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After giving the Duhamel formula in terms of the standard semigroup, we prove the existence,
unigueness, stability and regularity of mild solution for a nonlocal fractional Cauchy problem
with the conformable fractional derivative. Also, we give an example to illustrate the applicability
of our results.
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1. INTRODUCTION

The Cauchy problem with nonlocal conditiafi0) = x + g(z) is introduced in [2]. For physical
interpretations of this condition we refer to [3, 7]. The nonlocal Cauchy problem has attracted several
authors including the works [4, 6, 9]. Here, we are going to study same Cauchy problem with a new
fractional derivative named “conformable fractional derivative” [5]. This novel derivative satisfied
the properties of classical one and can be used for non-regular functions. Precisely, we consider the
conformable fractional Cauchy problem of the form:

d®*x(t)

dte

where0 < ¢ < 7 and 4% is the conformable fractional derivative of order]0, 1]. (A, D(A))

is a sectorial operator which generates a strongly analytic semidfb{p):>o on Banach space

= Az(t) + f(t,z(t)), 2(0) =0+ g(z), (1)

(X,]| . ||) andzg € D(A). We denote by the Banach space of continuous functions frionr|
into X with the norm| = |= sup || z(¢) ||. For our study, the functiong : [0,7] x X — X and
te[0,7]

g : C — D(A) satisfy some conditions.



1000 MOHAMED BOUAOUID, KHALID HILAL AND SAID MELLIANI

The content of this paper is organized as follows. In Section 2, we recall some needed definitions
and results. In Section 3, after giving the Duhamel formula, we prove the existence, uniqueness,
stability and regularity of mild solution for the Cauchy problem (1). Section 4 is devoted to a concrete

application of the main results.
2. PRELIMINARIES

In this section, we recall some concepts on conformable fractional calculus.
Definition1 — [5]. The conformable fractional derivative ofof order« att > 0 is defined as

o 1—a) _
d*z(t) — lim x(t+et' ™) x(t)
dt™ e—0 €

When the limit exists, we said thatis («)-differentiable at.

d*x(t)

If zis («)-differentiable and lim exists, then define

t—0

déz(0) .. d¥x(t)
do e

The («)-fractional integral of a function is defined by:
t
o (2)(t) = / Ly (s)ds.
0

Theoreml — If x is a continuous function in the domain Bf. Then, we have

d*(I°(z)(t))

T = x(t).

The standard Laplace transform is not compatible with the conformable fractional derivative. In
consequence, the adapted Laplace transform is given as follows:

Definition2 — [1]. The fractional Laplace transform of orderof a functionz is defined by
+o00 e
Lo(z(®)(N) = / 191N (1)t
0

The following proposition gives us the actions of the fractional integral and the fraction Laplace
transform on the conformable fractional derivative, respectively.

Propositionl — If x(¢) is differentiable. Then, we have

(%) 0 =0 - 5(0)
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c (da““) (A) = ALa(2(t))(N) — (0).

dte
Now, we recall some definitions and results on the sectorial operator theory [8].

Definition3 — A : D(A) C X — X is said to be sectorial operator of typ&/, w, 6) if there
existM > 0,w € Rand0 < ¢ < 3 such that:

1. A be aclosed and linear operator,
2. YA € w+ Sy, the resolvenf AT — A)~! of A exists,

3.VAZ w+ Sy, | (M —A)7 < 5,

where
w+ Sy :={w+A| AeC with | Arg(—\) |< 0}.

Theorem2 — A densely sectorial operator generates a strongly analytic semig{@up ):>o.

Moreover, we have

T(t) = = / M — A)~td),
ol

21

with  being a suitable path ¢ w + Sp.

Now we give the main contribution results.

3. MAIN RESULTS

Before presenting our main results, we introduce the following assumptions:

(Hy) The functionf(t,.) : X — X is continuous and for all > 0 there exists a function

pr € L2°([0, 7], R") such thatsup || f(¢,z) |< p-(t), forallt € [0, 7].
lzll<r

(H2) The functionf(.,z) : [0,7] — X is continuous, for alk € X.

