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S. Ramanujan recorded six modular equations of degree 21 in his notebooks without recording
proofs. B. C. Berndt proved all these modular equations by using the theory of modular forms.
Recently Vasuki and Sharath proved two of them by using tools known to Ramanujan [5]. In this
paper, we provide classical proof of remaining four identities.
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1. INTRODUCTION

The complete elliptic integrak’ = K (k) of first kind is defined by

/2 do
K(k) = _— where —1<k <1
1 — k2sin®0
The numberk is called the modulus ok’. The complementary modulus is defined byk’ =
V1 — k2. SetK’ = K(K'). Let L and L’ denote the complete elliptic integrals of first kind associated
with the modulil and!’ respectively. Suppose the equality
K L
"KL
holds for some positive integer. Then a modular equation of degreds a relation between the
moduli £ and! which is induced by the above equation. Ramanujan writes his modular equation in
terms ofa and 3, wherea = k% and = [?. The multiplierm of modular equation of degreeis
defined by
21

m = s
Zn
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wherez; = K (k) andz, = L(k).

LetK, K', Ly, L'1, Ly, L5, L3, andL’3 denote complete elliptic integrals of the first kind corre-
sponding, in pairs, to the modulic, /3, /¥ and+/d, and their complementary moduli respectively.
Letnq, no andng be positive integers such thag = nino. Suppose that the equalities

K L K' L' K' L5
MRS MK L, o mE o -
hold. Then a modular equation of degregis a relation between the modujic, /3, /7 andv/é
that is induced by (1.1). We define the multiplierandm’ by

z K Z L
m=_t = and m/ =2 — 22
Znq L1

Zng L3’

In Chapter 20 of his second notebook [5, p. 248], Ramanujan recorded six modular equations
of degree 21. The proofs of all the modular equations via the theory of modular forms can be found
in [2, pp. 401-408]. Recently Vasuki and Sharath [7] have proved two of these modular equations
by using theta function identities recorded by Ramanujan, whose proofs are free from the theory
of modular forms. In this paper, we provide an elementary proof of the remaining four modular
equations (1.2)-(1.5) stated below. Our proofs are motivated by the comments made by Berndt in [2,

p. 326].

Theoreml.1— Lete, 3, 7, d be of first, third, seventh and twenty first degrees respectively. Let
m denote the multiplier connectingand 3, and letm’ be the multiplier relatingy andé. Then

GGG,
— — 1/12 223 \ 2 .
() ()

(O‘ﬁ>1/8 N <(1_0‘)(1_5)>1/8 . (aﬂ(l o)1 _ﬂ))l/g

(I—=7)(1-0) Y6(1 —v)(1=9)
1/12 1/2
9 (045(1—06)(1—5)> _7 <Z7z21> ,

Y6(1 —y)(1—=9) 2123

(1.3)

(1.4)
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and

(m)”ﬁ <<1—a><1—7>>”4+ <cw(1—a)( 7))
B39 (1-p5)(1-9) Bé(1 = p)(1 = 9)
1/8 1/8 1/8 (1.5)
_QCwﬂaX1w> 1+<a> +<ﬂax ’ﬂ) _9
B6(1—pB)(1 - 9) 36 (1-5)(1-9) mm/
This work is organized as follows, in Section 2, we recall certain theta-function identities required
to prove our main result. In Section 3, we prove (1.2)-(1.5).

