (5) VO krtuppiseFil = Oy
i) 3 (1) O rrtuipsisiFih = Orife
Z <7Z> (—1)(n7i)0fk,m'+tF;$__i1) = O}—k,nthFl?,ra
@ 3 (0) (0008, i = OF e

n n—i n—i i
<‘>( 0} )insm)Flﬁﬁm@fkm[mH(s—r)Ht

=0
.. = n n—i n—i i
(wii) Z(i)m)( o F

Ock,m[rn+i(sfr)]+t =

(=

F F
Frn O ki1 + Fron—107 1.

i AF
0 Ektr O krits

i AL
v E ke O kritls

)smnofk tFk

J(r—s)m»

(_1)smn0£k,tFl?,(rfs)m7

nY,_ ; ;
(wiii) OF ppie = Z ( )kf (=10 Ly g1 O ot (140) 42310+

4
i+j+s=n »J
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(@iv) OFpmii= (2 j>k (1) Ly gr 1 OF g e (i25) 4 2(ik5)+ 0
i+j+s=n ’

n ] j+s i
(.’L"U) Ofk,(2T+2+2)n+t = Z ( > kj(—l)J+ Lk,Q’V‘Jrl O}—k,(2r+1+2)i+j+ta

i+j+s=n ]
- L _ n j j+s i L
(wvi) OFp ori2smpmit = <Z .>k3(—1)j Ly or+1"O% g (2r+142)i4j 415
i+j+s=n )
iy OF — " VW Ly g O
(zvii) k,(2r 142+t = Z i k2r+1 ky (271 42)i45+1
i+j+s=n ’
(zviii) k(2 4 2)ntt = i ) Lo ko (2 4 2)in4j
i+j+s=n »J
" n
4 . A F
(ziz) Z (i)k(l ™ (Lioe-1) " 0% ot
i=0
-n n§e F ; :
(Frot)"02 07k pts, if nis even;

)

_n(fk,Qt)n5nTﬂO£k,n+5, if mis odd,

n . .
k:_"(Fkvgt)”éfOLkm_s_s, if mis even;
- n41 )
k

_n(FkVQt)n(STofkth’_s, if mis odd.
. =~ (n n—1i)1.—% i
(zai) < > (—1)( ke (Ly,2t41) O]:k,zt(n—z'Hn

n . .
5207 0, if m is even;

5" OFyo, if nis odd,

)

.. “~ (n n—i).—i i
(zxii) (.)(—1)( ™ (Lke1) OF ) 9t(n—i)in

n . .
02 Ock,o, if nis even;

- ntl

5T(9fk,o, if nis odd.
PROOF: (i). From (i) and (ii) of Lemma 2.1, we have

7’{ = Fk,'rrl + Fk,r—lv

.
ry = Fp,ro + Fir_1.
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Now, by the binomial theorem, we have

n

1"71“71 — (ka’l“l + ka_l)n — Z <i>FI£,rFl?,r11TZIv (25)
=0

P = (Fopra 4 Fop)" = 3 (Z.)Fé,TF;:eré. (2.6)
i=0

Multiplying (2.5) by "I and (2.6) by "2 and subtracting, we obtain
KL —T9 K —T9
= rwl"n—l-t - 7;2r£n+t B Zn: n pi i (T—lrzlurt _ T—Qrgﬂ)
L — 19 - P 7 ko= kyr—1 71 — T2 '

Using Binet formula of0” ., ., andO” . ; ;, we get

n

F _ N\ i pm—i P F
O k’,?“’n,—‘,—t - Z <Z' > Fk,’l"Fk,Tflo kyl"l't'
=0

(ii). Multiplying (2.5) by /1 and (2.6) by and adding, we obtain

n
n . s _ . _ .
GUAREECEAE Y <Z,>F,27TF,’:’T’1 (Frith 4 rarktt).
1=0
Using Binet formula of0%; ..+ andO% ;. +, we get

n

L _ Z N\ i pn—i L
@ k,rn+t — <i>Fk,TFk,T’—IO k,i+t-
=0

The proofs of (iii)-(xxii) are similar to (i) and (ii) using Lemma 2.1. O
Next theorem deals with congruence properties of the hyperbdtibonacci and:-Lucas octo-

nions.
Theorem2.4— For n,t > 1 andGy ,, = 0%}, or O%; ., we have

. ~ (n -n n
(Z) O}—k,n+t — Z <]> k (—1) Ofk7(2r+2+2)j+t =0 (mod Lk72r+1),
§=0

y — (n —n n —
(i)  O%%nt— Y (j) EM(=1)"0% ar+242)54¢ =0 (MO Ly pr41),
=0

(ZZ’L) Ofk’(2r+2+2)n+t — (J)k](—l) O}—k,jth =0 (mOdeQrJrl),

.
S
o

. n j n —
(ZU) Oﬁk’(2r+2+2)n+t — ( ) k‘](—l) Oﬁk7j+t =0 (mOde’Qr-+1).

=0
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PROOF: (i). From (xiii) of Theorem 2.3, for alh,t > 1, we have

F n n +s
@ kn+t — ( >k’ ] Lk ,2r+1 O k271 (i42)+2(i+5)+t
z+;+s nsigo V7

n n
( >k J+ Lk’ 2r+1 O k,2r 1 (i425)+2(i+5)+t>

(3
7«+J+3 =N3i=0 »J

n
< >k n(—1)7+5L, 2r+1 ‘o” k2741 (i4-25)4-2(i45) -+t

(3
z+j+s Ny J

+Z< > Y no k,(2r+t2+42)j+t

n -n n
OF nst — Z <j)k (-1) Ofk7(2r+2+2)j+t

Jj=0

n . .
. -n +s tnF
= Z <7, ])k (—1)J Lk72r+l @ k,2rt1(i+425)+2(i+5)+t>
itjts=niizo
n

.« . n e n
Ly divides (O g — ) <j>k (—1)"O% k (ar+212)j440)5
=0
. n —-n n
O e — Z (]) (1) Ofk,(2r+2+2)j+t =0 (modLgs).
j=0

The proofs of (i), (i) and (iv) are similar to (i), using Theorem 2.3.
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