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In this paper, the stability of the identity map on a comp8etpace form is studied. Results
related to stability of holomorphic maps on compact domaif-gpace form are also discussed.
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1. INTRODUCTION

Harmonic maps theory takes ideas from both Riemannian geometry and analysis. There are many
attractive results about harmonic maps on complex manifolds (see [12, 20]).

In the analogy to the complex case, in the last decade harmonic maps on almost contact metric
manifolds were studied [3, 4, 6, 7, 10]. The identity map of a compact Riemannian manifold is a trivial
example of a harmonic map but in this case, the theory of the second variation is much complicated
and interesting. For example, the stability of the identity map on Einstein manifolds is related to the
first eigenvalue of the Laplacian acting on functions [18]. In [19] and [14] we find classifications of
compact simply connected irreducible Riemannian symmetric spaces for which the identity map is
unstable.

By a well known result, the identity map on the euclidean spis&re’! is unstable [18]. More
generally, Gherghe, lanus and Pastore have studied the stability of the identity map on compact
Sasakian manifolds with constapt-sectional curvature [10].

As a generalization of Sasakian space forms, Alegre, Blair and Carriazo introduced the general-
ized Sasakian space forms [1]. Stability of the identity map on a compact domain of such a manifold
is studied by Rehman [16].
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S-manifolds are the generalization of almost complex and contact structure. The paper is or-
ganized as follows: After recalling in Section 2 the necessary facts about harmonic maps between
general Riemannian manifolds, we give some definition§-wnanifolds and recall in Section 3 how
S-space forms are defined. Finally in Section 4, we give some results on the stability of the identity
map onS-space form, stability of holomorphic maps Srspace forms are also discussed.

2. HARMONIC MAPS ONRIEMANNIAN MANIFOLDS

In this section, we recall some well known facts concerning harmonic maps (see [5] for more details).
Leto : (M,g9) — (N, h) be a smooth map between two Riemannian manifolds of dimensions
andn respectively.

The energy density af is a smooth functiom(¢) : M — [0, c0) given by

m

1 . 1
e(@)p = §T7“g(¢ h)(p) = B Zh(¢*puia¢*pui)a
i=1
for p € M and any orthonormal bas{si, ..., u,,} of T,M. If M is a compact Riemannian mani-

fold, the energy(¢) of ¢ is the integral of its energy density:

E(¢) = /N (o,

whereuv, is the volume measure associated with the mgton A/. A map¢ € C*°(M, N) is said
to be harmonic if it is a critical point oF in the set of all smooth maps betwegW, g) and(V, h)
i.e., for any smooth variatiop; € C°>°(M, N) of ¢ (t € (—¢,€)) with ¢g = ¢, we have

d
%E(th)‘t:() = 0.

Now, let (M, g) be a compact Riemannian manifold and (M, g) — (N, h) be a harmonic
map. We take a smooth variatiafy ; with parameterss,t € (—e,¢€) such thatpgg = ¢. The
corresponding variation vector fields are denoted/bgndW. The Hessia?, of a harmonic map
¢ is defined by

82

Hy(V.W) = @(E(%t))}(at):(ao)‘

The second variation formula @f is [13, 18]:

Hy(V, W) = /M h(Jg(V), W)y,
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whereJy is a second order self-adjoint elliptic operator acting on the space of variation vector fields
along¢ (which can be identified with' (¢~ (T'N))) and is defined by

m

Ts(V) = => (V. Vu, = Vo, u)V = > RN (V. dg(wi)dos(us),
i=1 i=1

foranyV € I'(¢~!(TN)) and any local orthonormal framfguy, . .., u,,} on M. Here RY is the
curvature tensor of N, h) and+y is the pull-back connection by of the Levi-Civita connection of
N.

The index of a harmonic map : (M, g) — (N, h) is defined as the dimension of the largest
subspace of (¢~ 1(T'V)) on which the Hessia#l; is negative definite. A harmonic mapis said to
be stable if the index ap is zero and otherwise is said to be unstable.

