Indian J. Pure Appl. Math51(1): 135-142, March 2020
© Indian National Science Academy DOI: 10.1007/s13226-020-0389-5

ASYMPTOTIC ANALYSIS OF MULTIPLE SOLUTIONS FOR
PERTURBED CHOQUARD EQUATIONS !

Tao Wang

College of Mathematics and Computing Science, Hunan University of Science and Technology,
Xiangtan, Hunard11201P. R. China
e-mail: wt61003@163.com

(Receive®3 June2018;after final revision3 Novembe2018;
accepted January2019)

In this paper, we study the following Choquard equations with small perturbgtion
—Au+V(2)u= (I * |uP)|ulP"u+ f(z), x € RY.

where N > 3 and, denotes the Riesz potential. As is known that the above equation has a
ground state:,, and a bound state, by fibering maps (see [22] or [23]), our aim is to show that
for fixedp € (1, %), u, andwv, converge to a ground state and a bound state of the limiting
local problem respectively, as— 0.
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1. INTRODUCTION
In this paper, we are concerned with the following nonlocal problem
—Au+V(z)u = (I * |uP)|ulP?u + f(z), z € RY, (1.2)

whereN > 3,p € (1, %), a € (0,min{(p — 1)N, N}) is a parametel, is Riesz potential given
by
L(%5%)

1.2
[(9)nN/22a|g|N-a 1.2)

I (x) =
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andI" denotes the Gamma function. We assuriie) satisfies the following conditions.

V) Ve CRM), V= ian V' > 0 and there exists a constant- 0 such that, for any/ > 0,
R
meagr € RY : |z —y| < n, V(z) < M} — 0, as|y| — oo,
wheremeas stands for Lebesgue measure. One can refer to [1, 2] for more details.

WhenN = 3, a = 2,p = 2andf = 0, (1.1) arises in the study of nonlinear Choquard
equations describing an electron trapped in its own hole, in a certain approximation to Hartree-Fock
theory of one component plasma [10]. Recently, the existence and qualitative properties of Choquard
type equations (1.1) have been widely and intensively studied in literatures. The existence of ground
states, nodal solutions and multiple solutions to (1.1) is quite well known, see [4-8, 11, 13, 15, 16, 19,
20] and references therein. For the results about qualitative properties such as regularity, symmetry,
uniqueness and decay, one can refer to for instance [12, 13, 15, 17, 21].

As stated in [18], the following local equation
—Au+V(z)u = |[u|*?u+ f(z), (1.3)

can be viewed as a limit equation of (1.1)@s— 0. Moreover, the existence of ground state and
bound state of (1.1) and (1.3) via fibering maps has been proved. One can refer to [3, 22, 23].
However, a natural interesting question arises whether both of the ground state and bound state of
(1.1) converge to those of limit equation (1.3)a@s— 0, respectively. This paper gives a complete
answer.

We consider the Sobolev spaék := {u € H'(RY) : [oy V(z)u?dz < oo} with the norm
[ull> = [an([Vu[* + V(z)u?)dz. Under the assumptiofl/), the embeddlng{ — H'RN)is
continuous andd is a Hilbert space. Furthermore, the embedding fidrmto L*(R") is compact
fors € [2, ]\Q,NQ) (see [1]). LetH* be the dual space df and the norm o™ is denoted by - || g7+.
Our main result is as follows.

Theorem1.1— AssumeN > 3,p € (1, +25) and (V) holds. Then there exists > 0 small
enough such that for any € H*\{0} with || f||z+ < J, equation (1.1) has a ground statg and a

bound statey, that converge to a ground state and a bound state of (1.3) as0, respectively

Remarkl.1 : For fixedp € (1, 5~ 2) the energy functionakl, associated with (1.1) (see (2.1))
is well defined for everyy € (0, min{(p — 1)N, N}).

The remainder of this paper is organized as follows. In Section 2, some notations and preliminary
results are presented. In Section 3, we are devoted to the proof of Theorem 1.1.
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2. PRELIMINARIES

In this paper, we use the following notations.
e Forl < s < oo, L*(R") denotes the Lebesgue space with the nprim: = ( [z~ ]u\sdsc)é :
e Let (-, -) be duality pairing betweeH and H*.
¢ C denotes different positive constants arith) denotes different positive constants dependent on

Q.