2. PRELIMINARY RESULTS

Let 7 be a complex number satisfyingn(7) > 0 and letg = €277, The Dedekind eta-function is
defined by

n=q¢"*]JC
n=1

Let
f(=q) = q /**n(7)
and
fo=F(=¢")
Throughout this paper we shall use the following notations
_ qf7f2 - q1/2f1f21 w— q2/3f3f21'
fifs fafr 7 fif
wy = q2f14f42’ oy = Qf2f42’ and 1w — q4/3f6f42_
f2fe fefia f2f1a

In [1], Baruah obtained following two identities by employing known theta-function identities
found in Ramanujan’s second notebook [5]:

5107 il

3afsfn = fifefia  fofrfa

and

N8B o [tk
fifr= faf3fa2 1 fefiafa1r
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The above two identities are also found in the list of theta-function identities obtained by Somos

[6]. In fact he has used the computer and runs PARI/GP scripts to obtain these identities. Using the

above two identities, Baruah [1] has proved the following identities:
Theorem2.1— [1]. We have
U U1 v\ 2 V1 2
() (@) s
(751 u U1 v
Theorem2.2— [3, p. 209], [5, p. 327]Let
i

q/f7 afis

49 Q\* /P\* Q P
rotpg=(5) +(a) #[5+a]

For an elementary proof of the above, one may refer Veeresha [8].

then

Theorem2.3— [1]. Let«, 3, v, 6 have degrees 1, 3, 7 and 21, respectively, and
P = (2560875(1 — a)(1 — B)(1 — y)(1 — §))"/*®

and

then

1
12, 6y 3y 3
Qg —18(@+ g5 ) + 182 (@4 ) (7 + )
1
6 _
—8<P +P6> —54 =0.
Corollary 2.4 — Leta, 8, 7, 6 have degrees 1, 3, 7, 21 respectively

X2 y? X Y 1 1 1
- 6|+ ——-X———-Y - —=+1| 4| XY +—| =0
Y2+X? [Y+X X Y+] [ +XY} ’

whereX = (ay)V/® andY = (36)"/8.

PrROOF: From Entry 19(i) [2, p. 314], we have

(NP {1 - )1 -} =1.

(2.1)

(2.2)

(2.3)

(2.4)
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Which implies
{1—a) 1=y} =1-Xand {(1-B)1-6}/=1-V. (2.5)

Using (2.5) in (2.3), we deduce that

A(X,Y)B(X,Y) =0, (2.6)
where
AXY) =X+ Y1+ 6[X3Y? 4+ X?Y3] - 6[X3Y + XY3] 4 6[X?Y + XY
—A[X3Y? + XY] - 6X°Y?
and

B(X,Y)=X*+Y* - 6[X3Y? + X?YV3) + 6[X3Y + XV?] — 12[X?Y + XY
—AXP Y+ X +Y - XV 4+ 6[X2 4+ Y2 — XY+ 10XY + 1.
ConvertingX andY into theta functions via Entry 12[v, vi] [2, p. 124], one can easily see that
Xz% [+ ¢*+2¢° +3¢* + -]
and
Y:% [® + ¢ +2¢° + 3¢+ -].

This impliesX andY tends td) asq — 0. ThereforeA(X,Y) — 0 asq — 0, whereasB(X,Y)
doesn’t. Thus

AX,Y)=0.
Dividing this throughout by X'Y")2, we obtain the required resuilt. O
3. RAMANUJAN’S MODULAR EQUATION OF DEGREEZ21

In this section we prove (1.2)-(1.5). First, we give an elementary proof of the following lemma found
in [4], where the proof depends on the theory of modular forms.

Lemma3.1 — We have

uuy + 7(uu1)2 =ud 4w —2 (u2u1 + uu12) ) (3.1)
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PROOF: Set
— 4+ —=1t. (3.2)
This implies

() + () = 03

Using identity (3.2) in identity (2.1), we obtain

P=" L (3.4)
u (75}
This implies
ug\ 2 u\ 2
(—) + () =t 4212 — 1. (3.5)
u (51

Replacingg by ¢3 in (2.2) and multiplying the resulting identity with (2.2), then using (3.3) and
(3.5) repeatedly and upon some simplification, we obtain

1
(uuq)?