The operator\ , defined by

is called the rough Laplacian.

Due to the Hodge de Rham Kodaira theory, the spectrum,afonsists of a discrete set of an
infinite number of eigenvalues with finite muiltiplicities and without accumulation points.

3. 5-SPACE FORM

As a generalization of both almost complex (in even dimension) and almost contact (in odd dimen-
sion) structures, Yano introduced in [21] the notiorfedtructure on a smooth manifold of dimension

2n + s, i.e. atensor field of type (1,1) and rapk satisfyingf® + f = 0. The existence of such a
structure is equivalent to a reduction of the structural group of the tangent burid{e fox O(s). Let

N be a(2n + s)-dimensional manifold with ayf-structure of rankn. If there exists global vector
fields&y, &, ..., & on N such that:

fea=0,  maof=0, fP=-I+)Y & @, 1)

wheren,, are the dual 1-forms f,, we say that thg-structure has complemented frames. For such
a manifold there exists a Riemannian metrisuch that

9(X,Y) = g(f X, fY) + Y na(X)na(Y)

for any vector fieldsX andY on N. See [2].
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An f-structuref is normal, if it has complemented frames and

[fvf}+225a®d77a20,

where[f, f](X,Y) = N/(X,Y), X,Y € TN is Nijenhuis torsion off, defined as
[, AI(X,Y) = PPIX Y]+ (X, fY] = fIfX, Y] = fIX, fY.

Let Q2 be the fundamental 2-form defined BYX,Y) = ¢(X, fY), X, Y € T(N). A normal
f-structure for which the fundamental forfhis closedy; A -+ A ns A (dne)™ # 0 for any «, and
dm = --- = dns = Qis called to be a¥-structure. A smooth manifold endowed with Srstructure
will be called anS-manifold. These manifolds were introduced by Blair in [2].

We have to remark that if we take= 1, S-manifolds are natural generalizations of Sasakian
manifolds. In the case > 2 some interesting examples are given in [2].

If N is ansS-manifold, then the following formulas are true (see [2]):

Vxéa = —fX, XeT(N), a=1,...,s, (2)
(VxHY =3 {g(fX, fY)ea +na(Y)?X}, XY € T(N), (3)

whereV is the Riemannian connection gf Let L be the distribution determined by the projection
tensor— f2 and letM be the complementary distribution which is determinedfby- I and spanned
by &1,...,&. Itis clear that ifX € L thenn,(X) = 0 foranya, and if X € M, thenfX =0. A
plane sectiomr onN is called an invarianf-section if it is determined by a vectoéf € L(z), z € N,
such thaf X, f X'} is an orthonormal pair spanning the section. The sectional curvaturesaflled
the f-sectional curvature. Il is anS-manifold of constanf-sectional curvaturg, then its curvature
tensor has the form

R(X,Y,Z,W) =Y {g(fX, fW)na(Y)ns(Z) — g(f X, f Z)na(Y)ns(W) +
a,B
+9(fY, fZ2)na(X)ng(W) — g(fY, fW)na(X)ns(2)} +

%(k +3s){g(f X, fW)g(fY, f2) = g(f X, FZ2)g(fY, W)} +
4&(1@ —s{F(X,W)F(Y,Z) - F(X,Z)F(Y,W) - 2F(X,Y)F(Z, W)}, (4)

X,Y,Z,W € T(N). Such a manifoldN(%) will be called anS-space form. The Euclidean space
E?"+s and the hyperbolic spadé?"** are examples of-space forms.
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4. MAIN RESULTS

Let M be a compact space formM (f, {u, 10, 9), @ = 1,...,s. We consider the identity map on
such a manifold¢ = 1,/). In this case see [20], the second variation formula is

2n+s

Z / R(V, u;)ui, V)ug,

HlM(V,V)—/ (AV,V)v
M

whereV € TI'(T'M) and{uy, ..., u2n+s} is @ local orthonormal frame diiM .