(H3) There exists a constait > 0 such that| g(y) —g(z) |< UL |y —« |, forallz,y € C.
3.1 Existence and uniqueness of the mild solution

Applying the fractional Laplace transform in equation (1), we obtain

La(z())(A) = (A = A) " zo + g(x)] + (A = A) T La(f(t,2(1))) (V).

According to the inverse fractional Laplace transform, we find the following Duhamel formula:

o) =T (Z) (o + g(2)] + /Ot 17 <ta - Sa) F(5,2(5))ds.

1001
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We remark that fory = 1, we recover the classical Duhamel formula. Thus, we can introduce the
following definition.

Definition4 — We say that: € C is a mild solution of equation (1), if the following assertion is

true:

2(t) =T (i) w0 + ()] + /Ot ol (ta - 5a> F(s,2(5))ds, t € [0, 7].

Theorem3 — If (T'(t))¢~0 IS compact and H;) — (Hs) are satisfied, then the Cauchy problem
(1) has at least one mild solution, provided that

ta
i sup |T <> | < 1.

te[0,7] «

PROOF: Choosing

toé 7_0[
sup |T () 2o 1+ 1 900) 1|+ |t Iz qtomies)]
t€[0,7] @ (0%
r 2 o
1—1y sup |T(—)]
tel0,7] G

LetB, ={z €C| |z |<r}. Forz € B, andt € [0, 7] define the operatois; andI'; by:
tOé

ri@) (0 =1 (5 ) o+ g(0)]

o)) = [ o7 (S sl

(0%
By (H;) — (Hs), we can show thdf is a contraction operator aB, andT’y (z) + I's(y) € B,
whenevetr, y € B,.. Now, we will prove thafls is continuous and compact.

Continuity of TI's :

Let (z,) C B, such that,, — =z in B,. We have
t
To(an)(t) — Ta(z)(t) = / s"‘_lT(
0
Then, we obtain

o) = Tafo) 1< s 17( ) 1[50 | fo0(9) = 52000 1 .

te(0,7]

t* — 5@

(0}

) F(s,2n(s)) — Fls,(s))]ds, t € 0,7

By using assumptio{H;), we have|| s*~![f(s,zn(s)) — f(s,2(s))] ||I< 2ur(s)s* " and
f(s,zn(s)) — f(s,z(s)) asn — +o0. According to the Lebesgue dominated convergence theo-
rem, we obtain

lim | Da(zy,) —Da(z) |[=0.

n—--—+o00
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Compactness of’; :

Claim1: We prove tha{T'y(z)(t) | = € B, } is relatively compact irX.

For some fixed €]0, 7] lete €]0, ¢, z € B, and define the operatd¥, by:

ramurzéwhwﬁsw4T(”‘”a)ﬂax@»w.

(07

We can writel5 as follows:

S (2)(t) = T <€a> /O(ta_aa)é sl <W> F(s,2(s))ds.

« (0%

According to compactness ¢1'(¢));~o, we conclude that the s¢t'5(x)(¢t) | = € B,} is rela-
tively compact inX. Using(H;), we have

15 ta 80{
Hmmww—rxmuﬂgnwuw@ﬂRﬂswa(>|,
te(0,7] « (67

This proves that the sdil’»(x)(t) | = € B} is relatively compact inX. It is clear that
{T2(x)(0) | = € B,} is compact. Thus, the s¢l'2(x)(¢t) | = € B,} is relatively compact in
X forallt € [0, 7].

Claim2 : We prove that'y(B,) is equicontinuous.

Letty,to € [0, 7] such that; < ¢,. We have

B@Wﬂ—B@WQZAhf*F<g_w>—T<ﬁ_ﬂ)ﬂ&ﬂw%

« «

& a—1 t% — s
+/tl s T<a) f(s,z(s))ds

_ 7 (t% - t?> 1) /Otl sl <t(1l - Sa) F(s,2(s))ds
4 /tt i (tg - Sa) F(s,2(5))ds.

Then, by using a computation, one has

tOé
sup [T (a) | [ (po.r1,R%)

t€(0,7] t% _ t%

I Ta(2)(t2) — Ta(x)(t1) < [ty —7) + 7 | T( ) =11l

(07

Therefore, we deduce thBt(z), € B, are equicontinuous ate [0, 7]. By using the Arzela-
Ascoli theorem, we obtain thdt, is compact. Finally, the Krasnoselskii fixed-point theorem allows
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us to conclude that the operafioy + I's has at least one fixed point i which is a mild solution of
equation (1).

