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After giving the Duhamel formula in terms of the standard semigroup, we prove the existence,

uniqueness, stability and regularity of mild solution for a nonlocal fractional Cauchy problem

with the conformable fractional derivative. Also, we give an example to illustrate the applicability

of our results.
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1. INTRODUCTION

The Cauchy problem with nonlocal conditionx(0) = x0 + g(x) is introduced in [2]. For physical

interpretations of this condition we refer to [3, 7]. The nonlocal Cauchy problem has attracted several

authors including the works [4, 6, 9]. Here, we are going to study same Cauchy problem with a new

fractional derivative named “conformable fractional derivative” [5]. This novel derivative satisfied

the properties of classical one and can be used for non-regular functions. Precisely, we consider the

conformable fractional Cauchy problem of the form:

dαx(t)
dtα

= Ax(t) + f(t, x(t)), x(0) = x0 + g(x), (1)

where0 ≤ t ≤ τ and dαx(t)
dtα is the conformable fractional derivative of orderα ∈]0, 1]. (A,D(A))

is a sectorial operator which generates a strongly analytic semigroup(T (t))t≥0 on Banach space

(X, ‖ . ‖) andx0 ∈ D(A). We denote byC the Banach space of continuous functions from[0, τ ]

into X with the norm| x |= sup
t∈[0,τ ]

‖ x(t) ‖. For our study, the functionsf : [0, τ ] ×X −→ X and

g : C −→ D(A) satisfy some conditions.
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The content of this paper is organized as follows. In Section 2, we recall some needed definitions

and results. In Section 3, after giving the Duhamel formula, we prove the existence, uniqueness,

stability and regularity of mild solution for the Cauchy problem (1). Section 4 is devoted to a concrete

application of the main results.

2. PRELIMINARIES

In this section, we recall some concepts on conformable fractional calculus.

Definition1 — [5]. The conformable fractional derivative ofx of orderα at t > 0 is defined as

dαx(t)
dtα

= lim
ε−→0

x(t + εt1−α)− x(t)
ε

.

When the limit exists, we said thatx is (α)-differentiable att.

If x is (α)-differentiable and lim
t−→0+

dαx(t)
dtα

exists, then define

dαx(0)
dtα

= lim
t−→0+

dαx(t)
dtα

.

The(α)-fractional integral of a functionx is defined by:

Iα(x)(t) =
∫ t

0
sα−1x(s)ds.

Theorem1 — If x is a continuous function in the domain ofIα. Then, we have

dα(Iα(x)(t))
dtα

= x(t).

The standard Laplace transform is not compatible with the conformable fractional derivative. In

consequence, the adapted Laplace transform is given as follows:

Definition2 — [1]. The fractional Laplace transform of orderα of a functionx is defined by

Lα(x(t))(λ) :=
∫ +∞

0
tα−1e−λ tα

α x(t)dt.

The following proposition gives us the actions of the fractional integral and the fraction Laplace

transform on the conformable fractional derivative, respectively.

Proposition1 — If x(t) is differentiable. Then, we have

Iα

(
dαx

dtα

)
(t) = x(t)− x(0),
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Lα

(
dαx(t)

dtα

)
(λ) = λLα(x(t))(λ)− x(0).

Now, we recall some definitions and results on the sectorial operator theory [8].

Definition3 — A : D(A) ⊂ X −→ X is said to be sectorial operator of type(M, ω, θ) if there

existM > 0, ω ∈ R and0 < θ < π
2 such that:

1. A be a closed and linear operator,

2. ∀λ 6∈ ω + Sθ, the resolvent(λI −A)−1 of A exists,

3. ∀λ 6∈ ω + Sθ, | (λI −A)−1 |≤ M
|λ−ω| ,

where

ω + Sθ := {ω + λ | λ ∈ C with | Arg(−λ) |< θ}.

Theorem2 — A densely sectorial operator generates a strongly analytic semigroup(T (t))t≥0.

Moreover, we have

T (t) =
1

2πi

∫

γ
eλt(λI −A)−1dλ,

with γ being a suitable pathλ /∈ ω + Sθ.

Now we give the main contribution results.

3. MAIN RESULTS

Before presenting our main results, we introduce the following assumptions:

(H1) The functionf(t, .) : X −→ X is continuous and for allr > 0 there exists a function

µr ∈ L∞([0, τ ],R+) such that sup
‖x‖≤r

‖ f(t, x) ‖≤ µr(t), for all t ∈ [0, τ ].