Throughout the paper, we assuitié) holds andf € H*\{0}. As usual, the corresponding
energy functionaF,, : H — R associated with (1.1) is
1

Balu) = gl = 5o | (o ) ulde  (£,0) 21)

In view of Remark 1.1, we can see tha} € C'(H,R) whose Gateaux derivative is given by
(El(u),v) = VuVo + V(z)uv — / (I * |ulP) [u|P2uvdz — (f,v)
RN RN
for anyv € H. Recall that the critical points o, are solutions of (1.1) in the weak sense. For
simplicity of notations, we denot®(u) = [;n(Io * [ul?)|u[Pdz. Similarly, for problem (1.3), the

energy functional is
1 1
Bow) = gl = 5 [ e~ (f.0)

which is well defined inHf and ofC'!.
We consider the Nehari manifoldl, = {u € H : (E/ (u),u) = 0}. Let Jy(u) = (E! (u),u)
and then(J!, (u), u) = 2||ul|? — 2pD(u) — {f,u). Asin [22] (or [23]), N, is split into three parts:

NO ={ue N, : {J (u),u) =0},
N ={ue Ny : (J\(u),u) > 0}, (2.2)
N ={ue Ny : (J(u),u) <0}

Setd! = inf Fo(u) andf; = inf Eq(u). Similarly, we define/o(u), No, NO, NG, Ny, 04, 6y
N Ne
by replacingD(u) by [~ [u|?” as above.

In the following, we give some preliminary results which are necessary in proving our main result.

Lemma2.1 —[9, Theorem 4.3]. Let,t > 1and0 <o < Nwith 1 +1 =1+ 2 fe L5 (RY)
andh € LY(RY). There exists a sharp constaiitV, a, s) independent of, h, such that

f(x)h
Jo Jo s < 0O,
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HereC(N, «, s) is a positive constant which depend only dn«, s. Whens = ¢, one has

2
limsup aC(N, a, s) <
a—>0p ( ) 5(5_ 1)

where| SN ~1| denotes the surface area of tNe— 1 dimensional unit spherg¥ L.

1SN, (2.3)

Lemma2.2 — [18, Proposition 2.1]. Lefa;} > 0 be a sequence converging to 0 gngd} C

HY(RY) be a sequence converging to sonfee H'(RY) in L*(RY) for everys € (2, 2;) as

j — o0. Then
oy slus e = [ Pz, asj - o
RN RN

In addition, for anyp € H'(RY), one has

L Gl 2usos — [ -2, asj — oc.
RN ’ RN

3. PROOF OFTHEOREM 1.1

In this section, we are devoted to the proof of Theorem 1.1. First we list the following results that
show the existence of a ground state and a bound state of (1.1) and (1.3).

Proposition3.1 — AssumeN > 3,p € (1,+55) and (V) holds. Then there exists > 0

independent of such that for any € H*\{0} with || f|

= < 0 small enough, there hold
(i) N2 = {0} andAN? = {0}.

(i) foranyu € H\{0}, there exists a unique. > 0 such that_u € N ; for anyu € H with
(f,u) > 0, there exists a uniquie. > 0 such that . u € N;.

(i) (1.1) has a ground state, € N and a bound state, € A, such thatE,(u,) = 07 < 0
andE, (v,) = 6, > 0. Furthermore, iff is positive,u,, andv,, are positive.

(iv) (1.3) has a ground state € N~ and a bound statey € N, such thatE(ug) = 65 < 0 and
Ey(vo) = 65 > 0. Moreover, iff is positive,uy andv, are positive.
PrRoOF: The proofs of (i)-(iv) can be found in [22] (or [23]) with slight modifications. Further-
more, in view of Lemma 2.1, we can deduce tha independent of:. O
Now we are ready to prove Theorem 1.1.

PrOOF OFTHEOREM 1.1: First, by Proposition 3.1(iii), we obtain the existence of ground state
and bound state,, of (.1) when|| f| g+ < ¢ for the a-uniformity. Now we prove the convergence of
uq andv,, asa — 0, respectively.
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Stepl : u, tends to a ground state of (1.3)@s— 0.
Recall thatu, € N} andE,(u,) = 65 < 0. Then
Eo(ta) = FEalua) = 554 (ua), ta)
(3= S lual® = (1= ) (f ua) <0,
which implies that|u, || < C| f||g= < C¢ and so there exists a sequefeg } > 0 with a; — 0 as

(3.1)

J — 00, such thaf{u, } is bounded inf.

Up to a subsequence,,; — u in H andu,; — uin L%(RN) asj — oo. Foranyv € H, we
infer from Lemma 2.2 thatEy, (ua,),v) — (Eg(a),v). ThusEy(a) = 0 andu # 0 due to the fact
that f € H*\{0}. Sow is a nontrivial solution of (1.3).

In addition, by Lemma 2.2 again,

0 = (Bl (o), ue,) — (Ey(m), )
I~ fw [ty Pt P (£, 1)
(]2~ fo l2Pd — ()
= Jlua, 2~ 1@l + o(0).

(3.2)

Here and in the following part(1) — 0 asj — oo. Then we obtain|u,,; || — ||al|. This com-
bined with the facti,; — @, implies thatu,;, — win H. Sinceuq, € N, we have(J;, (ua, ), Ua;) >
0. Then{J{(u), @) > 0. Note thati # 0 and N = {0} in Proposition 3.1(i). Thus we conclude that
ue Ny .