Let {e;, fes;, &o } be an orthonormal locgil-adapted frame. Then using (4) we have

s

g(R(ei,v)env) = —g(feifer) Y nalv)ns(v) +
a,B=1

b 20k 39){g(fer, fo)g(fofes) — glfei feda(fo. fo)} +
k— S){_gg(fvvei)g(fvaei)} (5)

S

g(R(fei,v)feiv) = —gleie)) > nal(v)ns(v) +

a,B=1

2k 39){gles o)gler, fo) — ale e(fo, fo) +

il s){—=3g(fei, fv)g(fei, fv)} (6)
g(R(fa,U)fa,U) = —Sg(f’l),f’l)) (7)

1

From the above three relations, we get

2n+s

1
Z g(R(us, Vu, V) = 5(—]6 + s —nk — 3ns)g(v,v) +
i=1
1 S
+ 5(—471 +k — s+ nk+ 3ns) %:1 Na(v)na(v),
and
2n+s 1
Z 9(R(ui, Vu, V) = 5(—]@ + s —nk — 3ns)g(v,v) +

i=1
1 S
+ 5(—471 +k—s+nk+3ns) Z 9(v,&a)g(v,&p).
a,B=1
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Fora =7
2n+s 1
Z g(R(ui, V)u;, V) = 5(—1{: + s —nk —3ns)g(v,v) +

=1
s

1 2
+ 5(—4n+k - s+nk+3ns)29(v,£a) .

a=1
Theoreml — Let M be a compact-space form. If—k + s — nk — 3ns) > 0 and(—4n + k —
s+nk+3ns) > 0, then the identity mapy, is stable. In other words, the identity map on s-manifold

is stable if k does not belong to the interval
_Gn=Ds - @n-ls 44]

n+1 n+1 n+1
PROOF: Itis not very difficult to prove that
/ WAV, V), :/ WMVV,V V),  VeD(TM),
M M
Now the second varition formula becomes

(V.0 = |

hVV,VV) + / (=k+s—nk—3ns)g(V,V)v, +
M

M
—I-/ (—4n+ k — s + nk + 3ns) Z 9(V,€a)?vy,
M a=1

and thus the identity maly, is stable if(—k+s—nk—3ns) > 0 and(—4n+k—s+nk+3ns) > 0.0
Remarkl :

e If s=0, the identity map on Khler manifold is stable it does not belong to the interval

0, Sl
e If s=1, the identity map on Sasakian manifold is stablé floes not belong to the interval

(371—].) 4n
[ atilk

Now Let M (f, €4, 70, g) be @ compact-manifold of constanf-section curvaturé, N (f', €., 7., h)
anothers-manifold andF' : M — N a(f, f’)—holomorphic map. Let this is harmonic map.

In second variation formula we také = dF' X, for X € T'(T'M), then we get

2n+s

Hp(dFX,dFX) = / WAdFX) + Y RN(dFX;,dFX)dFX;, dF X)v,. (8)
M i=1

Then using harmoni¢f, f’)-holomorpic map, with computations as in [10], we have

Hp(dFX,dFX) = /

Mh(dF (ZRM(Xi,X)Xi>,dFX) vy + / WdFX,dFX)v,.  (9)

M
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But

2n+s

1
> RM(X, X)X, = 5 (=k+s—nk—3ns)X +
=1

1
+ 5(—471—1—1@—s+nk+3ns)Zg(X,£a)£5. (10)

a=1
SinceF is (f, f')-holomorphic, we haveF(¢5) = 0 and thus

k—s+nk+ 3ns

Hp(dFX,dFX) = — 5

/ WdFX,dFX)v,.
M

Therefore we have following result.
Theorem2 — Let M (f,&q, 14, g) be a compact-manifold of constant f-sectional curvature Kk,
N(f,£,,n,,,h) be anotherS-manifold andF : M — N a non constantf, f )-holomorphic map,

if k> —(SZ:)S, then F is unstable.