To obtain the uniqueness of mild solution, we need the following assumption:

(H4) There exists a constafit > 0 such that| f(¢,y) — f(t,z) [|[< 2 ||y —x ||, forall z,y € X
andt € [0, 7].

Theorem4 — Assume thatH,) — (Hy) hold, then the Cauchy problefi) has a unique mild

(TZQ +l1> sup |T <t> | < 1.
« t€[0,7] «Q

PrRoOOF: Define the operatdr : C — C by:

solution, provided that

T(z)(t) = T <’:> 2o+ g(2)] + /Ot 1T <ta - Sa) F(s, w(s))ds.

«

Forz,y € C, we have

Then, we obtain

17O -T@0 1< (Tt ) sz (5 ) 1y-al.

te[0,7] «

Taking the supremum, we get

Ta tO{
\Nw—rmﬂs<b+mSm>w()ry—xw
« te[0,7] «Q

Hence, by using the Banach contraction principle, we conclude that the opétsdsra unique fixed
point inC, which is the mild solution of the conformable fractional Cauchy problem (1).

3.2 Stability of the mild solution

Now, we will give the results concerning the continuous dependence of the mild solution to the initial
condition.
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Theorem5 — Assume that the conditions of Theorem 4 are satisfiedrd,ely € X and denote
by z andy the solutions associated witty andyg, respectively. Then, we have the following estimate

tOA
a sup [T () \
te(0,7] «Q

- o —ao |
a— sup [T <> |(aly + lo7%)
te(0,7] «

ly— 2 |<

PrROOF: Fort € [0, 7], we have

ta

) =20 =7 (£ ) o = 20+ 900) - 9(0)

# [ (B2 (o) - fso)is

Then, we obtain

« «

t
\mw—x@\sSm)w()uwm—xowuh+
te[0,7] o

loT

)y —z|l.

(07

Therefore, we get

e loT®
ry—nwssm>w()urm—xmwuh+>ry—xw
te(0,7] (0% (0%

Thus, we deduce the desired estimate

tCK
a sup |T <> \
t€[0,7] @

ta || yO — o H .
a— sup [T () |(aly + l27®)
te(0,7] «Q

|y —z [<

Theorem6 — Assume that the conditions of Theorem 4 are satisfiedrd,ely € X and denote
by x andy the solutions associated witty andyg, respectively. Then, we have the following estimate

[An loT® 28
sup |T <> | exp 27 sup |T <) |
te[0,7] a @ tefo,r] a
- - Ll
1—1; sup |T () | exp 2T sup |T () |
t€[0,7] a Q tefo,7] a

t* loT® t*
Iy sup |T <> | exp 27 sup |[T(—)| | < 1.
te[0,7] a @ tefor] A

ly —z[<

provided that
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PROOF: Lett € [0, 7], we have

tOé

) =20 =7 (£ ) o= 20+ 900) - 9(0)
# [ (B2 st — Tt

«

Then, one has

o) =) 1< sup 17() [ = a0 |+t 1y =+t [ 550 1yt = o) ] s

€[0,7

By using the Gronwall inequality, we get

t loT® +o
Hmw—wa3sm>w()uuw—xﬂpH”y_xuwp(QSWHT<>>,
o & tefo,7] @

te[0,7]

Hence, we deduce

o Lo e
|y—x§sm>T()mwvﬂmnﬂuy—xnmp2wpw<>|.
t€[0,7] a @ tefor] @

Thus, we obtain the following estimate
t> I e
sup [7( ) Texo(22 sup 17 ()
te[0,7] o @ tefo,r] o

|y —z[< " - p g0 — o || -
1—1;sup |T <> | exp 2T sup |T () |
te[0,7] a & tefo,r] «

Remarkl : We remark that:

o t*
exp [ 2% sup |T(—)]
te[0,7] & < o
o ey a & o ’
1—1; sup ]T(t—)]exp lor? sup |T (t) | a— sup |T <a) |(ady + l27%)
te[0,7] a Q tefo,r] «Q tel0,7]

Then, Theorem 6 is better than Theorem 5.
3.3 Regularity of the mild solution
Here, we need the following assumptions:

(Hs) The functionf is («)-differentiable with respect to the first variable and differentiable with

respect to the second variable.
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(Hg) xo+ g(x) € D(A),forallz € C.