Now, we are going to prove that is a ground state of (1.3). By Proposition 3.1(iv), we see
Eo(up) = inf Ep(u) =67 < 0. Then(f,uo) > 0. According to Proposition 3.1(ii), for each;,

uGNO
there existg,, > 0 such thatt,;ug € N;;. In order to investigate the property 6f ., we define

J : (0,00) x (—ap, ap) — R by

j(t,a) _ { t2||u0H2 — % fRN \u0|2pdx — t{f,up), if a =0,

_ (3.3)
*[uol* = 1% fan (Tja) * luo|P]) fuoPdz — t(f, uo), if a # 0.

Here we can choose somg € (0, min{(p — 1)N, N}). By Lebesgue dominated convergence
theorem, Lemmas 2.1 and 2.2, one can see fhat|,| * |uo|?|)|uo|’dzx is continuous with respect
to a, and so.J and ‘” are both continuous 0, 00) x (—ag,ap). Note that.J(1,0) = 0 and
%t|(1,0) > 0 due to the facty € N . Then by applying the implicit function theorem, we have
ta; — lasj — oo. Therefore, we deduce that

Eo(uo) < Eo(u) = lim Ey;(ua,;) < lim Ey, (ta;u0) = Eo(uo).

Jj—oo Jj—00
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HenceEy(u) = Ep(ug) = inf+ Ey(u) < 0. This yields that: is a ground state of (1.3).
ueNy

Step2 : v, tends to a bound state of (1.3)as— 0.
Note thatv, € N, andE,(v,) = 6, > 0. Choose a cut-off function € C>°(RY). Since
Jan (o % P [nIPdz — [n |n|*Pdz asa — 0, it holds that

1 3
3 [ Prdes [ s Phipde <3 [ s
RN RN RN

for « close to0. On the other hand, for eaeh we can findt, > 0 such that,n € ;. Then

2 2p
Eo(va) < Eo(tan) < %HUHQ - % fRN |77|2pd55 —talf,m)
2 2

< Sup{%HnH2 - % Jry n|*Pdx —t(f,n)} (3.4)
£>0 :

= sup{at® — bt? — ct},
>0

wherea = §[n)*b = £ [an [n[*Pdz,c = (f,n). Now considerh(t) = at* — bt* — ct. Since

h(t) — —oo ast — +oo andh(t) — 0 ast — 0, there existsD > 0 independent ofx such that
sup h(t) < D. ThusE,(v,) < D.

>0
Observe that for any € N,
1 1., . 1 1 1., .
=(z—— —(1-— > (= — — - . .
Eafw) = (5 = o)l = (1= 5 ) () = (5 = o)l = Clul (3:5)

ThenE, is coercive and bounded from belowM,. Sincev, € N, andE,(v,) < D, we can
find a sequencéa; } with a; — 0 asj — oo, such thafv,, } is bounded inf.

Up to a subsequence,, — v in H andv,; — vin L%(RN) asj — oo. We can derive from
Lemma 2.2 that £y, (va,), w) — (Ej(v),w) foranyw € H. ThusEj(v) = 0 andv # 0, that is,v
is a nontrivial solution of (1.1).

Now we show that is a bound state. Similar to (3.2), we get

0 = (Eq, (va,), va,) = (Eg(0),0) = [lva,[I* = [[0]]* + o(1). (3.6)

Then|vy, || — [|7]|. So we infer fromv,, — v thatv,, — v in H. Note thatv,, € /\fa‘j and
(Ja;(Vay),va;) < 0. Then(Jg(v),v) < 0. Sincev # 0 andAg = {0} in Proposition 3.1(i), we
deduce that € N .

By Proposition 3.1(iv), we se&y(vg) = inf Ep(v) = 6; > 0. According to Proposition

veN,
3.1(ii), for eacha, there exists;,, > 0 such thats,; v € Nojj. We claim thats,; — 1 asj — oc.
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Indeed, we definé : (0, 00) x (—ag, ag) — R by

(s, ) = { ol = 5 J [vol e = stf, o), if o =0, (3.7)

2|02 = 5 [ (Tjag * [v0l? ) ool — s(f, o), if a # 0.

In view of Lemmas 2.1 and 2.2, it follows from Lebesgue dominated convergence theorem that
Jrw (o) * |vo[?])|vo[Pdz: is continuous with respect to. Furthermoreh and% are both continuous
in (0,00) x (—ag, ag). Sincevy € Ny , we haveh(1,0) = 0 and%’;\(m) < 0. So the claim follows
from the implicit function theorem. Therefore,

Eo(vo) < Ep(v) = lim Ey,(va;) < lim E,, (sq,v0) = Eo(vo)-

J—o0 J—0o0

HenceEy(v) = Eg(vg) = inf Ep(v) > 0. This yields that is a bound state of (1.3). The
veNy

proof is completed.

Remark3.1 : In view of Theorem 1.1 and Proposition 3.1, we seedhandu are both ground
states of (1.3) withEy(ug) = Eo(a) = 6 while vy andv are both bound states of (1.3) with
Ey(vo) = Eo(v) = 6, . The solutions, v are obtained by fibering maps, and the solutionsare
the limits of solution sequencés,, } and{v, } of (1.1) asao — 0. But whether equals to: and so
asvg andw is still worth studying.
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