(H2) The functionf(., x) : [0, τ ] −→ X is continuous, for allx ∈ X.

(H3) There exists a constantl1 > 0 such that‖ g(y)− g(x) ‖≤ l1 | y − x |, for all x, y ∈ C.

3.1 Existence and uniqueness of the mild solution

Applying the fractional Laplace transform in equation (1), we obtain

Lα(x(t))(λ) = (λ−A)−1[x0 + g(x)] + (λ−A)−1Lα(f(t, x(t)))(λ).

According to the inverse fractional Laplace transform, we find the following Duhamel formula:

x(t) = T

(
tα

α

)
[x0 + g(x)] +

∫ t

0
sα−1T

(
tα − sα

α

)
f(s, x(s))ds.
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We remark that forα = 1, we recover the classical Duhamel formula. Thus, we can introduce the

following definition.

Definition4 — We say thatx ∈ C is a mild solution of equation (1), if the following assertion is

true:

x(t) = T

(
tα

α

)
[x0 + g(x)] +

∫ t

0
sα−1T

(
tα − sα

α

)
f(s, x(s))ds, t ∈ [0, τ ].

Theorem3 — If (T (t))t>0 is compact and(H1) − (H3) are satisfied, then the Cauchy problem

(1) has at least one mild solution, provided that

l1 sup
t∈[0,τ ]

|T
(

tα

α

)
| < 1.

PROOF : Choosing

r ≥
sup

t∈[0,τ ]
|T

(
tα

α

)
|[‖ x0 ‖ + ‖ g(0) ‖ +

τα

α
| µr |L∞([0,τ ],R+)]

1− l1 sup
t∈[0,τ ]

|T (
tα

α
)|

.

Let Br = {x ∈ C | | x |≤ r}. Forx ∈ Br andt ∈ [0, τ ] define the operatorsΓ1 andΓ2 by:

Γ1(x)(t) = T

(
tα

α

)
[x0 + g(x)],

Γ2(x)(t) =
∫ t

0
sα−1T

(
tα − sα

α

)
f(s, x(s))ds.

By (H1) − (H3), we can show thatΓ1 is a contraction operator onBr andΓ1(x) + Γ2(y) ∈ Br

wheneverx, y ∈ Br. Now, we will prove thatΓ2 is continuous and compact.

Continuity of Γ2 :

Let (xn) ⊂ Br such thatxn −→ x in Br. We have

Γ2(xn)(t)− Γ2(x)(t) =
∫ t

0
sα−1T

(
tα − sα

α

)
[f(s, xn(s))− f(s, x(s))]ds, t ∈ [0, τ ].

Then, we obtain

| Γ2(xn)− Γ2(x) |≤ sup
t∈[0,τ ]

|T
(

tα

α

)
|
∫ τ

0
sα−1 ‖ f(s, xn(s))− f(s, x(s)) ‖ ds.

By using assumption(H1), we have‖ sα−1[f(s, xn(s)) − f(s, x(s))] ‖≤ 2µr(s)sα−1 and

f(s, xn(s)) −→ f(s, x(s)) asn −→ +∞. According to the Lebesgue dominated convergence theo-

rem, we obtain

lim
n−→+∞ | Γ2(xn)− Γ2(x) |= 0.
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Compactness ofΓ2 :

Claim1 : We prove that{Γ2(x)(t) | x ∈ Br} is relatively compact inX.

For some fixedt ∈]0, τ ] let ε ∈]0, t[, x ∈ Br and define the operatorΓε
2 by:

Γε
2(x)(t) =

∫ (tα−εα)
1
α

0
sα−1T

(
tα − sα

α

)
f(s, x(s))ds.

We can writeΓε
2 as follows:

Γε
2(x)(t) = T

(
εα

α

) ∫ (tα−εα)
1
α

0
sα−1T

(
tα − sα − εα

α

)
f(s, x(s))ds.

According to compactness of(T (t))t>0, we conclude that the set{Γε
2(x)(t) | x ∈ Br} is rela-

tively compact inX. Using(H1), we have

‖ Γε
2(x)(t)− Γ2(x)(t) ‖≤| µr |L∞([0,τ ],R+) sup

t∈[0,τ ]
|T

(
tα

α

)
|ε

α

α
.