If in above result letV2"+5(f, £,, 14, g) be compactS-manifold and takes' = 0 in N27 +5
we have & f, J')-holomorphic magF' : (M, f) — (N, J') from a compactS-manifold to a Kihler
manifold which is harmonic [17], then by above Theorem we obtain the following result

Corollary 1 — Let M2"+3( f, €4, 14, g) be a compacs-manifold of constant sectional curvature

k, N(J,h) be a Kihler-manifold andF’ : M — N a non constantf,.J')-holomorphic map, if

k> — (3n—1)s

-1 thenF is unstable.

If in above result we take=0 in M2"** ands’ = 0 in N2 ¢ we have a.J, J')-holomorphic
mapF : (M,.J) — (N,J) from a Kahler manifold to a Khler manifold which is harmonic [12],
then by above Theorem we obtain the following result.

Corollary 2 — Let M (J,g) be a compact Khler manifold of constant sectional curvatuee
N(J’, h) be another ihler-manifold andF’ : M — N a non constant/, J )-holomorphic map, if
k > 0, thenF is unstable.

If in above result we take=1 in M2*5 ands’ = 0in N?* +* we have &, J')-holomorphic
mapF : (M, ) — (N,J') from a Sasakian manifold to aikler manifold which is harmonic [8],
then by above Theorem we obtain the following result

Corollary 3 — Let M (¢, £, n, g) be a compact Sasakian manifold of constant sectional curvature
k, N(J',h) be a Kihler-manifold andF : M — N a non constanty, J')-holomorphic map, if

(3n—1) -
k > -5, thenF is unstable.
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We recall now the Weitzenbock formula: LEtbe a vector bundle over an-dimensional Rie-
mannian manifold\/. Then for any 1-formv € A'(E) we have

Alw :Zw - p(W)7

where

m

pW)(X) =D RX,uwi)(w(ui) = Y w(R(X, ui)uy),

i=1 i=1
forany X € T'(TM). Here/\; is the Laplacian ofs-valued 1-forms and\ is rough Laplacian on
AY(E). Then, using the Weitzenbock formula for= M x R, we have

2n+s
A(V)=AV + z (V, ui)u

Then the second variational formula becomes now
2n+s

Hy,,(V,V) :/ RV, Vv, — 2 Z / R(V,ui)usi, V)vg.

Theorem3 — Let M be a compac$-space form such thdt-4n + k — s + nk 4+ 3ns) < 0. If the
first eigenvalue\; of the LaplacianA, acting onC'*°(M) satisfies\; < (k — s + nk + 3ns), then
the identity map », is unstable.

PROOF: Let \; be the first eigenvalue of the Laplacidx, acting onC>°(M) and f be a non
constant eigenfunction af, such thatA\,f = X\ f. Let f € C>°(M) be taken ag\,f = \i(g)f
and letV = gradf # 0. Then

/ h(AV, V)vg = / < (do + dd)df,df > vy = / < dodf,df > v,
M M M
= )\1(9)/ <df,df > vy (since &df = ANgyf)
M
~Nilg) [ <drdr> o,
M
Then the second variational formula becomes

Hy,(V,V) = /M()\l — (k—s+nk+3ns))g(V,V)vg +

+/ (—4n + k — s+ nk + 3ns) Z g(V, 501)2“9
M

a=1
If the first eigenvalue\; of the Laplacian satisfiel; < (k — s+ nk +3ns) and(—4n+k — s+
nk 4+ 3ns) < 0 thenl,, is unstable. O
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Using Theorem 2, we have the folowing corollary (see [10]).

Corollary 4 — Let M be a compact Sasakian space form of constant section curvatucé that
¢ < 1. If the first eigenvalue\; of the Laplacian satisfies; < ¢(n + 1) + 3n — 1 then the identity
map is unstable.