Definition5 — A («)-differentiable functionr is called(«)-classical solution of equatiofl), if
the following assertions are true:

z(0) = xo0 + g(z).

Theorem7 — Assume thatHs) — (Hg) hold, then the Cauchy problem (1) has a uniqug-
classical solution, provided that

<Tlg +l1> sup |T <t> | < 1.
G te(0,7] «

PrROOF: The conditions of Theorem 4 are hold. We denoteribihe unique mild solution of
equation (1). Next, ley be the continuously solution of the following integral equation:

ta_8a> 804]0

« os™

a

o0 =7 (£) Ao + e + s0.0000] + [ s

(s,z(s))ds

«

- gy (t”‘ - ) O (s,als))y(s)ds, 1 € [0,7]

ot +ett™) — 2(t)

We have — y(t) ase — 0 for ¢t > 0. Then, we conclude that—

g
f(t,z(t)) is continuously «)—differentiable. Hence, the following Cauchy problem:

d*z(t)
dte

— Ax(t) + f(ta(t)), 2(0) = 20 + (),

has a uniqué«)—classical solution. Thus, by uniqueness of the mild solution of equation (1), we
conclude that = .

3.4 Special case of nonlocal condition

Now, we study one special case of nonlocal condition, that is, the fungi®given by:
n
gl@) = cialty),
=1

wherec;, i = 1,2, ..., n, are given constants afid< t; < to < ... < t, < T.
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Proposition2 — Assume that Hy) and (H,) hold, then the Cauchy problem (1) has a unique
mild solution, provided that there exists €]0, 1[ such that

- |T( )|Z|czr<so

t€(0,7]

ProoF: Define the operatdr : C — C by:

P(2)(t) = T (t:) (o + ()] + /Ot sl <ta - Sa) F(s,2(5))ds, t € [0, 7].

(0}

Now, we define a new norfnz |, in C by:

| & Ja=] exp(—

where

E =

Iy sup |T ()
t€[0,7] «

n

€0 — sup |T< )IZICH
te(0,7]

Next, forz,y € C andt € [0, 7], we have

) l9(y) — g(a)

tOé

T(y)(t) — T(z)(t) =T (a
i /ot ST (ta a Sa) [f(s,9(s)) = f(s,2(s))]ds.

(6%
Then, one has

IO T 1< s (17 () oY ol

«

t
+l2/ 51 exp(es—)ds] |y — 2 |o -
0 (6

Therefore, we obtain

T =T o < s [7( S )10 Tl +21 g =a-

tel0,7] i—1

Hence, we get
|T(y) —T(z) la <eo|y—xla-

Thus,T" is a contraction operator on the Banach sp@te . |,). This shows that the operator
I" has a unique fixed point i@, which is the mild solution of the conformable fractional Cauchy

problem (1).
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4. APPLICATION

Consider the nonlocal partial fractional-differential equation:

8%u(t,x) _ O2u(t,x)

) = O a(t) i, (t,@) € 0,1)x]0, 7],
u(t70) = u(t,ﬂ') =0, t e [0, 1], 2)
u(0,x) = Zciu(ti,x), z € [0, 7],
\ =1

where0 < t; < ... < t, < 1, ¢, ..., ¢, @re given real constants and [0, 1] — R is a continuous
function.

Let X = L%(]0, ) and define the operatet by:

8(.)
A= 0x2’

DA ={peX: 4 e X}

The operatord generates a strongly analytic semigrdpit)):>o on X.

Leto(t)(z) = u(t,x), f(t,p) = a(t)%ﬂw' andg(v) = Zci“(t“ .). Then, the Cauchy problem
=1

(2) becomes as follows:

0 o+ 100000, 1€ 0.1

®3)

In this application, all the assumptions of Theorem 4 are satisfied, then the above Cauchy problem
has a unique mild solution, provided that

2 sup (a(t))+ Y |ei|| sup [T(2VE)| < 1.
t€[0,1] i—1 te[0,1]
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