This proves that the set{Γ2(x)(t) | x ∈ Br} is relatively compact inX. It is clear that

{Γ2(x)(0) | x ∈ Br} is compact. Thus, the set{Γ2(x)(t) | x ∈ Br} is relatively compact in

X for all t ∈ [0, τ ].

Claim2 : We prove thatΓ2(Br) is equicontinuous.

Let t1, t2 ∈ [0, τ ] such thatt1 < t2. We have

Γ2(x)(t2)− Γ2(x)(t1) =
∫ t1

0
sα−1[T

(
tα2 − sα

α

)
− T

(
tα1 − sα

α

)
]f(s, x(s))ds

+
∫ t2

t1

sα−1T

(
tα2 − sα

α

)
f(s, x(s))ds

= [T
(

tα2 − tα1
α

)
− I)]

∫ t1

0
sα−1T

(
tα1 − sα

α

)
f(s, x(s))ds

+
∫ t2

t1

sα−1T

(
tα2 − sα

α

)
f(s, x(s))ds.

Then, by using a computation, one has

‖ Γ2(x)(t2)− Γ2(x)(t1) ‖≤
sup

t∈[0,τ ]
|T

(
tα

α

)
| | µr |L∞([0,τ ],R+)

α
[(tα2 − tα1 ) + τα | T (

tα2 − tα1
α

)− I |].

Therefore, we deduce thatΓ2(x), x ∈ Br are equicontinuous att ∈ [0, τ ]. By using the Arzela-

Ascoli theorem, we obtain thatΓ2 is compact. Finally, the Krasnoselskii fixed-point theorem allows
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us to conclude that the operatorΓ1 + Γ2 has at least one fixed point inC, which is a mild solution of

equation (1).

To obtain the uniqueness of mild solution, we need the following assumption:

(H4) There exists a constantl2 > 0 such that‖ f(t, y) − f(t, x) ‖≤ l2 ‖ y − x ‖, for all x, y ∈ X

andt ∈ [0, τ ].

Theorem4 — Assume that(H2) − (H4) hold, then the Cauchy problem(1) has a unique mild

solution, provided that (
τα

α
l2 + l1

)
sup

t∈[0,τ ]
|T

(
tα

α

)
| < 1.

PROOF : Define the operatorΓ : C −→ C by:

Γ(x)(t) = T

(
tα

α

)
[x0 + g(x)] +

∫ t

0
sα−1T

(
tα − sα

α

)
f(s, x(s))ds.

Forx, y ∈ C, we have

Γ(y)(t)− Γ(x)(t) = T

(
tα

α

)
[g(y)− g(x)]

+
∫ t

0
sα−1T

(
tα − sα

α

)
[f(s, y(s))− f(s, x(s))]ds.

Then, we obtain

‖ Γ(y)(t)− Γ(x)(t) ‖≤
(

τα

α
l2 + l1

)
sup

t∈[0,τ ]
|T

(
tα

α

)
| | y − x | .

Taking the supremum, we get

| Γ(y)− Γ(x) |≤ (
τα

α
l2 + l1) sup

t∈[0,τ ]
|T

(
tα

α

)
| | y − x | .

Hence, by using the Banach contraction principle, we conclude that the operatorΓ has a unique fixed

point inC, which is the mild solution of the conformable fractional Cauchy problem (1).

3.2 Stability of the mild solution

Now, we will give the results concerning the continuous dependence of the mild solution to the initial

condition.
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Theorem5 — Assume that the conditions of Theorem 4 are satisfied. Letx0, y0 ∈ X and denote

byx andy the solutions associated withx0 andy0, respectively. Then, we have the following estimate

| y − x |≤
α sup

t∈[0,τ ]
|T

(
tα

α

)
|

α− sup
t∈[0,τ ]

|T
(

tα

α

)
|(αl1 + l2τ

α)
‖ y0 − x0 ‖ .

PROOF : For t ∈ [0, τ ], we have

y(t)− x(t) = T

(
tα

α

)
[y0 − x0 + g(y)− g(x)]

+
∫ t

0
sα−1T

(
tα − sα

α

)
[f(s, y(s))− f(s, x(s))]ds.

Then, we obtain

‖ y(t)− x(t) ‖≤ sup
t∈[0,τ ]

|T
(

tα

α

)
|[‖ y0 − x0 ‖ +(l1 +

l2τ
α

α
) | y − x |].

Therefore, we get

| y − x |≤ sup
t∈[0,τ ]

|T
(

tα

α

)
|[‖ y0 − x0 ‖ +(l1 +

l2τ
α

α
) | y − x |].