PrROOF: Fors = 1, S-space form is Sasakian space form. In this case from Theorem 2, identity
map is unstable on Sasakian space form if we have (k — 1 + nk + 3ns) and(—4n + k — 1 +
nk + 3n) < 0. Thatimplies ifc < 1 and\; < ¢(n+ 1) + 3n — 1, from Theorem 2 we have thaj,
map is unstable. a

Remark2 : If M is a Sasakian space form with= 1, thenM becomes a space with constant
curvature 1, hence isometric to the unit sphere. As we know the first eigenvalue of the Lagigcian
for the euclidear{2n + 1)-sphere is\; = (2n + 1) and therefore, from Corollary 2ge.+1) iS an
unstable map.

Corollary 5 — Let M be a compact Khler space form of constant section curvatesich that
c < Tf‘—fl If the first eigenvalue\; of the Laplacian satisfies; < ¢(n + 1) then the identity map is
unstable.

PROOF: Fors = 0, S-space form is Khler space form. In this case from Theorem 2, identity

map is unstable on &hler space form if we have; < k(n + 1) andk < f—j:l. O

ACKNOWLEDGEMENT

This research work is supported by The Higher Education Commission of Pakistan.
REFERENCES

1. P. Alegre, D. E. Blair, and Carriazo, Generalized Sasakian-space-ftsras| J. Math, 141 (2004),
157-183.

2. D. E. Blair, Riemannian geometry of contact and symplectic manif@&sond Edition, Progress in
Mathematics, 203. Birkhauser Boston, MA, 2010.

3. E. Boeckx and C. Gherghe, Harmonic maps and cosymplectic manifoddist. Math. Sa¢76 (2004),
75-92.

4. D. Chinea, Harmonicity on maps between almost contact metric manifodds Math. Hungar, 126(4)
(2010), 352-362.

5. J. Eells and L. Lemaire, Report on harmonic mdpd). London Math. Sa¢20 (1988), 385-524.



1096

6.

10.

11.
12.

13.

14.

15.

16.
17.

18.

19.

20.
21.

NAJMA ABDUL REHMAN

C. Gherghe and K. Kenmotsu, Energy minimiser mapg&emanifolds,Differential Geom. App) 21
(2004), 55-63.

C. Gherghe, Harmonicity on cosymplectic manifol&ecky Mountain J. Math40 (2010).

C. Gherghe, Harmonicity on some almost contact metric manif®ldad. Circolo di Palermo, serie,|l
49 (2000), 415-424.

C. Gherghe, S. lanus, and A. M. Pastore, Harmonic maps, harmonic morphism and sBabilitylath.
Soc. Sa. Math. Roum(2000), 247-254.

C. Gherghe, S. lanus, and A. M. Pastore, CR manifolds, Harmonic maps and stabiigometry71
(2001), 42-53.

K. Kenmotsu, A class of almost contact Riemannian manifdldepku Math. J 24 (1972), 93-103.

A. Lichnerowicz, Applications harmoniques et varietésleriennesSeminario Mat. e. Fis.di Milano
39(1969), 186-195.

E. Mazet, La formule de la variation seconde de I' energie au voisinage d’ une application harmonique,
J. Diff. Geometry9 (1974), 531-535.

Y. Ohnita, Stability of harmonic maps and standard minimal immersiohpku Math. J 38 (1986),
259-267.

P. K. Pandey, R. S. Gupta, and S. Ahmad, B.Y. Chen’S inequalities for bi-slant submanifolds in Ken-
motsu space fornDemonstratio Math 43(4) (2010), 887-898.

N. A. Rehman, Stability on generalized Sasakian space folathematical Reportsdl7(67)1) (2015).

N. A. Rehman, Harmonic maps &ftmanifolds,International Journal of Mathematical and its Appli-
cations 4(2-B) (2016), 27-34.

R. Smith, The second variation formula for harmonic mappipgoc. Amer. Math Sac47 (1975),
229-236.

H. Urakawa, The first eigenvalue of the Laplacian for a positively curved homogeneous Riemannian
manifold, Compositio Math 59 (1986), 57-71.

H. Urakawa, Calculus of variation and harmonic mapsyer. Math. Soc. Providence. R1993.

K. Yano,On a structure defined by a tensor field of type (1, 1)satisfyihg f = 0, Tensor 14 (1963),
99-109.