+ THuuy)? = 12 — 2610 — 15¢% + 1265 + 68t* + 3212 — 94 ,
this implies
1 6 4 2
— +49uu; =t° —tF — 8t“ — 2.
uuq

Using identity (3.4) above, we find that
L= ()" (2) o () (2)].
which implies
(uuy + 7(uu1)2)2 = (u® 4+ ur® — 2(uPuy +uup))?
So, either
uug + 7(uu1)2 =ud +ud — 2(u2u1 + uuy),
or

wuy + 7(uur)? = —[u? + ur® — 2(uug + wuy)).
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One can easily see that

1 3 1 3
3 3
wAut=—— — = — —+44---
¢ @ P
and
1 5 1 5
u2u1+uu12——5——3——2+ + 10+

© ¢ ¢ q

From the above series expansion, we see thatas),
q5(u3 + u13) > q5(u2u1 + uulz).

Hence, we consider the former equation which is the required result. O

see that (1.2) and (1.3) are equivalent to

¢ f1fsf i . fafifiifis  fifafofofasfsa g0f1afe _
Ffaf3fe fsfafife ffshafaefafi fafe

and
fofaf3 13 n fosfsafs e Nifsfufwefifis o J2f6
Chifsfifh  fafiefiallh,  Glifafefefsfsa  afiafa
Setting
"y = q* fos fsa
fafiz
the above two equations can be written as
uPug 4+ vur® — wus? — 2uug 2us — uugug = 0 (3.6)
and
w?ug + uus® — ur® — 2uugus — Tuug>us = 0. (3.7)
Replacingg by ¢2 in (3.1), we obtain
urug + 7(U1UQ)2 = U13 + UQS -2 (U12UQ + U1U22) . (38)

Multiplying (3.1) byus? and (3.8) byu?, and then subtracting one from the other, we obtain (3.6),
which is equivalent to (1.2). Multiplying (3.1) by, and (3.8) byu, and then subtracting one from
the other, we obtain (3.7), which is equivalent to (1.3). O
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PROOF OF(1.4) AND (1.5): From Entry 5(iii) [2, p. 230], we have

ﬁg 1/8
m—1=2 () (3.9)
«
and
3 (1- a)3>1/8
= _—1=2 . 3.10
a2 (e (310
This implies
63 1/8
m —1=2 () (3.11)
v
and
3 (1—7)*\"*
R ) A2
m’ ! 2<(1—5) (3.12)
Multiplying (3.9) with (3.11) and then using (3.9), we obtain
3
mm'—i—l—m—m’:éLY—, (3.13)
X
whereX andY are as in Corollary 2.8. Multiplying (3.10) with (3.12), we obtain
_ 3
9+ mm' —3(m+m') = 4(11_);)mm'. (3.14)

From (3.13) and (3.14), we find that
;31 -Y)(X +2Y3)

O X{1-Y+2(1-X)3}
Multiplying identity (2.4) byY?(Y + 2X — 3) and re-arranging terms, we deduce that
Y o(a-Yy)y N Y2(1-Y)? _2Y(1—Y) . Z+ 1-Y
X2 (1-X)2 ' X2(1-X)2 "X(1-X) X '1-X
31-Y)(X +2Y3)(1— X)?

X
Dividing the above identity byl — X)?(1 — Y + 2(1 — X)?) throughout, using (3.15) and the
definition of X andY’, we obtain (1.4).

mm

(3.15)

x [(1-X)*{1-Y +2(1-X)%}] - =0.

Multiplying identity (2.4) by X?(2Y 4 X) and re-arranging, we deduce that
X2 (1-X)? X2(1-X)? X(l—X){l X 1—X}

Y2 (1-Y)?  Y21-Y)2 “Y(1-Y) Ty iy

-
x {1 =Y)2 (X +2Y3)} = 3X(1 -Y){1-Y +2(1 - X)3} = 0.

Dividing the above identity byl —Y)?(X +2Y3) throughout, then using (3.15) and the definition
of X andY’, we obtain (1.5). O
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