Thus, we deduce the desired estimate

| y − x |≤
α sup

t∈[0,τ ]
|T

(
tα

α

)
|

α− sup
t∈[0,τ ]

|T
(

tα

α

)
|(αl1 + l2τ

α)
‖ y0 − x0 ‖ .

Theorem6 — Assume that the conditions of Theorem 4 are satisfied. Letx0, y0 ∈ X and denote

byx andy the solutions associated withx0 andy0, respectively. Then, we have the following estimate

| y − x |≤
sup

t∈[0,τ ]
|T

(
tα

α

)
| exp

(
l2τ

α

α
sup

t∈[0,τ ]
|T

(
tα

α

)
|
)

1− l1 sup
t∈[0,τ ]

|T
(

tα

α

)
| exp

(
l2τ

α

α
sup

t∈[0,τ ]
|T

(
tα

α

)
|
) ‖ y0 − x0 ‖,

provided that

l1 sup
t∈[0,τ ]

|T
(

tα

α

)
| exp

(
l2τ

α

α
sup

t∈[0,τ ]
|T (

tα

α
)|

)
< 1.
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PROOF : Let t ∈ [0, τ ], we have

y(t)− x(t) = T

(
tα

α

)
[y0 − x0 + g(y)− g(x)]

+
∫ t

0
sα−1T

(
tα − sα

α

)
[f(s, y(s))− f(s, x(s))]ds.

Then, one has

‖ y(t)− x(t) ‖≤ sup
t∈[0,τ ]

|T
(

tα

α

)
|[‖ y0 − x0 ‖ +l1 | y − x | +l2

∫ t

0
sα−1 ‖ y(s)− x(s) ‖ ds].

By using the Gronwall inequality, we get

‖ y(t)− x(t) ‖≤ sup
t∈[0,τ ]

|T
(

tα

α

)
|[‖ y0 − x0 ‖ +l1 | y − x |] exp

(
l2τ

α

α
sup

t∈[0,τ ]
|T

(
tα

α

)
|
)

.

Hence, we deduce

| y − x |≤ sup
t∈[0,τ ]

|T
(

tα

α

)
|[‖ y0 − x0 ‖ +l1 | y − x |] exp

(
l2τ

α

α
sup

t∈[0,τ ]
|T (

tα

α
)|

)
.

Thus, we obtain the following estimate

| y − x |≤
sup

t∈[0,τ ]
|T

(
tα

α

)
| exp(

l2τ
α

α
sup

t∈[0,τ ]
|T

(
tα

α

)
|)

1− l1 sup
t∈[0,τ ]

|T
(

tα

α

)
| exp

(
l2τ

α

α
sup

t∈[0,τ ]
|T

(
tα

α

)
|
) ‖ y0 − x0 ‖ .

Remark1 : We remark that:

exp

(
l2τα

α sup
t∈[0,τ ]

|T (
tα

α
)|

)

1− l1 sup
t∈[0,τ ]

|T (
tα

α
)| exp

(
l2τ

α

α
sup

t∈[0,τ ]
|T

(
tα

α

)
|
) <

α

α− sup
t∈[0,τ ]

|T
(

tα

α

)
|(αl1 + l2τ

α)
.

Then, Theorem 6 is better than Theorem 5.

3.3 Regularity of the mild solution

Here, we need the following assumptions:

(H5) The functionf is (α)-differentiable with respect to the first variable and differentiable with

respect to the second variable.
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(H6) x0 + g(x) ∈ D(A), for all x ∈ C.

Definition5 — A (α)-differentiable functionx is called(α)-classical solution of equation(1), if

the following assertions are true:

dαx(t)
dtα

= Ax(t) + f(t, x(t)),

x(0) = x0 + g(x).

Theorem7 — Assume that(H3) − (H6) hold, then the Cauchy problem (1) has a unique(α)-

classical solution, provided that

(
τα

α
l2 + l1

)
sup

t∈[0,τ ]
|T

(
tα

α

)
| < 1.

PROOF : The conditions of Theorem 4 are hold. We denote byx the unique mild solution of

equation (1). Next, lety be the continuously solution of the following integral equation:

y(t) = T

(
tα

α

)
[A(x0 + g(x)) + f(0, x(0))] +

∫ t

0
sα−1T

(
tα − sα

α

)
∂αf

∂sα
(s, x(s))ds

+
∫ t

0
sα−1T

(
tα − sα

α

)
∂f

∂x
(s, x(s))y(s)ds, t ∈ [0, τ ].

We have
x(t + εt1−α)− x(t)

ε
−→ y(t) asε −→ 0 for t > 0. Then, we conclude thatt 7−→

f(t, x(t)) is continuously(α)−differentiable. Hence, the following Cauchy problem:

dαz(t)
dtα

= Az(t) + f(t, x(t)), z(0) = x0 + g(x),

has a unique(α)−classical solution. Thus, by uniqueness of the mild solution of equation (1), we

conclude thatz ≡ x.

3.4 Special case of nonlocal condition

Now, we study one special case of nonlocal condition, that is, the functiong is given by:

g(x) =
n∑

i=1

cix(ti),

whereci, i = 1, 2, ..., n, are given constants and0 < t1 < t2 < ... < tn < τ.
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Proposition2 — Assume that(H2) and(H4) hold, then the Cauchy problem (1) has a unique

mild solution, provided that there existsε0 ∈]0, 1[ such that

sup
t∈[0,τ ]

|T
(

tα

α

)
|

n∑

i=1

| ci | < ε0.

PROOF : Define the operatorΓ : C −→ C by:

Γ(x)(t) = T

(
tα

α

)
[x0 + g(x)] +

∫ t

0
sα−1T

(
tα − sα

α

)
f(s, x(s))ds, t ∈ [0, τ ].

Now, we define a new norm| x |α in C by:

| x |α=| exp(
−ε(.)α

α
)x |,

where

ε =

l2 sup
t∈[0,τ ]

|T
(

tα

α

)
|

ε0 − sup
t∈[0,τ ]

|T
(

tα

α

)
|

n∑

i=1

| ci |
.

Next, forx, y ∈ C andt ∈ [0, τ ], we have

Γ(y)(t)− Γ(x)(t) = T

(
tα

α

)
[g(y)− g(x)]

+
∫ t

0
sα−1T

(
tα − sα

α

)
[f(s, y(s))− f(s, x(s))]ds.

Then, one has

‖ Γ(y)(t)− Γ(x)(t) ‖ ≤ sup
t∈[0,τ ]

|T
(

tα

α

)
|[exp(

εtα

α
)

n∑

i=1

| ci |

+ l2

∫ t

0
sα−1 exp(ε

sα

α
)ds] | y − x |α .

Therefore, we obtain

| Γ(y)− Γ(x) |α ≤ sup
t∈[0,τ ]

|T
(

tα

α

)
|[

n∑

i=1

| ci | + l2
ε

] | y − x |α .

Hence, we get

| Γ(y)− Γ(x) |α ≤ ε0 | y − x |α .

Thus,Γ is a contraction operator on the Banach space(C, | . |α). This shows that the operator

Γ has a unique fixed point inC, which is the mild solution of the conformable fractional Cauchy

problem (1).
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4. APPLICATION

Consider the nonlocal partial fractional-differential equation:





∂
1
2 u(t,x)

∂t
1
2

= ∂2u(t,x)
∂x2 + a(t) |u(t,x)|

1+|u(t,x)| , (t, x) ∈ [0, 1]×]0, π[,

u(t, 0) = u(t, π) = 0, t ∈ [0, 1],

u(0, x) =
n∑

i=1

ciu(ti, x), x ∈ [0, π],

(2)

where0 < t1 < ... < tn < 1, c1, ..., cn are given real constants anda : [0, 1] −→ R is a continuous

function.

Let X = L2([0, π]) and define the operatorA by:

A =
∂2(.)
∂x2

,

D(A) = {ψ ∈ X : ψ̇, ψ̈ ∈ X}.

The operatorA generates a strongly analytic semigroup(T (t))t≥0 onX.

Let v(t)(x) = u(t, x), f(t, ϕ) = a(t) |ϕ|
1+|ϕ| andg(v) =

n∑

i=1

ciu(ti, .). Then, the Cauchy problem

(2) becomes as follows:




d
1
2 v(t)

dt
1
2

= Av(t) + f(t, v(t)), t ∈ [0, 1],

v(0) = g(v).

(3)

In this application, all the assumptions of Theorem 4 are satisfied, then the above Cauchy problem

has a unique mild solution, provided that

[
2 sup

t∈[0,1]
(a(t)) +

n∑

i=1

| ci |
]

sup
t∈[0,1]

|T (2
√

t)| < 1.
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